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Perspectives in Mathematical Logic 


This series was founded in 1969 by the Omega Group consisting of R.O. 
Gandy, H. Hermes, A. Levy, G. H. Miiller, G. E. Sacks and D,S. Scott. 
Initially sponsored by a grant from the Stiftung Volkswagenwerk, the 
series appeared under the auspices of the Heidelberger Akademie der 
Wissenschaften. Since 1986, Perspectives in Mathematical Logic is 
published under the auspices of the Association for Symbolic Logic. 


Mathematical Logic is a subject which is both rich and varied. Its origins 
lie in philosophy and the foundations of mathematics. But during the 
last half century it has formed deep links with algebra, geometry, 
analysis and other branches of mathematics. More recently it has 
becomea central theme in theoretical computer science, and its influence 
in linguistics is growing fast. 

The books in the series differ in level. Some are introductory texts 
suitable for final year undergraduate or first year graduate courses, 
while others are specialized monographs. Some are expositions of well- 
established material, some are at the frontiers of research. Each offers 
an illuminating perspective for its intended audience. 


For Paula, Pavel, and Susanna 


Aus dem Paradies, das Cantor uns geschaffen, 
soll uns niemand vertreiben k6nnen. 


David Hilbert 


PREFACE 


The main body of this book consists of 106 numbered theorems and a dozen 
of examples of models of set theory. A large number of additional results is 
given in the exercises, which are scattered throughout the text. Most exer- 
cises are provided with an outline of proof in square brackets [ ], and the more 
difficult ones are indicated by an asterisk. 

I am greatly indebted to all those mathematicians, too numerous to men- 
tion by name, who in their letters, preprints, handwritten notes, lectures, 
seminars, and many conversations over the past decade shared with me their 
insight into this exciting subject. 


XI 


CONTENTS 


Preface Pe 
PART I SETS 
Chapter 1 AXIOMATIC SET THEORY 
1. Axioms of Set Theory 1 
2. Ordinal Numbers 2 
3. Cardinal Numbers » 
4. Real Numbers 29 
5. The Axiom of Choice 38 
6. Cardinal Arithmetic 42 
7. Filters and Ideals. Closed Unbounded Sets 
: : 52 
8. Singular Cardinals 61 
9. The Axiom of Regularity 0 
Appendix: Bernays—Gédel Axiomatic Set Theory 6 
Chapter 2 TRANSITIVE MODELS OF SET THEORY 
10. Models of Set Theory 78 
11. Transitive Models of ZF 
: 87 
12. Constructible Sets 99 
13. Consistency of the Axiom of Choice and the Generalized 
Continuum Hypothesis 108 
14. The %,, Hierarchy of Classes, Relations, and Functions 114 
15. Relative Constructibility and Ordinal Definability 126 
PART II MORE SETS 
Chapter 3 FORCING AND GENERIC MODELS 
16. Generic Models 137 
17. Complete Boolean Algebras 144 
18. Forcing and Boolean-Valued Models 159 
19. Independence of the Continuum Hypothesis and the Axiom 
of Choice 176 
20. More Generic Models 187 
21. Symmetric Submodels of Generic Models 197 


XIII 


XIV CONTENTS 
Chapter 4 SOME APPLICATIONS OF FORCING 
22. Suslin’s Problem 216 
23. Martin’s Axiom and Iterated Forcing 229 
24. Some Combinatorial Problems 244 
25. Forcing and Complete Boolean Algebras 261 
26. More Applications of Forcing 283 
PART III LARGE SETS 
Chapter 5 MEASURABLE CARDINALS 
27. The Measure Problem 295 
28. Ultrapowers and Elementary Embeddings 305 
29. Infinitary Combinatorics 321 
30. Silver Indiscernibles 337 
31. The Model L[U] 359 
32. Large Cardinals below a Measurable Cardinal 381 
Chapter 6 OTHER LARGE CARDINALS 
33. Compact Cardinals 398 
34. Real-Valued Measurable Cardinals 416 
35. Saturation of Ideals and Generic Ultrapowers 427 
36. Measurable Cardinals and the Generalized Continuum 
Hypothesis 450 
37. Some Applications of Forcing in the Theory of Large Cardinals 465 
38. More on Ultrafilters 478 
PART IV SETS OF REALS 
Chapter 7 DESCRIPTIVE SET THEORY 
39. Borel and Analytic Sets 493 
40. 24 and IT} Sets and Relations in the Baire Space 509 
41. Projective Sets in the Constructible Universe $27 
42. A Model Where All Sets Are Lebesgue Measurable 537 
43. The Axiom of Determinacy 550 
44. Some Applications of Forcing in Descriptive Set Theory 563 
HISTORICAL NOTES AND GUIDE TO THE BIBLIOGRAPHY 579 
BIBLIOGRAPHY 596 
NOTATION 611 
Index 615 
Name Index 623 
List of Corrections 627 


PART I 
Sets 


CHAPTER 1 
AXIOMATIC SET THEORY 


1. AXIOMS OF SET THEORY 


Axioms of Zermelo—Fraenkel: 
I. Axiom of Extensionality. If X and Y have the same elements, then X = Y. 


II. Axiom of Pairing. For any a and b there exists a set {a, b} that contains 
exactly a and b. 


III, Axiom Schema of Separation. If ~ is a property (with parameter p), then for 
any X and p there exists a set Y = {u € X : ¢(u, p)} that contains all those u € X 
that have the property o. 


IV, Axiom of Union. For any X there exists a set Y =\) X, the union of all 
elements of X. 


V. Axiom of Power Set. For any X there exists a set Y = P(X), the set of all 
subsets of X. 


VI. Axiom of Infinity. There exists an infinite set. 


VII. Axiom Schema of Replacement. If F is a function, then for any X there 
exists a set Y = F[X] = {F(x): x € X}. 


VIII. Axiom of Regularity. Every nonempty set has an €-minimal element. 
IX. Axiom of Choice. Every family of nonempty sets has a choice function. 


The theory with axioms I-VIII is ZF, Zermelo-Fraenkel axiomatic set 
theory; ZFC denotes the theory ZF with the axiom of choice. 


Why Axiomatic Set Theory? 


Intuitively, a set is a collection of all elements that satisfy a certain given 
property. In other words, we might be tempted to postulate the following rule 
of formation for sets. 1 
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Axiom Schema of Comprehension (false). If @ is a property, then there exists a 
set Y = {x: p(x)}. 


This principle, however, is false: 


Russell’s Paradox. Consider the set S whose elements are all those (and only 
those) sets that are not members of themselves: S = {X : X ¢ X}. Question: 
Does S belong to S? If S belongs to S, then S is not a member of itself, and so 
S ¢ S. On the other hand, if S ¢ S, then S belongs to S. In either case, we have a 
contradiction. 


Thus we must conclude that 
{X :X ¢ X} 


is not a set, and we must somewhat revise the intuitive notion of a set. 
The safe way to eliminate paradoxes of this type is to abandon the schema 
of comprehension and keep its weak version, the schema of separation: 


If @ is a property, then for any X there exists a set Y = {x € X : p(x)}. 


Once we give up the full comprehension schema, Russell’s paradox is no longer 
a threat; moreover, it provides useful information: The set of all sets does not 
exist. (Otherwise, apply the separation schema to the property x ¢ x.) 

In other words, it is the concept of the set of all sets that is paradoxical, not 
the idea of comprehension itself. 

Replacing full comprehension by separation presents us with a new prob- 
lem. The separation axioms are too weak to develop set theory with its usual 
operations and constructions. Notably, these axioms are not sufficient to prove 
that, e.g., the union X u Y of two sets exists, or to define the notion of a real 
number. 

Thus we have to add further construction principles that postulate the 
existence of sets obtained from other sets by means of certain operations. 

The axioms of ZFC are generally accepted as a correct formalization of 
those principles that mathematicians apply when dealing with sets. 


Language of Set Theory, Formulas 


The axiom schema of separation as formulated above uses the vague notion 
of a property. To give the axioms a precise form, we develop axiomatic set 
theory in the framework of the first order predicate calculus. Apart from the 
equality predicate =, the language of set theory consists of the binary predicate 
€, the membership relation. 

The formulas of set theory are built up from the atomic formulas 


xey, x=y 
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by means of connectives 


ery, vy 19, 97, go 
(conjunction, disjunction, negation, implication, equivalence), and quantifiers 
Vx @, dx @ 

In practice, we shall use in formulas other symbols, namely defined pred- 
icates, operations, and constants, and even use formulas informally; but it will 
be tacitly understood that each such formula can be written in a form that only 
involves € and = as nonlogical symbols. 

Concerning formulas with free variables, we adopt the notational conven- 
tion that all free variables of a formula 

(uy, ..-, Un) 


are among u, ..., u, (possibly some u; are not free, or even do not occur, in ¢). 
A formula without free variables is called a sentence. 


Classes 


Although we work in ZFC which, unlike alternative axiomatic set theories, 
has only one type of object, namely sets, we introduce the informal notion ofa 
class. We do this for practical reasons: It is easier to manipulate classes than 
formulas. 


If p(x, pi, ..-, Pa) is a formula, we call 
C= {x : e(x, Piy eres Pn)} 
a class. Members of the class C are all those sets x that satisfy p(x, p;,..., Pn): 


xe C iff ~(x, Ps --+s Pn) 


We say that C is definable from p,, ..., p,; if @ has just one free variable, then 
the class C is definable. 

We shall use boldface capital letters to denote classes. We shall, however, 
make departures from this general rule in cases when the standard notation is 
different (e.g., V, L, Ord, &, etc.) 

Two classes are considered equal if they have the same elements: If 

C = {x: p(x, pi, ---, Pals =D = {x : W(x, a1, ---s Im) 
then C = D iff for all x 


g(x, Piy +++ Pn) ad (x, Ye 4m) 


The universal class, or universe, is the class of all sets: 


V ={x:x =x} 
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We define inclusion of classes 
CeD © Yx(xeC>xeD) 
and the following operations on classes: 
Cn D= {x:xeCaxeD} 
Cu De {x:xeCvxeD} 
C-D={x:xeCax¢D} 
|) C= {x:x eS for some S e C}= |) {S:SeC} 


Every set can be considered a class. If S is a set, consider the formula x € S and 
the class 


{x: x € S} 


That the set S is uniquely determined by its elements follows from the axiom of 
extensionality. 
A class that is not a set is a proper class. 


Extensionality 
If X and Y have the same elements, then X = Y: 
Wulue Xue Y)>X=Y 


The converse, namely, if X = Y, then u € X ue Y, is an axiom of predicate 
calculus. Thus we have 


X=Y © Wulue Xeoue X) 


The axiom expresses the basic idea of a set: A set is determined by its elements. 


Pairing 
For any a and b there exists a set {a, b} that contains exactly a and b: 
Va Wb 3c Vx(x € cox =avx=b) 
By Extensionality, the set c is unique, and we can define the pair 
{a, b} = the unique c such that Vx(x € c+x = avx=b) 
The singleton {a} is the set 
{a} = {a, a} 
Since {a, b} = {b, a}, we further define an ordered pair 
(a, b) 
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so as to satisfy the following condition: 
(1.1) (a,b)=(c,d) iff a=c and b=d 
For the formal definition of an ordered pair, we take 
(a, b) = {{a}, {a, b}} 

Exercise 1.1. Verify that the definition of an ordered pair satisfies (1.1). 

We further define ordered triples, quadruples, etc., as follows: 

(a, b, c) = (a, b), c) 
(a, b, c, d) = ((a, b, c), d) 


(a,, SSO, n+1) = ((a;, ee a,), An+ 1) 
It follows that two ordered n-tuples (a,, ..., a,) and (b,,..., b,) are equal iff 
a, = by, seey a, = b,. 
Separation Schema 


Let o(u, p) be a formula. For any X and p, there exists a set 
¥ = {we X: ou, p)}: 
(1.2) VX Vp 3Y Wu(ue Yoru e X Ag(u, p)) 


For each formula ¢(u, p), the formula (1.2) is an axiom (of separation). The set 
Y in (1.2) is unique by Extensionality. 

Note that a more general version of separation axioms can be proved using 
ordered n-tuples: Let w(u, p,,..., p,) be a formula. Then 


(1.3) VX Vp, °° Vp, SY Vu(ue Youe X AW(u, py, ..-, Pn) 
Simply let g(u, p) be the formula 
Sp, eee 3p, (p = (P1, Sie esg Pn) and v(u, P1,--+> Pn)) 
and then, given X and p,, ..., p,, let 
Y= {u € X : elu, (p1, “989 Pn))} 
We can give the separation axioms the following form: Consider the class 
C = {u: ¢e(u, py, ..., P,)}; then by (1.3) 
WX S¥(C 0 X =Y) 


Thus the intersection of a class C with any set is a set; or, we can Say even more 
informally 


a subclass of a set is a set 
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One consequence of the separation axioms is that the intersection and the 
difference of two sets is a set, and so we can define the operations 


XOY=(ueX:ueY}, X-Y={ueX:u¢g Y} 
Similarly, it follows that the empty class 
D={uruxu} 


is a set-—the empty set; this, of course, only under the assumption that at least 
one set X exists (because @ < X): 


(1.4) 3X(X = X) 


We have not included (1.4) among the axioms, but it follows from the axiom of 
infinity. 

Two sets X, Y are called disjoint if X A Y= @. 

If C is a nonempty class of sets, we let 


(\C=() {X: X €C}= {u: ue X for every X eC} 


Note that () C is a set (it is a subset of any X € C). Also, X 1 Y=) {X, Y}. 
Another consequence of the separation axioms is that the universal class V 
is a proper class; otherwise, 


S={xeV:x¢éx} 
would be a set. 
Union 
For any X there exists a set Y =|) X: 
(1.5) WX FY Vu(u € Yo 3z(z e X Aue z)) 
Let us introduce the abbreviations 
(AzeX)p for Ajz(zEeXrg) 
and 
(VzeX)p for Vz(zEX-@) 
By (1.5), for every X there is a unique set 
= {u: (3z€ X) [ue z}}=() {z:zeXs=UX 


the union of X. 
Now we can define 


XUY=(){X, Y}, XVYUZ=(XvVY)UZ, etc. 


and also 
{a, b, c} = {a, b} u {c} 
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and in general 


{a,, ..., Gy} = {ay} ee {a,} 


Power Set 
For any X there exists a set Y = P(X): 
WX 3Y Wu(ue Yous x) 
A set U is a subset of X, UC X, if 
Vz(z€e U>zeX) 


If US X and U + X, then U is a proper subset, U c X. 
The set of all subsets of X 


P(X) = {u:uc x} 
is called the power set of X. 


Exercise 1.2. There is no set X such that P(X) ¢ X. 
[Use Russell’s paradox.] 


Using the power set axiom we can define other basic notions of set theory. 
The Cartesian product of X and Y is the set of all pairs (x, y) such that 
xexX andyeyY: 


(1.6) Xx Y=({(x,y):xeXaye ¥} 
The notation {(x, y):---} in (1.6) is justified because 


{(x, y): p(x, y)} = {u: 3x Ayu = (x, y)A g(x, y))} 
The product X x Y is a set because 
X x Y ¢ PP(X u Y) 
Further, we define 
XxYxZ=(X x Y)xZ 
and in general 
Xx K Xqg = (XK K Ky) XK Xa 
Thus 
Rip Kit Sey ng OG, EX, A AX, E a 

We also let 

X"=Xx-+-+x X = (n times) 
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An n-ary relation R is a set of n-tuples. R is a relation over X if R © X". It is 
customary to write R(x,,..., x,) instead of 


(x1,...,X,)ER 
and in case that R is binary, then we also use 


xRy 
for (x, y)E R. 
If R is a binary relation, then the domain of R is the set 


dom(R) = {u: dv[(u, v) € R]} 
and the range of R is the set 
ran(R) = {v: du[(u, v) € R]} 
Note that dom(R) and ran(R) are sets because 
dom(R)<\) (JR, ran(R)SU UR. 
The field of a relation R is the set 
field (R) = dom(R) uv ran(R). 


In general, we call a class R an n-ary relation if all its elements are n-tuples; 
in other words, if 
R ¢ V" = the class of all n-tuples 


where C" (and C x D) is defined in the obvious way. 
A binary relation f is a function if 


(x,y)ef and (x,z)ef implies y=z 
The unique y such that (x, y) € fis the value of fat x; we use the standard 
notation 
y=f(x) 
or its variations 
fixry yH=h, etc. 


for (x, y)ef. 
f is a function on X if X =dom(f). If dom(f) = X”, then f is an n-ary 
function on X. 
fis a function from X to Y, 
fx-7Y 
ifdom(f) = X and ran(f) ¢ Y. The set of all functions from X to Y is denoted 
by *Y. Note that *Y is a set: 


*Y < P(X x Y) 
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If Y = ran(f), then f is a function onto Y. A function f is one-to-one if 
F(x)=f(y) implies x=y 


An n-ary operation over X is a function f: X" > X. 
The restriction of a function f to a set X (usually a subset of dom(/)) is the 
function 


f |X = {(x, y)ef: x € X} 


A function g is an extension of a function f if g > f, i.e, dom(f) S dom(g) and 
g(x) =f (x) for all x € dom(f). 
We denote the image of X by f by 


F[X] = {y: (Ax € X) [y =f (x)} 
and the inverse image by 
F-1(X) = {x :f (x) € X} 
If f is one-to-one, then f ~! denotes the inverse of f: 
f"~)=y iff x=f(y) 


These definitions also apply to functions that are classes, i.e., a relation F 
such that 


(x,y)EF and (x,z)eF implies y=z 
For instance, F[C] denotes the image of the class C under the function F. 
It should be noted that a function is often called a mapping or a correspon- 
dence (and similarly, a set is called a family or a collection). 


An equivalence relation over aset X is a binary relation = which is reflexive, 
symmetric, and transitive: 


x =x for allx e X 
x = y implies y=x 
x =yand y =z implies x =z 


A family of sets is disjoint if any two of its members are disjoint. A partition 
of a set X is a disjoint family P of nonempty sets such that 


x= {y:YeP} 

Let = be an equivalence relation over X. For every x € X, let 
[xJ=exX:y=x} 

(the equivalence class of x). The set 
X/= = {[x]:xe X} 
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is a partition of X (the quotient of X by =). Conversely, each partition P of X 
defines an equivalence relation over X: 


x=y - (3YeEP)[xeYaye Y] 


If an equivalence relation is a class, then its equivalence classes may be 
proper classes. In Section 9 we shall introduce a trick that enables us to handle 
equivalence classes as if they were sets. 


Infinity 
There exists an infinite set. 


To give a precise formulation of the axiom of infinity, we have to define first 
the notion of finiteness. The most obvious definition of finiteness uses the 
notion of a natural number, which is as yet undefined. We shall define natural 
numbers (as finite ordinals) in Section 2 and give only a quick treatment of 
natural numbers and finiteness in the exercises below. 

In principle, it is possible to give a definition of finiteness that does not 
mention numbers, but such definitions necessarily look artificial. We give the 
most successful version below. 

We therefore formulate the axiom of infinity differently: 


AS[W € S a (Vx € S) [x U {x} € S]] 
We call a set S with the above property inductive. Thus we have: 
Axiom of Infinity. There exists an inductive set. 


The idea is that an inductive set is infinite. We note that using the replace- 
ment schema, one can show that an inductive set exists if there exists an infinite 
set (see Section 2). 

A set S is T-finite if every nonempty X € P(S) has a <-maximal element, 
i.e., u € X such that there is no ve X withucv. 

Let 

N=() {X: X is inductive} 


N is the smallest inductive set. Let us use the following notation: 
0= 2, 1={0}, 2={0, 1}, 
IfneN, lettn+1=n vu {n}. Let us define < (over N) by 
n<m + nem 
A set T is transitive if x € T implies x ¢ T. 


Exercise 1.3. If X is inductive, then the set {x €¢ X : x ¢ X} is inductive. Hence N is 
transitive, and for each n, 


n={meN:m<n} 
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Exercise 1.4. If X is inductive, then the set {x € X : x is transitive} is inductive. Hence 
every n € N is transitive. 


Exercise 1.5. If X is inductive, then the set {x € X : x is transitive and x ¢ x} is induc- 
tive. Hence n ¢n and n#n-+1 for eachneN. 


Exercise 1.6. N is T-infinite; the set N © P(N) has no ¢-maximal élement. 


Exercise 1.7. If X is inductive, then {x € X : x is transitive and every nonempty z © x 
has an €-minimal element} is inductive (t is €-minimal in z if there is no s € z such that 
set). 


Exercise 1.8. Every nonempty X ¢ N has an e-minimal element. 
[Pick n € X and look at X nn.] 


Exercise 1.9. If X is inductive then so is {x € X: x = @ or x = y u {y} for some y}. 
Hence each n + 0 is m + 1 for some m. 


Exercise 1.10. Induction. Let A be asubset of Nsuch that0 € A,andne A>n+1€A. 
Then A=N. 


Exercise 1.11. Each n € N is T-finite. 


A set X is said to have n elements (n € N) if there is a one-to-one mapping of n 
onto X. A set is finite if it has n elements for some n € N. 


Exercise 1.12. Every finite set is T-finite. 


Exercise 1.13. Every infinite set is T-infinite. 
[If S is infinite, consider X = {uc S: uw is finite}.] 


Replacement Schema 
If F is a function, then for every X, F[X] is a set. 


For each formula (x, y, p), the formula (1.7) is an axiom (of replacement): 


Vx Vy Vz[p(x, y, p) A G(x, z, p) > y =z] 


a) + VX JY Vy[y € Yo (ax € X) e(x, y, p)] 

As in case of separation axioms, we can prove the version of replacement 
axioms with more than one parameter: Replace p by p,,..., Pna- 

If F = {(x, y): p(x, y, p)}, then the premise of (1.7) says that F is a function, 
and we get the formulation above. We can also formulate the axioms in the 
following ways: 


If F is a function and dom(F) is a set, then ran(F) is a set. 
If F is a function, then VX 3f[F|X =f]. 


Exercise 1.14. The separation axioms follow from the replacement schema. 
[Given g, let F = {(x, x): p(x)}. Then {x € X: o(x)} = F[X], for every X.] 
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Exercise 1.15. Instead of union, power set, and replacement axioms consider the follow- 
ing weaker versions: 


(1.8) WX 3Y[J XY] (ie, WX JY(Vx © X)(Wu € x) [ue Y]) 
(1.9) WX 3Y[P(X)SY] (WX 3Y Wuluc X sue Y)) 
(1.10) If F is a function, then VX 4Y(F[X] € Y) 


Then axioms IV, V, and VII can be proved from (1.8), (1.9), and (1.10), using the 
separation schema (1.3). 


The remaining two axioms, choice and regularity, will be dealt with later. 


2. ORDINAL NUMBERS 


In this section we introduce ordinal numbers and prove the theorems on 
transfinite induction and transfinite recursion. 


Linear and Partial Ordering 
A binary relation < over a set P is a partial ordering of P if: 


(i) p#p for any pe P; 
(ii) if p<qand q <r, then p<r. 


(P, <)}-and, by abuse of notation, P—is called a partially ordered set. A 
partial ordering < of P is a linear ordering if moreover 


(iii) p<qorp=qorq<p _ forallp,qeP. 


If < is a partial (linear) ordering, then the relation < is also called a partial 
(linear) ordering (and < is sometimes called a strict ordering). 

If P is a partially ordered set and X is a nonempty subset of P, and a € P, 
then: 


a is a maximal element of X if ae X A (Vx € X) [a < x]; 

a is a minimal element of X if ae X A (Vx € X) [x < a]; 

a is the greatest element of X if ae X A (Vx € X) [x <a]; 

a is the least element of X if ae X A(Vx € X) [a < x]; 

a is an upper bound of X if (Vx € X) [x <a]; 

a is a lower bound of X if (Vx € X) [a < x]; 

a is the supremum of X if a is the least upper bound of X; 
a is the infimum of X if a is the greatest lower bound of X. 


The supremum (infimum) of X (if it exists) is denoted by sup X (inf X). Note 
that if X is linearly ordered by <, then a maximal element of X is its greatest 
element (similarly for a minimal element). 
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If (P, <) and (Q, <) are partially ordered sets and f: PQ, then f is 
order-preserving if 


x<y © f(x)<f(y) 


If P and Q are linearly ordered, then an order-preserving function is also 
said to be increasing. 

A one-to-one order-preserving function of P onto Q is an isomorphism of P 
and Q; (P, <) is then isomorphic to (Q, <). 


Exercise 2.1. The relation “(P, <) is isomorphic to (Q, <)” is an equivalence relation 
(over the class of all partially ordered sets). 


Well-Ordering 


A linear ordering < of a set P is a well-ordering if every nonempty subset of 
P has a least element. 

The concept of well-ordering is of fundamental importance in view of the 
induction theorems. It is shown below that well-ordered sets can be compared 
by their lengths; ordinal numbers will be introduced as order-types of well- 
ordered sets. 


Lemma 2.1. If (W, <) is a well-ordered set and f: W-— W is an increasing 
function, then f(x) = x for each x € W. 


Proof. Assume that the set X = {x e W: f(x) < x} is nonempty and let z be the 
least element of X. If w = f(z), then f(w) < w, a contradiction. 


Corollary 1. The only isomorphism of a well-ordered set onto itself is the identity. 
Proof. By Lemma 2.1, f(x) = x for all x, and f~'(x)>x for allx. 


Corollary 2. If two well-ordered sets W,, W, are isomorphic, then the isomor- 
phism of W, onto W, is unique. 


If W is a well-ordered set and ue W, then {x € W: x <u} is an initial 
segment of W (given by u). 


Lemma 2.2. No well-ordered set is isomorphic to an initial segment of itself. 
Proof. If ran(f) = {x : x <u}, then f(u) <u, contrary to Lemma 2.1. Wf 


Theorem 1. If W, and W, are well-ordered sets, then exactly one of the following 
three cases holds: 


(a) W, is isomorphic to W, ; 
(b) W, is isomorphic to an initial segment of W, ; 
(c) W, is isomorphic to an initial segment of W,. 
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Proof. For ue W, (i = 1, 2), let W,(u) denote the initial segment of W, given 
by u. Let 

f= {(x, y)€ W, x W, : W,(x) is isomorphic to W,(y)} 
Using Lemma 2.2, it is easy to see that fis a one-to-one function. If h is an 
isomorphism between W,(x) and W,(y) and x’ < x, then W,(x’) and W,(h(x’)) 
are isomorphic. It follows that fis order-preserving. 

If dom(f) = W, and ran(f) = W,, then case (a) holds. 

If y,; < y, and y, € ran(f), then y, € ran(f). Thus if ran(f) # W, and y is 
the least element of W,—ran(f), we have ran(f) = W,(yo). Necessarily, 
dom(f) = W,, for otherwise we would have (x9, yo) € f, where xo = the least 
element of W, — dom(f). Thus case (b) holds. 

Similarly, if dom(f) # W,, then case (c) holds. 

In view of Lemma 2.2, the three cases are mutually exclusive. 


If W, and W, are isomorphic, we say that they have the same order-type: 
ot. W, = 0.t. W, 
Similarly, we define 
ot. W, < ot. W, 
if W, is isomorphic to an initial segment of W,. 


Exercise 2.2. Assume that each well-ordered set W is assigned an ordinal « = o.t. W. 
Show that the relation « < B is a linear ordering of the class of all ordinals and that 
every nonempty set of ordinals has a least element. 


We shall now give a formal definition of ordinal numbers. 


Ordinals 
The idea is to define ordinal numbers so that 
a<B iff a€B, and a={BP:B<a} 
A set T is transitive if 
Yx(x € Tx € T) 

In other words, |) T ¢ T, or T < P(T). 

A set is an ordinal number (an ordinal) if it is transitive and well-ordered 
bye. 

We shall denote ordinals by lowercase Greek letters a, B, y, .... The class of 


all ordinals is denoted by Ord. 
We define 


a<p iff aep 
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Lemma 2.3. 


(a) 0 = @ is an ordinal. 

(b) If a is an ordinal and B € a, then B is an ordinal. 
(c) If a, B are ordinals and ac B, then a € B. 

(d) If a, B are ordinals, then either a < B or BS a. 


Proof. (a), (b) by definition. 

(c) Ifa < B, let y be the least element of the set B — a. Since « is transitive, it 
follows that « is the initial segment of B given by y. Thus a = {f € B:E <y} =), 
and so ae B. 

(d) Clearly, « > B is an ordinal, « 7 B = y. We have y = « or y = B, for 
otherwise y € «, and y € B, by (c). Then y € , which contradicts the definition 
of an ordinal (namely that € is a strict ordering of &). 


Using Lemma 2.3, one gets the following facts about ordinal numbers (the 
proofs are routine): 


(2.1) «<8 is a linear ordering of the class Ord. 

(2.2) For each a, a = {B: B <a}. 

(2.3) If C is a nonempty class of ordinals, then () C is an ordinal, () C € C 
and (| C = inf C. 

(2.4) If X is a nonempty set of ordinals, then |) X is an ordinal, and 
\) X = sup X. 

(2.5) For every a, « U {a} is an ordinal and a U {a} = inf{B: B > a}. 


We thus define « + 1 = « U {a} (the successor of «). In view of (2.4), the class 
Ord is a proper class; otherwise, consider sup(Ord) + 1. 

We can now prove that the above definition of ordinals provides us with 
order-types of well-ordered sets. 


Theorem 2. Every well-ordered set is isomorphic to a unique ordinal number. 


Proof. The uniqueness follows from Lemma 2.2. Given a well-ordered set W, 
we find an isomorphic ordinal as follows: Let F(x) = « if a is isomorphic to the 
initial segment of W given by x. If such an @ exists, then it is unique. By the 
replacement axioms, F[W] is a set. For each x € W, such an a exists (otherwise 
consider the least x for which such an « does not exist). If y is the least 
y ¢ F[W], then F[W] = y and we have an isomorphism of W onto y. @ 


If « = B + 1, then « is a successor ordinal. If « is not a successor ordinal, then 
a = sup{B : B < a} = |) a; a is called a limit ordinal. We also consider 0 a limit 
ordinal and define sup @ = 0. 


Exercise 2.3. « is a limit ordinal if and only if B < a implies B + 1 <a, for every B. 


The existence of limit ordinals other than 0 follows from the axiom of 
infinity: 
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Exercise 2.4. If a set X is inductive, then X 7 Ord is inductive. The set N = a {x : X is 
inductive} is the least limit ordinal # 0. 


We denote the least nonzero limit ordinal w (or N). The ordinals less than w 
(elements of N) are called finite ordinals, or natural numbers. Specifically, 


0= Z, 1=0+1, 2=1+1, etc. 
We use n, m, I, k, j, i (usually) to denote natural numbers. 


Exercise 2.5. (without the axiom of infinity). Let w= least limit a #0 if it exists, 
w = Ord otherwise. Call a set X finite if X is in a one-to-one correspondence with some 
n € w. Show: 


A(inductive set) + (infinite set) + w is a set > A(inductive set) 


[For the second implication, apply replacement to the set {all finite subsets of X}.] 


Induction Theorems 
Theorem 3 (Transfinite Induction). Let C be a class of ordinals and assume that : 


(i) OEC; 
(ii) ifaeC, thna+1eC; 
(iii) if « is a nonzero limit ordinal and B € C for all B < a, then we C. 


Then C is the class of all ordinals. 
Proof. Otherwise, let « = inf(Ord-C) and apply (i), (ii), or (iii). 


A function whose domain is the set N is called an (infinite) sequence. (A 
sequence in X is a function f: N > X.) The standard notation for a sequence is 


{a,in<@) 
or variants thereof. A finite sequence is a function s such that dom(s) = 
{i: i < n} for some ne N; then s is a sequence of length n. 
A transfinite sequence is a function whose domain is an ordinal: 


{az:§ <a> 


It is also called an a-sequence, or a sequence of length «. We also say that a 
sequence (a, : € < a) is an enumeration of its range {a, :  < a}. Ifs is a sequence 
of length «, then s°x or simply sx denotes the sequence of length a + | that 
extends s and whose ath term is x: 


s°xX =sx=sU (a,x) 
Sometimes we shall call a “sequence” 
<a, : « € Ord» 


a function (a proper class) on Ord. 
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“Definition by transfinite induction” usually takes the following form: 
Given a function G (on the class of transfinite sequences), then for every 0 there 
exists a unique 9-sequence 

{a,:a< 0) 
such that 
a, = G(<az: € < a) 


for every a < 0. 
We shall give a general version of this theorem, so that we can also con- 
struct sequences <a, : « € Ord). 


Theorem 4 (Transfinite Recursion; Definition by Induction). For every G there 
is F such that: If G is a function on V, then F is the unique function on Ord such 
that 


F(a) = G(F | a) 
for each «. 
In other words, if we let a, = F(«), then for each «, 
a, = G(<az: € < a) 
(Note that we tacitly use replacement: F |q is a set for each a.) 
Proof. We let 


F(x) = x <+there is a sequence <a, : € < a) such that: 


(a) (VE < a)[a, = G(<a,: n < &>)]; 
(b) x = G(Caz: & < a). 


For every a, if there is an «-sequence that satisfies (a), then such a sequence is 
unique: If <az: € < «> and <b,: € < a) are two a-sequences satisfying (a), one 
shows a; = b, by induction on €. Thus F(a) is determined uniquely by (b), and 
therefore F is a function. It follows, again by induction, that for each « there is 
an «-sequence that satisfies (a) (at limit steps, we use replacement to get the 
o-sequence as the union of all the €-sequences, € < «). Thus F is defined for all 
a € Ord. It obviously satisfies 


F(«) = G(F|a) 
If F’ is any function on Ord that satisfies 
F(x) = G(F’|«) 


then it follows by induction that F’(«) = F(a) for allo. 


Exercise 2.6. If W is a well-ordered set, then there exists no sequence <a,:n € N) in W 
such that dp > ay > a2 >° °°. 
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(Using the axiom of choice, this condition implies that W is well-ordered.) 


Let « > 0 bea limit ordinal and let ¢),: € < «> be a nondecreasing sequence 
of ordinals (i.e., € < 7 implies y; < »,). We define the limit of the sequence by 


a Ye = sup{ye: € < a} 


Exercise 2.7. There are arbitrarily large limit ordinals; i.e., Va 38 > a (B is a limit). 
[Consider lim, &,, Where &,41 = a, + 1.] 


A sequence of ordinals <y, : a € Ord) is normal if it is increasing and con- 
tinuous, i.e., if for every limit «, y, = lim... yz. 


Exercise 2.8. Every normal sequence has arbitrarily large fixed points, i.e., « such that 
Ya = 0. 
[Let an4+1 = Yo,, and a = lim,..,. o,.] 


Ordinal Sums and Products 


We shall briefly touch the subject of addition and multiplication of order- 
types, and define ordinal sum and product, « + B and a - B. 

Let us assume that we define in some way the order-type of linearly ordered 
sets. That is, two linearly ordered sets have the same order-type just in case they 
are isomorphic. The order-type of a well-ordered set W is the unique ordinal 
isomorphic to W. 

If t, and t, are order-types, then t, + T, is defined as the order-type of a set 
X UY where X and Y are disjoint, o.t. X = 1,, ot. Y=1,, and X u Y is 
ordered so that all x € X precede all y € Y. 

In case of ordinal numbers, the ordinal sum 


a+ Bp 
is the unique ordinal y =a such that B is isomorphic to the set 
y-a={E:acE<y}. 
Exercise 2.9. Prove that 
a+0=a, a+(B+1)=(a+f)+1 
aaa age (a+), if Bis a limit 


Thus « + B is a normal function of B. 


The ordinal sum is associative, (2+ B)+y=a+(B+~y), but not 
commutative: 


l+w=o#ot+l 


To define ordinal product, we consider lexicographic ordering of Cartesian 
products. If A and Bare linearly ordered sets, we define the (vertical) lexicogra- 
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phic ordering of A x B as follows: 
(2.6) (a, b;) < (a, ; b2) hand either a, < az 
or (a, = a2 and by < b) 


It is easy to see that the relation < defined by (2.6) is a linear ordering of 
A x B. See Fig. 2.1. 


A A 


FIGURE 2.1 Vertical and horizontal lexicographic ordering. 


Similarly, the horizontal lexicographic ordering is defined as follows: 
(2.7) (a,, b;) < (a2, b2) o either b, < b, 
or (b, = b, and a; < a2) 
The product of order-types 1, - t is defined as the order-type of the Car- 
tesian product A x B of sets of order-types t, and t,, respectively, under the 
horizontal lexicographic ordering. 


If both A and B are well-ordered, it is easy to verify that A x B is well- 
ordered by either lexicographic ordering. Thus the ordinal product 


a: B 


is the unique ordinal isomorphic to a x f under the horizontal lexicographic 
ordering. 


Note thata:-2=a+a. 
Exercise 2.10. Prove that 
“a:-O0=0, a-(B+1)=a-Bt+a 
ae = aes, if B is a limit 
Thus for « + 0, « - B is a normal function of B. 
Exercise 2.11. An ordinal « is a limit ordinal if and only if « = w - B for some 8. 
The ordinal product is associative, but not commutative: 


2-ao=o04#0:'2=0+0 
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As for distributivity, we have 
a (B+y)=a-Bra-y 
while, e.g., 
(o+1):2=(@+1)+(o+1)=o-2+1 
Exercise 2.12. Define by induction: 
a =1, atl = gh-gy 


a? =lim o® if B is a limit 
8 


The function a? is a normal function of B (for « > 1). 


Exercise 2.13. a8 *” = oF - a’, (a8)? = oF”. 


The Canonical Well-Ordering of « x « 


We define a well-ordering of the class Ord x Ord of ordinal pairs. Under 
this well-ordering, each « x « is an initial segment of Ord”; the induced well- 
ordering of «? is called the canonical well-ordering of «?. Moreover, the well- 
ordered class Ord? is isomorphic to the class Ord, and we have a one-to-one 
function I’ of Ord? onto Ord. As a bonus, for many a’s the order-type of « x « 
is a. 

If a, B are ordinals, let max(a, B) be the greater ordinal of the two. We 
define: 


(2.8) (a, B)<(y,6) << either max(a, B) < max(y, 6) 
or (max(«, 8) = max(y, 5) and a < y) 
or (max(«, 8) = max(y, 5) and a = y and B < 6) 


The relation < defined in (2.8) is obviously a linear ordering of the class 
Ord x Ord. Moreover, if X < Ord x Ord is nonempty, then X has a least ele- 
ment (verify!). Also, for each «, a x a is the initial segment given by (0, «). See 
Fig. 2.2. If we let 


T'(a, 8) = the order type of the set {(&, ): (€, n) < (a, B)} 


a 


FIGURE 2.2 The canonical well-ordering of a x «. 
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then I is a one-to-one mapping of Ord? onto Ord, and 
(2.9) (a, B)<(y,6) <> F(a, B)<T(y, 6) 


Note that ['[w x w] = wand since y(a) = T'[« x a] is an increasing function 
of a, we have y(«) > « for every a. However, y(a) is easily shown to be normal, 
and so I'[« x a] = a for arbitrarily large «. 


Exercise 2.14. Show that y(« + 1)= y(a)+a+a+4 1, and hence y(«) < w*. Thus if 
a = w*, we have F[a x a] =a. 


Well-Founded Relations 


Now we shall define an important generalization of well-ordered sets. 

A binary relation E over a set P is well-founded if every nonempty X ¢ P 
has an E-minimal element, that is a € X such that there isnox € X withx E a. 

Clearly, a well-ordering of P is a well-founded relation. 


Exercise 2.15. If E is a well-founded relation over P, then there is no sequence 
<a,:n € N) in P such that 


a, Ea, a, E a, a3 E az, 
(Using the axiom of choice, this condition implies that E is well-founded.) 


Given a well-founded relation E over a set P, we can define the length of E, 
and assign each x € P an ordinal number, the rank of x in E. 


Theorem 5. If E is a well-founded relation over P, then there exists a function f 
jrom P into the ordinals such that for any x, y € P, 


xEy + f(x)<f(y) 
Moreover, there is a unique ordinal function pg such that for each x € P, 
(2.10) Pe(x) = the least « such that a > pz(y) for all y E x 


= sup{pe(y) + 1: y E x} 
The range of p; is an initial segment of the ordinals (thus an ordinal). This 
ordinal is called the length of E: 
(2.11) length(E) = sup{p,(x) + 1: x € P} 
Proof. We shall define a function pg satisfying (2.10) and then prove its uni- 
queness. By induction, let 
Po=D, Parr = {xe P: Vy(yEx—ye P,)} 
P,=\) Pe _ ifaisa limit 
é<a 


Let @ be the least ordinal such that P,, , = P, (such 6 exists by Replacement). 
First, it should be easy to see that P, © P,,, for each « (by induction). Thus 
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Py) <P, <-::< Py. We claim that P, = P: Otherwise, let a be an E-minimal 
element of P — Py. It follows that each x Ea is in Pg, and so a€ Pg,44, a 
contradiction. Now we define 


(2.12) Pe(x) = the least « such that x € P, 4; 


It is obvious that if x E y, then p_(x) < pg(y); also, (2.10) is easily verified. 
The ordinal @ is the length of E. 

The uniqueness of pg is established as follows: Let p’ be another function 
satisfying (2.10) and consider an E-minimal element of the set 


{x € P: pp(x) # p(x). @ 


3. CARDINAL NUMBERS 
Two sets X, Y have the same cardinality (cardinal number, cardinal), 
(3.1) |X| =|Y¥| 


if there exists a one-to-one mapping of X onto Y. 

The relation (3.1) is an equivalence relation over the universe. We assume 
that we can assign each set X its cardinal number |X| so that two sets are 
assigned the same cardinal just in case they satisfy the condition of (3.1). The 
cardinal numbers can be defined either using the axiom of regularity (via 
equivalence classes of (3.1)), or using the axiom of choice. In this section we 
shall define cardinal numbers of well-orderable sets; and it follows from the 
axiom of choice that every set can be well-ordered. 

We recall that a set X is finite if |X| = |n| for somen e€ N; then X is said 
to have n elements. Clearly, |n| = |m| if and only if n = m, and so we define 
finite cardinals as natural numbers, i.e., |n| =n for allne N. 


Exercise 3.1. 


(a) A subset of a finite set is finite. 

(b) The union of a finite set of finite sets is finite. 

(c) The power set of a finite set is finite. 

(d) The image of a finite set (under a mapping) is finite. 


The relation |X| = | Y| for infinite sets is the most important notion of set 
theory. Most of set theory is practically the study of infinite cardinals. The 
following theorem tells us that the concept of a cardinal is not trivial. 


Theorem 6 (Cantor). For every set X, 
|P(x)| # |X| 
Proof. Let f be a function from X into P(X). The set 
Y={xreX:x€f(x)} 
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is not in the range of f: If z € X were such that f(z) = Y, then z € Y if and only 
if z ¢ Y, a contradiction. Thus f is not a function of X onto P(X). Hence 
|P(X)| # |X|. a 


The ordering of cardinal numbers is defined as follows: 
|x| <|¥| 
if there exists a one-to-one mapping of X into Y. 
IXI<I¥l - |X| s/¥ls[x|41/¥| 


The relation < is clearly transitive. In view of the following theorem, < is a 
partial ordering of cardinal numbers. 


Theorem 7 (Cantor-Bernstein). If |A|<|B| and |B|<|A|, then 
|A] = Bl. 


Proof. If f,: A B and f,: B— A are one-to-one, then if we let B’ = f,[B] and 
A, =f,[fi[A]], we have A, ¢ B’c A and |A,| = |A|. Thus we may assume 
that A, © BC A and that fis a one-to-one function of A onto A,; we wish to 
show that |A| = |B|. See Fig. 3.1. 


FIGURE 3.1 


We define (by induction) 
Ap = A, Ans =f[A,] ( N) 
ne 
Bo=B, By +1 = f[B,] 
Let g be the function on A defined as follows: 


S(x) if xe€A,—B, for some n 


a(x) = x otherwise 


Then g is a one-to-one mapping of A onto B, as the reader will gladly verify. 
Thus |A| = |B|. @ 
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The arithmetic operations on cardinals are defined as follows: 


K+A=|AUB| where |A|=x, |B| =4, 
and_ A, B are disjoint 
(3.2) k-A=|AxB| where |A| =x, |B| =A 
K+ = |®A| where |A| =x, |B] =A 
Naturally, definition (3.2) is meaningful only if it is independent of the choice of 


A and B. Thus one has to check that, e.g. if |A| = |A’| and |B| = | B’|, then 
|A x B| = |A’ x B’|. 


Lemma 3.1. If |A| = x, then |P(A)| = 2". 
Proof. For every X & A, let yx be the function 
ie 1 if xex 

A207 \0- if xO A= X 
The mapping f: X++y x is a one-to-one correspondence between P(A) and 
Af0, 1}. 

Thus Cantor’s theorem can be formulated as follows: 
kK <2" for every cardinal k 


(Clearly, |A| < | P(A)]|, for xt {x} is one-to-one.) 
A few simple facts about cardinal arithmetic: 


(3.3) + and - are associative, commutative and distributive. 
(3.4) («> AP = Kt: A. 

(3.5) «’t# = K?- Ke, 

(3.6) (x*}*= x44. 

(3.7) Ifk <A, then K* < AY. 

(3.8) If0<A<zy, then kK? < K*. 

(3.9) n° =1;1%=1;0°=0ifx>0. 


To prove (3.3}-(3.9), one has only to find the appropriate one-to-one functions. 


Alephs 


An ordinal « is called a cardinal number (a cardinal) if |«| # |B| for all 
B <a. We shall use x, A, p, ... to denote cardinal numbers and Card the class of 
all cardinals. 

If W is a well-ordered set, then there exists an ordinal a such that |W| = 
|a|. Thus we let 


|W| = the least ordinal such that |W| = |a| 


Obviously, |W| is a cardinal. 
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Every natural number is a cardinal (a finite cardinal); and if S is a finite set, 
then |S| =n for some n. 

The ordinal w is the least infinite cardinal. Note that all infinite cardinals 
are limit ordinals. 


Lemma 3.2. 


(a) For every a there is a cardinal greater than a. 
(b) If X is a set of cardinals, then sup(X) is a cardinal. 


For every a, we let a* denote the least cardinal greater than « (the cardinal 
successor of | «| ). 


Proof. (a) For any set X, let the Hartogs number of X be 


(3.10) h(X) = the least « such that there is no one-to-one 
function of « into X 


There is only a set of possible well-orderings of subsets of X. Hence there is 
only a set of ordinals for which a one-to-one function of a into X exists. Thus 
h(X) exists. 
If « is an ordinal, then |a|<|h(a)| by (3.10). That proves (a). (In fact, 

h(a) = a*. 

ib) - a = sup X. If f is one-to-one mapping of « onto some B < «, let 
x € X be such that B <x <a. Then |x| = | f[k]| = | order type (f[x])| < B, 
a contradiction. Thus « is a cardinal. @ 


Using Lemma 3.2, we define the normal sequence of all infinite cardinals 
(alephs). We usually use &%, to denote the cardinal number, and w, to denote the 
order-type: 


Xo = Wo = a, Rycp Eee = RE 
XN, = @, = sup{ag: B<a} — if wis a limit 


Sets whose cardinality is X%, are called countable; a set is at most countable if 
it is either finite or countable. Set of other cardinalities are uncountable. 

A cardinal &, , , is a successor cardinal. A cardinal &, whose index is a limit 
ordinal is a limit cardinal. 

Addition and multiplication of infinite cardinal numbers is a trivial matter, 
due to the following fact: 


Theorem 8. &%, - &%, = &,- 


Proof. Consider the canonical one-to-one mapping I of Ord x Ord onto Ord 
defined in Section 2. We shall show that I'[w, x w,] = @,. This is true for 
a = 0. Thus let « be the least ordinal such that T[w, x w,] > w,. Let 8B, y < w, 
be such that I'(B, y) = w,. Pick 6 < w, such that 6 > Band 6 > y. Since 6 x 6 is 
an initial segment of Ord x Ord in the canonical well-ordering and contains 
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(B, y), we have T[6 x 6] >w,, and so [6 x 6| >&,. However, |6 x 5| = 
|6|-|6|, and by the induction hypothesis, |6|- |6| = |6|<®&,. A 
contradiction. 


As a corollary, we have 
(3.11) &, + Ny = &° Ny = max(N,, Np) 


Exponentiation of cardinals will be dealt with in Section 6. Without the 
axiom of choice, one cannot prove that 2® is an aleph (or that P(w,) can be 
well-ordered), and there is very little one can prove about 2** or X¥*. 


Exercise 3.2. There is a canonical well-ordering of Ord? such that for each a, w? is an 
initial segment and its order-type is w,. Hence &? = &,. 


Exercise 3.3. There is a well-ordering of the class of all finite sequences of ordinals such 
that for each a, the set of all finite sequences in w, is an initial segment and its order type 
iS Wa. 


We say that a set B is a projection of a set A if there is a mapping of A onto 
B. Note that B is a projection of A if and only if there is a partition P of A such 
that |P| = |B]. If |A| => |B| >, then B is a projection of A. Conversely, 
using the axiom of choice, one shows that if B is a projection of A, then 
|A| = |B|. This, however, cannot be proved without the axiom of choice. 


Exercise 3.4. If B is a projection of w,, then |B| <,. 


Exercise 3.5. The set of all finite subsets of w, has cardinality &,. 
[The set is a projection of the set of finite sequences.] 


Exercise 3.6. If B is a projection of A, then | P(B)| < | P(A)|. 
[Consider g(X) = f_,[X], where f maps A onto B.] 


Exercise 3.7. w,+, is a projection of P(a,). 

[Use |w, x w,| = w, and project P(w, x w,): If R S w, x Ww, is a well-ordering, let 
S(R) be its order-type.] 
Exercise 3.8. %.41 <2?™. 

[Use Exercises 3.7 and 3.6.] 


Cofinality 


Let a>0 be a limit ordinal. We say that an increasing fB-sequence 
Kaz: € < B>, Ba limit ordinal, is cofinal in a if lim;., 7; = a. Similarly, A S wis 
cofinal in a if sup A = a. If is an infinite limit ordinal, the cofinality of a is 


cf « = the least limit ordinal B such that there is an increasing B-sequence 
Kaz: € < B> with limz, a, = « 


Obviously, cfa is a_ limit ordinal, and cfa<a. Examples: 
cf(w + w) = cf &, = a. 
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Lemma 3.3. cf(cf «) = cf a. 


Proof. If <a¢: € < B> is cofinal in « and <€(1): 1 </> is cofinal in £, then 
{Gx):1<y> is cofinal ino. 


Two useful facts about cofinality: 
Lemma 3.4. Let « > 0 be a limit ordinal. 


(a) If AS a and sup A = a, then 0.t.(A) > cf «. 
(b) If By < By S-*' S Be <-+:, & <y, is anondecreasing y-sequence of ordinals 
in a and lim;.., Bg = 4, then cf y = cf a. 


Proof. (a) Let <a:: € < o.t. A> be the increasing enumération of A. 

(b) If y = lim,...¢, €(v), then « = lim,...¢, Bx), and the nondecreasing se- 
quence ¢B..,) : v < cf y> has an increasing subsequence of length < cf y, with the 
same limit. Thus cf « < cf y. 

To show that cf y < cf a, let a = lim,..,,, «,. For each v < cf a, let &(v) be 
the least € greater than all ¢(1), 1 < v, such that B, > a,. Since lim, .¢ ¢ Bay) = % 
it follows that lim,..5, ¢(v) =, and socfy<cfo. @ 


An infinite cardinal §, is regular if cf(w,) = w,. It is singular if cf(w,) < @,. 
Lemma 3.5. cf(«) is always a regular cardinal. 


Proof. It is easy to see that if « is not a cardinal, then using a mapping of | «| 
onto a, one can construct a cofinal sequence in « of length < |«|, and therefore 
cf a <a. 

Since cf(cf «) = cf a, it follows that cf a is a cardinal, and is regular. @ 


There are arbitrarily large singular cardinals. For each «, X,,,,is a singular 
cardinal of cofinality . 

Using the axiom of choice, we shall show that every N,, , is regular. It is an 
open problem whether one can prove without the axiom of choice that there 
exists a regular uncountable &,. (The informed guess is that one cannot.) 


Exercise 3.9. If &, is an uncountable limit cardinal, then cf w, = cf «; w, is the limit ofa 
cofinal sequence <w, : € < cf «> of cardinals. 


Lemma 3.6. An infinite cardinal x is singular if and only if there exists a cardinal 
A <x and a family {S.: € < A} of subsets of « such that |S,| <x for each € < A, 
and x = | )z<, Sg. (And the least cardinal A that satisfies the condition is in fact 
equal to cf x.) 


Proof. (a) If « is singular, then there is an increasing sequence <a,: ¢ < cf k> 
with lim, «, = x. Let A = cf x, and S, = a, for all ¢ < 4. 

(b) If the condition holds, let A < x be the least cardinal for which there is a 
family {S,: € < A} such that k = ().<, S, and |S,| <x for each € < A. For 
every € <A, let B; be the order-type of | ),<,S,. The sequence ¢B,: € < 2) is 
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nondecreasing, and by the minimality of A, B; < x for all € < 4. We shall show 
that lim, B, = x, thus proving that cf x < A. 

Let B = lim,.,, B;. There is a one-to-one mapping f of k = ().<, S, into 
A x B: Ifa € x, let f(a) = (€, y), where € is the least € such that a € S, and y is 
the order-type of S, 4 a. Since A< x and |A x B| =A- |B|, it follows that 
p=x. @ 


As mentioned earlier, one cannot prove without the axiom of choice that w, 
is not a countable union of countable sets. 


Exercise 3.10. Show that w, is not a countable union of countable sets. 
[If w2 = n<w Sn, then sup{o.t. S,:n < w} = w2.] 


The only cardinal inequality we have proved so far is the Cantor theorem 
k < 2". It follows that x < A4* for every 4 > 1, and in particular k < x" (for 
k # 1). The following theorem gives a better inequality. This and other cardinal 
inequalities will also follow from K6nig’s theorem, to be proved in Section 6. 


Theorem 9. If « is an infinite cardinal, then k < x". 


Proof. Let F be a collection of x functions from cf k tox: F = {f,: a < x}. Itis 
enough to find f: cf x > « that is different from all the f,. Let « = lim, ¢ 4 Me. 
For & < cf x, let 


f (€) = least y such that y # f,(€) for all « < a, 


Such a y exists since |{f,(€): a < a,}| < |a,| <x. Obviously, f# f, for all 
a<x. WF 


Consequently, x? > « whenever A > cf kx. 

An uncountable cardinal x is weakly inaccessible if it is a limit cardinal and 
is regular. There will be more about inaccessible cardinals later, but let me 
mention at this point that existence of (weakly) inaccessible cardinals is not 
provable in ZFC. 

To get an idea of the size of an inaccessible cardinal, note that if%, > Nois 
a limit and regular, then &, = cf &, = cf a < a, and so &, = a. 

Since the sequence of alephs is a normal sequence, it has arbitrarily large 
fixed points; the problem is whether some of them are regular cardinals. For 
instance, the least fixed point N, = a has cofinality a: 


kK = lim (, @, Wu, ---> 


= lim k, where Ky = a, Kn+1 = Ox, 
now 
A set S is Dedekind-finite (D-finite) if there is no one-to-one mapping of S 
onto a proper subset of S. Every finite set is D-finite. Using the axiom of choice, 
one proves that every infinite set is D-infinite, and so D-finiteness is the same as 
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finiteness. Without the axiom of choice, however, one cannot prove that every 
D-finite set is finite. 

The set N of all natural numbers is obviously D-infinite and hence every S 
such that |S| > Xo, is D-infinite. 


Exercise 3.11. S is D-infinite if and only if S has a countable subset. 
{If S is D-infinite, let f: S + X < S be one-to-one. Let x» € S — X and Xa41 =f (xn). 
Then S 2 {x,:n < w}.] 


Exercise 3.12. 


(a) If A and B are D-finite, then A U B and A x B are D-finite. 
(b) The set of all finite one-to-one sequences in a D-finite set is D-finite. 
(c) The union of a disjoint D-finite family of D-finite sets is D-finite. 


On the other hand, one cannot prove without the axiom of choice that a 
projection, power set, or the set of all finite subsets of a D-finite set is D-finite, 
or that the union of a D-finite family of D-finite sets is D-finite. 


Exercise 3.13. If A is an infinite set, then PP(A) is D-infinite. 
[Consider the set {{X ¢ A: |X| =n}:n<a}] 


4. REAL NUMBERS 
Theorem 10 (Cantor). The set of all real numbers is uncountable. 


Proof. Let us assume that the set R of all reals is countable, and let co, cj, ..., 
Cay ---, 2 EN, be an enumeration of R. We shall find a real number different 
from each c,. 

We let ado = Co, by = c, where k is the least k such that dp < C,, Qy44 = Cx 
where k is the least k such that a, < c, < b,, b,+1 = c, where k is the least k 
such that a,,, <c, <b, (see Fig. 4.1). If we let a = sup{a,: ne M, thena 4 
for allk. @ 


FIGURE 4.1 


It is the completeness of the real line that accounts for uncountability of R. 
The real numbers are usually defined as Dedekind cuts in the set of rational 
numbers. We will not bother with a formal definition of rational numbers, and 
note in passing only that the set @ of all rationals is countable (since 
No ‘No = No) and include another theorem of Cantor, which shows that the 
order-type of (Q, <) is the unique order-type of a countable dense unbounded 
linearly ordered set. 
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A linearly ordered set P is dense if for any a < b there exists c such that 
a<c<b. P is unbounded if it has no least and no greatest element. 


Theorem 11 (Cantor). Any two countable linearly ordered sets that are dense 
and unbounded are isomorphic. 


Proof. Let P, = {a,:n € N}and P, = {b,: n € N} be dense unbounded linearly 
ordered sets. We construct an isomorphism f: P , > P, in the following way (see 
Fig. 4.2): We first define f (a), then f ~ *(bo), then f (a,), then f~ '(b,), etc., so as 
to keep f order-preserving. For example, to define f (a,), if it is not yet defined, 
we let f(a,) = b, where k is the least index such that f remains order-preserving 
(such a k exists because f has been defined for only finitely many a € P,, and 
because P, is dense and unbounded). @ 


f (ai) — f(ao) by P, 
a a f-*(b;) P, 
FIGURE 4.2 


Exercise 4.1. Every countable linearly ordered set P can be embedded in the rationals; 
i.e., P is isomorphic to a set of rationals. 


The real line is the unique dense, unbounded, linearly ordered set (up to 
isomorphism) that is complete and contains the rationals as a dense subset. A 
dense linearly ordered set is called complete if every nonempty bounded subset 
has a supremum. Let P be a dense linearly ordered set; aset D & P is dense in P 
if for any a < b there is d € D such that a<d <b. 


Theorem 12 (Completion of dense linear ordering). Let (P, <) be a dense un- 


bounded linearly ordered set. Then there is a complete unbounded linearly ordered 
set (C, <) such that: 


(i) PSC, and < and < agree on P; 
(ii) P is dense in C. 


The set C is unique up to isomorphism; moreover, if C, and C, are two such sets, 
then there is an isomorphism h between C , and C, such that h(p) = p for all p € P. 


Proof. A Dedekind cut in P is a pair (A, B) of disjoint nonempty subsets of P 
such that: 


(a) AU B=P; 
(b) a <b for any ae A and be B; 
(c) If inf B exists, then inf B € B (note that sup A = inf B). 
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Let C be the set of all Dedekind cuts in P and let (A,, B,)<(A32, B,) if 
A, < A, (and B, > B,). The set C is complete: If {(A;, B,): i € I} is anonempty 
bounded subset of C, then (\);¢1 Ai, (ie, Bj) is its supremum. For p € P, let 


Ap={xEP:x<p}, B,={xeP:x>p} 


Then P’ = {(A,, B,): p € P} is isomorphic to P and is dense in C. 

To prove uniqueness of C, let C and C’ be two complete dense unbounded 
linearly ordered sets, let P and P’ be dense in C and C’, respectively, and let f be 
an isomorphism of P onto P’. Then f can be extended (uniquely) to an isomor- 
phism f* of C and C’: For x € C, let f*(x) = sup{f(p): pe Pandp<x}. Mf 


The real line R, or the continuum, is defined as the completion of the set Q of 
all rational numbers. It follows from the construction by Dedekind cuts that 
|R| <2%°. To show that |R| = 2%°, it is enough to exhibit a set of reals of 
cardinality 2*°. 

The Cantor Set 


Let C be the set of all reals of the form )_ , a,/3", where each a, = 0 or 2. 
C is obtained by removing from the closed interval [0, 1], the open intervals 
(3, 3), (8 3), @ §), etc. (the middle-third intervals). See Fig. 4.3. Cis in a one-to- 
one correspondence with the set of all w-sequences of 0’s and 2’s and so 
|C| = 2%, 


o + ¢ 4 # ¢ § I OR 
FIGURE 4.3 The Cantor set. 


The Continuum Hypothesis 


The cardinal 2*° is also called the continuum. The continuum hypothesis 
(CH) is the conjecture that 9% =X 
= 1 


Neither CH nor its negation is provable in ZFC. 

Typical sets of cardinality 2° are the set of all sequences of natural num- 
bers, the set of all sequences of real numbers, the set of all complex numbers. 
This is because N§° = (2%°)¥o = 280, 2No . 2No — 2X0, 


Exercise 4.2. The set of all continuous functions f: R > R has cardinality 2*° (while the 
set of all functions has cardinality 2?"°). 
[A continuous function on R is determined by its values at rational points.] 


Exercise 4.3. There are at least 2*° countable order-types of linearly ordered sets. 
[For every sequence a = (a, : n € N) of natural numbers consider the order type 


Tj =a tEta,+E+anzt+°:: 


where ¢ is the order-type of integers. Show that if a # b, then t, # %-] 
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A real number is called algebraic if it is a root of a polynomial whose 
coefficients are integers. Otherwise, it is transcendental. 


Exercise 4.4. The set of all algebraic reals is countable. 
Lemma 4.1. If S is a countable set of reals, then |R — S| = 2°. 


Proof. A trick: Use Rx R rather than R (because |R x R| = 2%°). If 
SC&RxR is countable, then for some x eR, So (Rx {x})=@ and 
|R x {x}|=2"° @ 


Corollary. 


(a) There are 2®° irrational numbers. 
(b) There are 2®° transcendental numbers (Cantor). 


Suslin’s Problem 


The real line is, up to isomorphism, the unique linearly ordered set that is 
dense, unbounded, complete and contains a countable dense subset. 

Since Q is dense in R, every nonempty open interval of R contains a rational 
number. Hence if S is a disjoint collection of open intervals, S is at most 
countable. (Let <r, :n € N) be an enumeration of the rationals. To each J € S 
assign r, € J with the least possible index n.) 

Let P be a dense linearly ordered set. P is called separable if P has a 
countable dense subset. (Thus the real line is separable.) If every disjoint collec- 
tion of open intervals in P is at most countable, then we say that P satisfies the 
countable chain condition (c.c.c.). Clearly, every separable linear ordering 
satisfies the c.c.c. 


Suslin’s Problem. Let P be a complete dense unbounded linearly ordered set 
that satisfies the countable chain condition. Is P isomorphic to the real line? 


This question cannot be decided in ZFC; we shall return to the problem in 
Section 22. 


The Topology of the Real Line 


Open sets of reals are unions of open intervals; closed sets are complements 
of open sets. Since every nonempty interval has cardinality 2®°, it follows that 
every nonempty open set has cardinality 2*°. Every finite set is closed, and there 
are countable closed sets; it will follow from the Cantor—Bendixson theorem 
that every uncountable closed set has cardinality 2*°. 

The open intervals with rational endpoints (the rational intervals) form a 
basis of the topology of the real line. Thus every open set G is the union of all 
rational intervals (q, r) such that (q, r) S G (and every closed set is F = R — 
U {(a, r): F 0 (q, r) = @}). Hence the number of all open sets (= the number 
of all closed sets) is 2*°. 
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A set of reals is compact if it is closed and bounded. A function f: R > R is 
continuous if and only if f_ ,[G] is open for every open set G. 


Exercise 4.5. 


(a) If Co 2C, 2: BC, 2-+-, n € Nis a descending sequence of nonempty compact 
sets then (\v0 C, # ©. 
(b) If f: R— R is continuous, and C is compact, then f[C] is compact. 


A dense set of reals means a set that is dense in R. 


Theorem 13 (Baire Category Theorem). If Do, Dy, ..., Dy, ...,n € N, are dense 
open sets of reals, then the intersection D = (\-°_o D,, is dense in R. 


Proof. We show that D intersects every nonempty open interval J. First note 
that for each n, Dp (+: J D, is dense and open. Thus let <J,: k € ND be an 
enumeration of rational intervals. Let Ip = I, and let, for each n,I,,, = J,= 
(4, r,), Where k is the least k such that the closed interval [q,, r;] is included in 
I, O D,. Then ae Do I, where a= lim, q- 


Corollary. The set Q of all rationals is not the intersection of a countable collec- 
tion of open sets. 


Proof. If @ < ()\®-o G,, where G, are open sets, then each G, is dense in R. 
Thus each G, — {q,}, where q, is the nth rational, is dense and open, and so 
(\v-0 G, -Q is nonempty. @ 


Perfect Sets 


Let A be a set of reals. A real number a is a limit point of A if every 
neighborhood of a contains some x € A other than a; a € A is an isolated point 
of A if there is a neighborhood U of asuch that ais the only element of A in U. 

A set of reals is perfect if it is nonempty, closed, and has no isolated points. 


Exercise 4.6. The Cantor set is a perfect set. 
Lemma 4.2. Every perfect set has cardinality 2*°. 


Proof. Given a perfect set P, we want to find a one-to-one mapping F of “{0, 1} 
into P. The construction of F resembles the construction of the Cantor set. We 
construct, by induction on length, for every finite {0, 1}-sequence s: n — {0, 1}, 
elements a, of P such that: 


(4.1) if length(s) = length(t) and s $ t, then a, # a,; 
(4.2) if fe “0, 1}, then a, = lim, , a, = lim,..., pin exists; 
(4.3) iff #4, then ay # a,. 


Since P is closed, each a, is in P and F: ft+a, is a one-to-one mapping of 
“{0, 1} into P. 
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Let ag € P be arbitrary. 

If s = ¢s(0), ..., s(n — 1), let sO and s1 denote s0 = ¢s(0), ..., s(n — 1), 0D 
and sl = <s(0),..., s(n — 1), 1. To satisfy (4.2) and (4.3) it is enough to make 
sure that for each s, ajo and a,, are close to a,. For instance, it suffices to let 


(4.4) aso = a, 
and 
(4.5) |a,; — a,| S &,, 


where & = 1 and 
& = 4 min(|a, — a,|: s # te "{0, 1}) 
We can find a,, as follows: 


_ fsup{xe P:a,<x<a,+eé,} if it exists 


46 =, ; 
ie) #51 ~ \inf{x € P:a,—&<x<a,} otherwise 


Since a, is a limit point of P and P is closed, there is some a,, that satisfies 
(4.6). 


We shall show that every closed set is either at most countable or else 
contains a perfect subset and thus has cardinality 2%°. 


Lemma 4.3. Let Fp > F, >**: > F,>°°', « <0, be a strictly descending se- 
quence of closed sets. Then @ is countable. 


Proof. For each al< 0, there is a rational interval (q, r) that is disjoint from 
F,,, but not from F,. However, there are only countably many rational 
intervals. 


Lemma 4.4. Every set of reals has at most countably many isolated points. 


Proof. Let A & R. Let J,,n € N, be an enumeration of rational intervals. For 
every isolated point a of A, let k(a) be the least k such that a is the only element 
of A in J,. Clearly k(a) + k(b) if a, b are distinct isolated points of A. @ 


Theorem 14 (Cantor-Bendixson). If F is an uncountable closed set, then 
F = P U S, where P is perfect and S is countable. 


Corollary. If F is a closed set, then either |F | <o or |F| = 2°. 
Proof. For every A © R, let 
A’ = the set of all limit points of A 


(the derivative of A). It is easy to see that A’ is closed, and if A is closed then 
A’ A. Thus we let 
Fy = F, Fi4, =F, 
F,=()F,  ifa>Oisa limit 


y<a 
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Since Fy > F, 2>::: > F, >---, there exists an ordinal @ such that F, = F, for 
all « > 0. (In fact, the least 6 with this property is countable, by Lemma 4.3.) 
We let P = Fy. 

If P + @, then P’ = P and so it is perfect. Thus the proof is completed by 
showing that F — P is at most countable. 

We have F — P=), <9 (F, — F,); hence if ae F — P, then there is a 
unique « such that a is an isolated point of F,. As in Lemma 4.4, we let k(a) 
denote the least k such that a is the only point of F, in the interval J,. Note that 
ifa < Band be F, — Fz, then b ¢ Jig), and hence k(b) # k(a). Thus the corre- 
spondence at++k(a) is one-to-one, and it follows that F —P is at most 
countable. 


Exercise 4.7. If P is a perfect set and (a, b) is an open interval such that P 7 (a, b) # @, 
then |P 7 (a, b)| = 2%°. 


Exercise 4.8. If P, ¢ P , are perfect sets, then |P.— P,| = 2%¢ 
[Use Exercise 4.7.] 


If A is a set of reals, a real number a is called a condensation point of A if 
every neighborhood of a contains uncountably many elements of A. Let A* 
denote the set of all condensation points of A. 


Exercise 4.9. If P is perfect then P* = P. 
[Use Exercise 4.7.] 


Exercise 4.10. If F is closed and P ¢ F is perfect, then P & F*. 
[P = P* c F*] 


Exercise 4.11, If F is an uncountable closed set and P is the perfect set constructed in 
Theorem 14, then F* ¢ P; thus F* = P. 

[Every a € F* is a limit point of P since |F — P| < Xo.] 
Exercise 4.12. If F is an uncountable closed set, then F = F* u (F — F*) is the unique 


partition of F into a perfect and an at most countable set. 
[Use Exercise 4.8.] 


The Baire Space 


The Baire space is the space WY = NN of all infinite sequences of natural 
numbers, <a, :n € N), with the following topology: For every finite sequence 
s=a,:k <n), let 
(4.7) U,={fENV is cof} = {qk EN): (Vk <n)[c, = a]} 

The sets (4.7) form a basis for the topology of .”. Note that each U, is also 
closed. 

A sequence <a,:neéN) is eventually constant if there is ng such that 
A, = Ay, for all n > no. The set of all eventually constant sequences is countable 


and is dense in WV, i.e., every nonempty open set in WV contains an eventuallv 
constant sequence. 
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If <a, :n € N) is a sequence of positive integers, let 
1 1 1 
bb =— beet. be 


Qo” 
Ag + — ag + 
a 


etc. Notice that 
(4.8) b, <b3 <b <---< by <b, < do 


It can be shown that {b,}”.. converges; let d= lim,_.,. b,; @ is the continued 
fraction 


1 
1 


(4.9) 


aI 
ll 


Ag + 
a, + 


a,+-"° 


Obviously, 0 < a < 1. It can be verified that if a and a’ are two different seq- 
uences, then a+ a. 


Exercise 4.13. Every continued fraction is irrational. 
[Assume that @ = p/q. Then 


1 
q=Pp'a +p: ——— . 
a, + ———_. 
a2 + see 
Remember the Euclidean algorithm.] 


Exercise 4.14. If c is an irrational number, 0 < c < 1, then there is a continued fraction 
such that c = a. [Construct the sequence (ao, aj, ...>, using (4.8).] 


Thus if we assign to each a € W the continued fraction F(a) = a + 1, where 
a+1=<a,+1:neéN), we have a one-to-one correspondence F between the 
Baire space and the set of all irrational numbers in the unit interval [0, 1]. 


Exercise 4.15. The function F: WY — [0, 1] is continuous, and its inverse is also contin- 
uous. Thus the Baire space is homeomorphic to the space of all irrational numbers in 
[0, 1] (and hence to the set of all irrational numbers) with the topology of the real line. 


Perfect Sets in the Baire Space 


Let Seq denote the set of all finite sequences of natural numbers: 


Seq= |) "N 


n=0 
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A (sequential) tree is a set T & Seq that satisfies 

(4.10) ift © T and s=t|n for some n, then s € T. 

If T < Seq is a tree, let [T] be the set of all infinite paths through T: 
(4.11) [T]={feN:f|neT forallneM 


The set [T] is a closed set in the Baire space: Let fe W be such that f ¢ [T]. 
Then there is n € Nsuch that f |n = s is not in T. In other words, the open set 
U, = {9g € NV: g >3}, a neighborhood of f, is disjoint from [T]. Hence [T] is 
closed. 

Conversely, if F is a closed set in W, then the set 


(4.12) Ty = {s € Seq: s cf for some fe F} 


is a tree, and it is easy to verify that [T;] = F: If f € W is such that f |n € T for 
alln € N, then for each n there is some g € F such that g|n =f |n; and since F 
is closed, it follows that fe F. 


Exercise 4.16. The tree T; in (4.12) has no maximal node, ie.,s € T such that there is no 
t € T with s c t. The map F ++ T; is a one-to-one correspondence between closed sets in 
MN and sequential trees without maximal nodes. 


If fis an isolated point of a closed set F in W, then there is n € Nsuch that 
there is no g € F, g # f, such that g|n = f |n. Thus the following definition: 

A nonempty sequential tree T is perfect if for every t € T there exists, >t 
and s, > t, both in T, that are incompatible, i.e., neither s; 2 s, nor sz 2 Ss}. 


Lemma 4.5. A closed set F © W is perfect if and only if the tree Tr is a perfect 
tree. 


The Cantor-Bendixson analysis for closed sets in the Baire space is carried 
out as follows: For each tree T & Seq, we let 


(4.13) TT’ ={t € T: there exist incompatible s; >t and s, >t in T} 


(Thus T is perfect if and only if @ # T = T..) 

The set [T] — [T’] is at most countable: For each f € [T] such that f ¢ [T’], 
let s; =f |n where n is the least number such that f |n ¢ T’. Iff,g € [T] — [T], 
then s, # s,, by (4.13). Hence the mapping fs, is one-to-one and [T] — [T’] 
is at most countable. 


Now we let 
(4.14) R=. Rape t’ 
T.= (\ T, if a>Oisa limit 
B<a 


Since T, 2 T, 2-:: 2 T, 2 :::, and Tp is at most countable, there is an ordinal 
0 <q, such that T,,, = T,. If T, # @, then it is perfect. 
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Now it is easy to see that [(\g<2 Ts] = ()p<a [Tp], and so 


(4.15) [T] — [%] = U ((72] — [T.]) 

hence (4.15) is at most countable. Thus if [T] is an uncountable closed set in 1, 
the sets [T,] and [T] — [T] constitute the decomposition of [T] into a perfect 
and an at most countable set. 


5. THE AXIOM OF CHOICE 
Axiom of Choice (AC). Every family of nonempty sets has a choice function. 


If S is a family of sets and @ ¢ S, then a choice function for S is a function f 
on S such that 


(5.1) f(X)ex 


for every X €S. 

The axiom of choice postulates that for every S such that @ ¢ S there exists 
a function f on S that satisfies (5.1). 

The axiom of choice differs from other axioms of ZF by stating existence of 
a set (i.e., a choice function) without defining it (unlike, for instance, the axiom 
of pairing or the axiom of power set). Thus it is often interesting to know 
whether a mathematical statement can be proved without using the axiom of 
choice. It turns out that the axiom of choice is independent of the other axioms 
of set theory and that many mathematical theorems are unprovable in ZF 
without AC. 

In some trivial cases, the existence of a choice function can be proved 
outright in ZF: 


(a) when every X € S is a singleton X = {x}; 

(b) when S is finite: the existence of a choice function for S is proved by 
induction on the size of S; 

(c) when every X €S is a finite set of real numbers: let /"(X) = the least ele- 
ment of X. 


On the other hand, one cannot prove existence of a choice function (in ZF) just 
from the assumption that the sets in S are finite; even when every X e€ S has just 
two elements (e.g,, sets of reals), we cannot necessarily prove that S has a choice 
function. 

Using the axiom of choice, one proves that every set can be well-ordered, 
and therefore every infinite set has cardinality equal to some §,. In particular, 
any two sets have comparable cardinals, and the ordering 


|X| < |¥| 


is a well-ordering of the class of all cardinals. 
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Theorem 15 (Zermelo’s Well-Ordering Theorem). Every set can be well ordered. 


Proof. Let A be a set. To well-order A, it suffices to construct a transfinite 
one-to-one sequence <a, : « < 8) that enumerates A. That we can do by induc- 
tion, using a choice function f for the family S of all nonempty subsets of A. We 


let Ao = f(A), a,=f(A- {a, :¢ <a}) 


if A—{az:€<a} is nonempty. Let 0 be the least ordinal such that 
A= {az: € < 6}. Clearly, (a,: «<)> enumerates A. @ 


In fact, Zermelo’s theorem is equivalent to the axiom of choice: If every set 
can be well-ordered, then every family S of nonempty sets has a choice function. 
To see this, well-order |) S and let f(X) be the least element of X for every 
xeS. 

Of particular importance is the fact that the set of all real numbers can be 
well-ordered. It follows that 2*° is an aleph and so 2*° > &,. 

The possibility of well-ordering the reals leads to some “ unpleasant ” con- 
structions of sets of reals. Well known is Vitali’s construction of a nonmeasur- 
able set; another example is an uncountable set of reals without a perfect 
subset. 


Exercise 5.1. There exists a set of reals of cardinality 2*° without a perfect subset. 

[Let <P, : a < 2%°> be an enumeration of all perfect sets of reals. Construct disjoint 
A = {a,: « < 2"°} and B = {b, : « < 2%} as follows: Pick a, such that a, ¢ {ag:  < a} U 
{be: <a}, and b, such that b, € P, — {a,: € <a}. Then A is the set.] 


If every set can be well-ordered, then every infinite set has a countable 
subset: Well-order the set and take the first w elements. Thus every infinite set 
is Dedekind-infinite, and so finiteness and Dedekind finiteness coincide. 

Dealing with cardinalities of sets is much easier when we have the axiom of 
choice. In the first place, any two sets have comparable cardinals. Another 
consequence is: 


(5.2) if f[AJ=B, then |B] <|A| 


To show (5.2), we have to find a one-to-one function from B to A. This is done 
by choosing one element from f_ ,({b}) for each be B. 
Another thing one can show using the axiom of choice is: 


(5.3) The union of a countable family of countable sets is countable. 


(By the way, this often used fact cannot be proved in ZF alone.) To prove (5.3) 
let A, be a countable set for each n € N. For each n, let us choose an enumera- 
tion <a,,:k € N> of A,. That gives us a projection of N x N onto |). A,: 


(n, k)> ay, 
Thus |). A, is countable. 
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In a similar fashion, one can prove a more general statement. 
Lemma 5.1. |\_) S| < |S| - sup{|X| : X € S}. 


Proof. Let x = |S| and A = sup{|X | : X € S}. We have S = {X,: a < x} and 
for each a < x, we choose an enumeration X, = {a,,: B < A,}, where A, < A. 
Again, we have a projection 

(a, B)r agg 


of x x Aonto |) S, and so ||) S| <«-i @ 
In particular, the union of &, sets, each of cardinality X,, has cardinality &,. 
Corollary. Every &,4,1 is a regular cardinal. 


This is because otherwise w,,, would be the union of at most &, sets of 
cardinality at most &,. 


Exercise 5.2. If X is an infinite set and S is the set of all finite subsets of X, then 
|S| = |X|. 
[Use |X| =&,.] 


Axiom of Choice in Mathematics 


In algebra and point set topology, one often uses the following version of 
the axiom of choice. 

We recall that if (P, <) is a partially ordered set, then ae P is called 
maximal in P if there is no x € P such that a < x. If X is a nonempty subset 
of P, then ce P is an upper bound of X if x < c for every xe X. 

We say that a nonempty C ¢ P is a chain in P if C is linearly ordered by <. 


Theorem 16 (Kuratowski-Zorn Lemma). If (P, <) is a nonempty partially 
ordered set such that every chain in P has an upper bound, then P has a maximal 
element. 


Proof. We construct (using a choice function for nonempty subsets of P), a 
chain in P that leads to a maximal element of P. We let, by induction, 


a, = an element of P such that a, > a, for every € < a if there is one 


Clearly, if « > 0 is a limit ordinal, then C, = {a;: € < a} is a chain in P and a, 
exists by the assumption. Eventually, there is 0 such that there is no ag, , € P, 
A941 > ag. Thus ay is a maximal element of P. 


Like Zermelo’s theorem, the Kuratowski-Zorn lemma is equivalent to the 
axiom of choice: 


Exercise 5.3. Using Theorem 16, prove the axiom of choice. 

[Let S be a family of nonempty sets. To find a choice function on S, let P = {f: fisa 
choice function on some Z ¢ S}, and apply the Kuratowski-Zorn lemma to the partially 
ordered set (P, <).] 
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There are numerous examples of proofs using the Kuratowski-Zorn 
lemma. To mention only a few: 


(a) Every vector space has a basis. 

(b) Existence and uniqueness of algebraic closure of a field. 
(c) Hahn-Banach extension theorem. 

(d) Tychonoff product theorem for compact spaces. 


Countable Choice and Dependent Choices 


Many important consequences of the axiom of choice, particularly many 
concerning the real numbers, can be proved from a weaker version of the axiom 
of choice. 


Countable Axiom of Choice. Every countable family of nonempty sets has a 
choice function. 


For instance, the countable AC implies that the union of countably many 
countable sets is countable. In particular, the real line is not a countable union 
of countable sets. Similarly, it follows that & , is a regular cardinal. On the other 
hand, the countable AC does not imply that the set of all reals can be 
well-ordered. 


Exercise 5.4. The countable AC implies that every infinite set has a countable subset. 
[If A is infinite, let A, = {s :s is a one-to-one sequence in A of length n} for each n. 
Use a choice function for S = {A, :n € N} to obtain a countable subset of A.] 


In the next two exercises use the countable AC and note that the converse 
implication holds in ZF. Incidentally, neither of the two statements is provable 
in ZF alone. A counterexample is provided by an infinite, Dedekind-finite set 
of reals (in some model of ZF in which AC fails). 


Exercise 5.5. If A is a set of reals and a is in the closure of A, then there is a sequence 
<a,:n€ N) in A such that a = lim a,. 


Hence a set A&R is closed whenever an arbitrary convergent sequence 
<a, :n € N) of numbers in A converges to a eé A. 


Exercise 5.6. In order that f: R > R be continuous at a, it suffices that f(a) = lim, f (an) 
for every sequence that converges to a. 


We briefly mention a related principle which follows from the axiom of 
choice. 


Principle of Dependent Choices (DC). If p is a binary relation over a nonempty 
set A, and if for every aé A there exists b € A such that b p a, then there is a 
sequence dg, @y,.-., A,,... in A such that 


(5.4) Q,+194, forall neN 
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The principle of dependent choices is stronger than the countable axiom of 
choice. 


Exercise 5.7. Use DC to prove the countable AC. 
[Given S ={A,:neM}, consider the set A of all choice functions on some 
S, = {A;: i <n}, with the binary relation >.] 


The import of the principle of dependent choices lies in the following char- 
acterization of well-founded relations and well-orderings: 


Lemma 5.2. 


(a) A linear ordering < of a set P is a well-ordering of P if and only if there is no 
infinite descending sequence 


Ag > a> > a,>" 
in A. 
(b) A relation E over P is well-founded if and only if there is no infinite sequence 
<a, :n € N) in P such that 


(5.5) Qn4,Ea, forall neN 


Proof. Note that (a) is a special case of (b) since a well-ordering is a well- 
founded linear ordering. 

If ay, ay, ..., G,, -.. is a Sequence that satisfies (5.5), then the set {a,:n € N} 
has no E-minimal element and hence E is not well-founded. 

Conversely, if E is not well-founded, then there is a nonempty set A & P 
with no E-minimal element. Using the principle of dependent choices we con- 
struct a sequence do, 4;,...,a,,... that satisfies (5.5). 


6. CARDINAL ARITHMETIC 


In the presence of the axiom of choice, every set can be well-ordered and so 
every infinite set has the cardinality of some &,. Thus addition and multi- 
plication of cardinal numbers is simple: 


(6.1) N, + Np = N° Ny = max(&,, Np) 


The exponentiation of cardinals is more interesting. This section is concerned 
with the operations 2%* and X¥*. 


Lemma 6.1. If « < B, then 88? = 2°. 
Proof. 
(6.2) 2 = Whee (2%) Dh Oh 
If x is a cardinal less than §,, then by (6.2) 
NE < NE = 28 = | P(w,)| 
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In fact, we can express Nj as the cardinality of a certain subfamily of P(a,). 
If A is a set and x < |A|, we define 


[A]* = the set of all X ¢ A such that |X| =x 
Similarly, 
[A]<*={X CA: |X| <x} 
Lemma 6.2. If « < &,, then 8f = |[a,]*|- 


Proof. On the one hand, every f: k > w, is a subset of k x @,, and | f| =k. 
Thus 


Xr = |*o,| < |[k x @,)*| = |[o,]*I- 


On the other hand, we construct a one-to-one function F: [@,]* > “w, to show 
that |[@,]*| < Ni. If X Sw, and |X| =k, let F(X) =f be some function f on 
k whose range is X. Clearly, F is one-to-one. @ 


Infinite Sums and Products 


Let {«;: i € I} be an indexed set of cardinal numbers. We define 


(6.3) YG =X 


iel iel 


where {X;:i € I} is a disjoint family of sets such that | X,| = x; for eachi € I. 


Exercise 6.1. If {X;:ie I} and {Y,;:ie]} are two disjoint families such that 
|X:| = |¥%| for each ie J, then |Uier Xi] = [Vier XI. 
[Use AC.] 


Note that if « and / are cardinals and x; = x for each i < A, then 


Y m=Ack 

i<a 
In general, we have the following 
Lemma 6.3. If 4 is an infinite cardinal and x; > 0 for each i < A, then 
(6.4) Py k=A- sup K; 


Proof. Let « = sup;<, kK; and o = );<, «;. On the one hand, since x; < x for 
alli, wehaveo < Vic ak = A-x.On the other hand, since x; > 1 for all i, we have 
A=Yi<, 1 <0, and since o > x; for all i, we have o > sup; <, K; = k. Therefore 
o>i-x. @ 


In particular, if A < sup;., k;, we have 


> «= sup kK; 


i<ad i<a 
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Thus we can characterize singular cardinals as follows: An infinite cardinal x is 
singular just in case 
k= > x; 
i<d 

where J < x and each xk; < k. 

An infinite product of cardinals is defined using infinite cartesian products. 

If {X;:i¢€ I} is a family of sets, then the Cartesian product is defined as 
follows: 


(65) |] X,;={f:fis a function on J and f (i) € X; for each i € I} 
iel 


In other words, elements of [];., X; are functions 
«x,:ie€ DD 


such that x; € X; for all i € J. Note that ifsome X ,is empty, then the product is 
empty. If all the X; are nonempty, then AC implies that the product is 
nonempty. 

If {x;: i € I} is a family of cardinal numbers, we define 


(6.6) I]«={T] *: 


iel iel 


where {X;:i¢€ } is a family of sets such that |X,| = «; for each ie I. (We 
abuse the notation by using | | both for the Cartesian product and the product 
of cardinals.) 


Exercise 6.2. If {X;:i € I} and {Y,:i € I} are such that | X,| = | Y,| for eachi € J, then 
\Tlier Xx; | = Wier Y, |. 

[Use AC.] 

If x; = « for each i € I, and |J| = A, then [],.1 «; = x’. Also, infinite sums 
and products satisfy some of the rules satisfied by finite sums and products. For 
instance, []; «i = ([]i «i)*, or []; x= 4%. Or if J is a disjoint union 
I= Jj.) Aj, then 


(67) M«=1 ( ll x) 


(the associative law). See Fig. 6.1. 
If x; > 2 for each ie J, then 


(6.8) yes I] « 


(The assumption x; > 2 is necessary: 1 + 1> 1- 1.) If J is finite, then (6.8) is 
certainly true; thus assume that / is infinite. Since [];¢1«;>[]ie1 2 = 2!" > 
|I|, it suffices to show that );«;< |J| -[]i«;. If {X;:i€ J} is a disjoint 
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fe 1; 


FIGURE 6.1 


family, we assign to each x € |); X;a pair (i, f) such that x € X,,fe |], X,and 
f (i) = x. Thus we have (6.8). 

The infinite product of cardinals can be evaluated using the following 
lemma: 


Lemma 6.4. If 4 is an infinite cardinal and <x;:i <A> is a nondecreasing se- 
quence of nonzero cardinals, then 


(6.9) I] «= (sup x)" 


Proof. Let x = sup, k;. Since x; < x for each i < A, we have 


I]«n<[] «= 
i<d i<a 
To prove that x* < |] «;, we consider a partition of J into A disjoint sets A ,, 
each of cardinality A: 
(6.10) A= UA, 
j<a 


(To get a partition (6.10), we can, e.g., use the canonical one-to-one mapping I: 
AxA-A, and let A; =I[A x {j}].) Since a product of nonzero cardinals is 
greater than or equal to each factor, we have []j. A; Ki 2 SUPje a, Ki = kK, for 
each j < A. Thus, by (6.7), 


H«= 11 (11 «> 1 k= 
i<a isa \ieA; j<a 

Exercise 6.3. []o<n<on = 2". 

Exercise 6.4. [|n<o Nn = NY. 

Exercise 6.5. []a<a+o Na = N&%- 


The few strict inequalities in cardinal arithmetic proved in Section 3 can be 
obtained as special cases of the following general theorem. 


Theorem 17 (Konig). If x; < A, for every i € I, then 


YK <[] A 


iel iel 
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Proof. We shall show that ); x; # []j; 4;. Let 7, i ¢ 1, be such that | T;| = A; 
for each i € I. See Fig. 6.2. It suffices to show that if Z;, ie I, are subsets of 
T=[]ier T;, and |Z;| <x; for each ie J, then ();., Z; # T. 


FIGURE 6.2 


For every i € I, let S; be the projection of Z; into the ith coordinate: 


S:=(f(i): fe Z3} 


Since |Z;| < |7;|, we have S; < T;. Now let fe T be a function such that 
f(i) € S; for every ie I. Obviously, f does not belong to any Z;, i € I, and so 
UierZi #T. Of 
Corollaries 
1. x < 2" for every k: 
1+1+--: (ktimes)<2-2---- (x times) 
2. cf (2%) > Ny. 
It suffices to show that if x; < 2*« for i < w,, then Yj <u, Kj < 2%. Let A; = 2% 
Y~ «< [] 4= 2)* = 2 
3B cf(NM)>N 
We show that if «; < Ny? for i < wg, then )';<4, Kj < Nz*. Let A; = NI. 
Ea < TT a= (y= NY 


i<wg i<@q 
4. x" > x for every infinite cardinal x. 
Let k; < K, i < cf x, be such that K = )icce, Ki. Then 


k= ¥ «< [] «=n 


i<cfx i<cfx 


The Continuum Function 
By Cantor’s theorem, 2** > &,4, for every «. 
Generalized Continuum Hypothesis (GCH) 


2 = Nat for all 
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The generalized continuum hypothesis is independent of the axioms of ZFC. At 
this point, we shall give some properties of the function 


Nb 2% 
called the continuum function. 
To start, it is obvious that 


(6.11) if a<B then 2% <2% 
By Cantor’s theorem and by Corollary 2 of K6nig’s theorem, we have 
(6.12) 26 >8,, cf (2) >, 


It can be shown (Easton’s theorem) that for regular cardinals, conditions (6.11) 
and (6.12) are the only restrictions on the continuum function provable in ZFC. 

The case of singular cardinals is more interesting. For example, in the 
absence of large cardinals (namely if 0* does not exist), the continuum function 
is determined by its values at regular cardinals (Jensen). Some of the recent 
results are presented in Section 8. 

In the following case, the value of 2" is determined by the values of the 
continuum function below x. 


Theorem 18 (Bukovsky-Hechler). Let « be a singular cardinal such that the 
continuum function below x is eventually constant, i.e., there exists yo < K such 
that 

2’ = 27° forally, yo<y<k 
Then 2* = 2”°, 


The theorem is a consequence of the following lemma which gives us a 
formula for 2” at a singular cardinal x. If « is a limit cardinal, let us define 


2<*" = sup{2*: A <k} 
Note that if the GCH holds, then 2“* = x for every limit cardinal x. 
Lemma 6.5. If « is a limit cardinal, then 
or = QQ=*\"* 
Proof. Let k = Dicer, Ki, Where kK; < K for each i. We have 
2k = DUK K II gic Il Q<K (2<*)ete < (2")ef* =2* B 
Proof of Theorem 18. If x isa din gulls cardinal that satisfies the assumption of 
the theorem, then there is 9 such that cf k < yp < x and that 2“" = 2”° Thus 
2K = (yt - (2”0)ef « =? §§ 


If x is a limit cardinal and if the continuum function below x is not even- 
tually constant, then the cardinal 4 =2<* is a limit of a nondecreasing 


sequence = 2<" = jim Ue! 


a-K 
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of length x. By Lemma 3.4b, we have 


cfA=cfk 
Using Lemma 6.5, we get 
(6.13) 2 = (2<*) eK = gota 
If « is a regular cardinal, then x = cf xk; and since 2" = x", we have 
(6.14) aa 


Thus (6.13) and (6.14) show that the continuum function can be defined in 
terms of the function 


3(k) = Kt (the gimel function). 


(6.15) (a) If « is a successor cardinal, then 2" =} (x). 
(b) If x is a limit cardinal and if the continuum function below x is 
eventually constant, then 2" = 2“* - (x). 
(c) If x is a limit cardinal and if the continuum function below x is not 
eventually constant, then 2° = )(2*"). 


Exercise 6.6. If B is such that 2%* = &, 4, for every a, then B < w. 

[Let B = w. Let a be least such a + B > B. We have 0 < a < B, and ais a limit. Let 
kK = Nasa; since cf x =cfa<a<k, xk is singular. For each € <a, € + B = 8B, and so 
26+ = Naseag = Na+g- By Theorem 18, 2"=N,+,, a contradiction, since 
Rave < Rasrate-] 

Exponentiation of Cardinals 

We are interested in the operation &**. If a < B, then NX? = 2** and so we 

shall concentrate on the case « > B. 


We start with the following observation: If « is a regular cardinal and 4 < x, 
then every function f: 4 > x is bounded (i.e., sup f[A] < x). Thus 


(6.16) Pad ee 
and so oes 
(6.17) r= Y | o |* 


a<K 


In particular, if « is a successor cardinal, we obtain the Hausdorff formula 
(6.18) NOE = NTP Ra 

(Note that (6.18) holds for any «, B, also if B > «.) 

Exercise 6.7. []a<o,+0 Na = Ne s0- 


oe} Ri 
Gaines < (11 Roxen} = Il NB an = I] (3: : Ra,+n) = ND} E I] Nortn 
n=0 n n n 


- TT &] 


a<w,+o 
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Exercise 6.8. If x is a limit cardinal and A < cf x, then k* = Yy<x |o|?. 
[Note that (6.16) holds in this case.] 


In general, we can compute x* using the following lemma: 
Lemma 6.6. If x is a limit cardinal, and A > cf x, then 


it = (lim a)ef* 


aK 


Proof. Let k = Vicerx Ki, Where K; < x for each i. We have 


a 
i < ( I] «} =[] x? <[] (tim a’) = (lim 0)?" < (x’*)*"=* OO 
i<cfx i i a-K aK 
Theorem 19 (Inductive computation of &**). Let X, be fixed. Then &** can be 
computed as follows: 
(i) Ifa < B, then REP = 2%. 
(ii) If there is y < a such that 8¥* > &,, then SN = NN? 
(iii) If a> B and if 8 <X, for all y < a, then: 
(a) if X, is regular or cf &, > Nz, then B84 =,; 
(b) if cf &, < Np < Ny, then NS = Nef Re 
Proof. (i) has been already proved. 
(ii) NB < NX < (NBA)K = NP, 
(iii) If N, is a successor cardinal, use the Hausdorff formula. If &, is a limit 
cardinal, then note that 


(6.19) lim N** =X, 
yra 


If cf X, > Ng, then every f: wg —> w, is bounded, and (6.19) gives N¥* = k,. If 
cfX,<X,<,, then use Lemma 6.6 and (6.19) to conclude that 
i ae 


Corollary 1. For all a, B, the value of ®** is always either: 
(a) 2% or 
(b) &, or 
(c) Ni% for some y < a, where ¥, is such that cf N, < Np <N,. 
(If neither (a) nor (b) holds, let &, be the least x such that K** = N*.) 
Corollary 2. If the GCH holds, then 
X, if Ng<cfX, 
nea I, if of RS Ny Sh, 
Noir if RS, 
(6.20) holds because if we assume the GCH, then 


Ne = 2M = Ry 


(6.20) 


for all «. 
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In the course of investigation of the functions 2*: and S** we have proved 
the following theorem. 


Theorem 20 (Bukovsky). The continuum function can be defined from the gimel 
function. The exponentiation function &*¥* can be defined in terms of the gimel 
function and the cofinality function cf x. 1 


This theorem shows the importance of the gimel function. We shall return 
to it below. 


Exercise 6.9. 8*) = S¥o - 281, 
Exercise 6.10. If « < w,, then S®! = NB - 281, 
Exercise 6.11. If « < wz, then N¥? = WS - 22, 


A cardinal x is a strong limit cardinal if 
2*<x ~~ forevery A<xk 


Obviously, every strong limit cardinal is a limit cardinal. If the GCH holds, 
then every limit cardinal is a strong limit. 
It should be easy to see that if « is a strong limit, then 


M<K for all A, v<k 


An example of a strong limit cardinal is Xp. Actually, the strong limit cardinals 
form a proper class: If « is an arbitrary cardinal, then the cardinal 


k = sup{a, 2%, 27%, ...} 


(of cofinality w) is a strong limit. 
Another fact worth noticing is 


(6.21) If x is a strong limit, then 2" = x". 

This need not be true if x is a singular cardinal that is not a strong limit. If x is a 
limit cardinal, let us define 

(6.22) K<* = |[«]<*| = lim x* 


a7K 


Obviously, 


Exercise 6.12. If x is regular and a limit, then «<* = 2*". If « is regular and a strong 
limit then x<* = k. 


Exercise 6.13. If x is singular and is not a strong limit, then x<* = 2“* > k. 


Exercise 6.14. If x is singular and a strong limit, then 2<* = x and K<* =k". 
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For the sake of completeness, we define 1“" for any cardinal 4 and any 


infinite cardinal x: A<* = sup{d" <x} 


In particular, we have A<** = A". 
Properties of the Gimel Function 


Theorem 20 shows the significance of the function }(k) = x™ in cardinal 
arithmetic. We shall discuss here some properties of the gimel function. 
As shown earlier, we have 


(6.23) Xk)>K and = cfi(k)>cfK 


for all x. Also, if x is regular then }(«) = 2". If x is singular, then in the following 
case, }(x) is determined by the behavior of ) below x: 
A singular cardinal x is bound if 


(6.24) At > 


for some A < x. Using the computation from Theorem 19, it follows that x is 
bound just in case x < 1(A) for some 4 < x of cofinality < cf x (see Exercise 
6.15 below). A strong limit singular cardinal is not bound, but there may exist 
singular cardinals that are neither strong limits nor bound (e.g., &,, if 28° = &, 
and 2*! > &,,). 

If x is a bound singular cardinal and (6.24) holds for some A < x, then 


(6.25) ee as 
and the value of 3(k) is determined by exponentiation of smaller cardinals. 
(6.25) is proved as follows: A** < K%* < (AT*)F* = AT) 


Exercise 6.15. If x is a bound singular cardinal, then (x) is either 2“ *, or (A) where J is 
the least cardinal 4 > cf x that satisfies (6.24). 
[Use Corollary 1 of Theorem 19.] 


Exercise 6.16. If 2®° > &,,, then NX° = 2%, 
Exercise 6.17. If 28! = &, and N¥° > N,,, then NS! = RE. 
Exercise 6.18. If 2®° > &,,,, then \(No) = 2%° and 1(No,) = 2". 


If a singular cardinal x is not a strong limit, then 1(k) is subject to the 
following condition: If x < (A) for some A < x such that cf « < cf A, then 


(6.26) u(x) < (A) 


(This is clear since K%* < (A *)** = A*?.) 

Apart from this condition (6.26) and a further condition on cofinality (Exer- 
cise 6.19), cardinal arithmetic alone does not seem to impose further restric- 
tions on the behavior of } (or of the continuum function). 

In Section 8 we present a result of Silver that gives additional substantial 
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information on the continuum function of singular cardinals of uncountable 
cofinality. 

And a recent result of Jensen shows that unless 0* exists (see Section 30 for 
a formulation of this large cardinal axiom), then whenever x is a singular 
cardinal such that 2°* < x, we have x" = x*, and so all cardinal exponentia- 
tion is determined by the continuum function on regular cardinals and the 
cofinality function). 


Exercise 6.19. If x is singular and not bound, then cf(()) = least « such that 1* > x for 
some 4 < x. In particular, if « is a strong limit, then cf(1(x)) > x. 

(Since x is not bound, we have « > cf x. Let cf k < y <a. Since 2’ < x forall 4 < x, 
we have x’ = x". However, cf(k’) > y.] 


Exercise 6.20. If 28! = &2, then N° # &,,. 


Inaccessible Cardinals 


We recall that « is weakly inaccessible if it is uncountable, regular, and a 
limit. We say that a cardinal x is inaccessible (strongly) if k > Xo, x is regular, 
and x is a strong limit. 

Every inaccessible cardinal is weakly inaccessible. If the GCH holds, then 
every weakly inaccessible x is inaccessible. 

The inaccessible cardinals owe their name to the fact that they cannot be 
obtained by the usual set theoretical operations (a precise statement will be 
proved in Chapter 2): 

If « is inaccessible and |X| <x, then |P(X)| <x. If |S| <x and if 
|X | <x for every X €S, then |() S| <x. 

In fact, Xp has this property too. Thus we can say that in a sense an 
inaccessible cardinal is to smaller cardinals as Xo is to finite cardinals. This is 
one of the main themes of the theory of large cardinals in Part III. 


7. FILTERS AND IDEALS. CLOSED UNBOUNDED SETS 


Filters and ideals play an important role in abstract mathematical disci- 
plines (algebra, logic, measure theory). In this section we introduce the notion 
of filter (and ideal) over a given set. The notion of ideal extrapolates the notion 
of small sets: Given an ideal J over S, a set X < S is deemed to be small if it 
belongs to I. 

A filter over a set S is a collection F of subsets of S such that: 


(7.1) (i) SeF; 
(ii) if X e F and Ye F, then X 1 Ye F; 
(iii) if X¥, Y SS, X € F,and X CY, then Ye F. 
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A filter F is proper if @ ¢ F. We shall consider only proper filters; thus we 
always assume S # @ and 


(iv) O¢F. 
An ideal over a set S is a collection J of subsets of S such that: 


(7.2) (i) Oel; 
(ii) if xX el and Yel, then X U Yel; 
(iii) if X,Y oS, X €l,and YC X, then Ye. 


We shall consider only proper ideals: 


(iv) S¢€I 
If F is a filter over S, then the set 
(7.3) l={S—X:XeF} 
is an ideal over S; and conversely, if J is an ideal, then 
(7.4) F={S-X:Xe]} 


is a filter. If (7.3), or (74), holds, we say that F and / are dual. 


Examples 
1. A trivial filter: F = {S}. 
2. A principal filter. Let Xo be a nonempty subset of S. The filter 


(7.5) F={X cS:X2X)} 
is a principal filter. 
The dual notions are a trivial ideal and a principal ideal. 


3. The Fréchet filter. Let S be an infinite set, and let J be the ideal of all 
finite subsets of S. The dual filter 


F={X ¢S:S -— X is finite} 
is called the Fréchet filter over S. 
Note that the Fréchet filter is not principal. 
Exercise 7.1. Every filter over a finite set is principal. 
Exercise 7.2. If F is a filter and X € F, then P(X) - F is a filter over X. 


Exercise 7.3. Let « be an infinite cardinal, |S| >. The set {X cS: |X| <x} isa 
nonprincipal ideal over S. 


Exercise 7.4. Let A be an infinite set and let S = [A]<“ be the set of all finite subsets 
of A. For each Pc S, let P={QeS:Pc¢ Q\. Let F be the set of all X < S such that 
X > P for some P< S. Then F is a nonprincipal filter over S. 
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Let {A;: i € I} be an indexed family of nonempty sets and let us consider the 
cartesian product 


P=[] A, 


ie! 
Let further F be a filter over the set I of indices. We define the following 
relation over P: 


(7.6) f=rg iff {ie l:fl)=gli}eF 


(that is, if there is only a small set of i’s such that f (i) # g(i)). It follows easily 
from the properties (7.1) of F that = - is an equivalence relation over P. The set 
of all =, equivalence classes in P is called the reduced product of A;,i€ I, 
mod F 


(7.7) }] 4 = P/=r 


In case that A; = A for each i € J, the reduced product (7.7) is called the reduced 
power of A mod F. 

A family G of sets has the finite intersection property if every finite 
H = {X,,..., X,} © G has a nonempty intersection: 


Xp OX, FD 


Every filter has the finite intersection property. 


Lemma 7.1. 


(a) If F is a nonempty family of filters over S, then (\ F is a filter over S. 

(b) If @ is a <-chain of filters over S, then \_) @ is a filter over S. 

(c) If Gc P(S) has the finite intersection property, there is a filter F over S such 
that G & F. 


Proof. (a), (b) left to the reader; verify (7.1). 
(c) Let F be the set of all X © S such that there is a finite H = {X,, ..., 
X,,} S G such that 


(7.8) Xp AX, X 
It is easy to verify that F isa filter. 1 


Since every filter F > G must contain all finite intersections of sets in G, it 
follows that the filter F constructed in the proof of Lemma 7. {cis the least filter 
over S that extends G: 


F =(){D: Disa filter over S and G ¢ D} 
The filter F is generated by G. 


Exercise 7.5. The filter from Exercise 7.4 is generated by the sets {a}*, a€ A. 
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A filter U over a set S is an ultrafilter if 
(7.9) for every X CS, either X e U or S— X EU 


(but not both: X qm (S — X)= @, and @ ¢ VU). The dual notion is a prime 
ideal: For every X CS, either X € I or S— X € I. Note that I = P(S) — U. 


Exercise 7.6. If U is an ultrafilter and X U Y € U, then either X € U or Ye U. 
A filter F over S is maximal if there is no filter F’ over S such that F c F’. 
Lemma 7.2. A filter F over S is an ultrafilter if and only if it is maximal. 


Proof. (a) An ultrafilter U is clearly a maximal filter: Assume that U c F and 
XeF—U. Then S—XeEU, and so both S—XeF and XeEF, a 
contradiction. 

(b) Let F be a filter that is not an ultrafilter. We find F’ > F: Let Y CS be 
such that neither Y nor S — Y is in F. Consider the family G = F u {Y}; we 
claim that G has the finite intersection property. If X € F, then X 1 Y# @, 
for otherwise we would have S— Y2>X and S—YeF. Thus, if X,,..., 
X, € F, we have X, 1 °:: 7 X, € F and so 


YOAX, 0° OX,# DO 


Hence G has the finite intersection property, and by Lemma 7.1c there is a filter 
F'2>G. Since Y e F'— F, wehave Fc F’. @ 


Theorem 21 (Tarski’s Ultrafilter Theorem). Every filter over S can be extended 
to an ultrafilter. 


Proof. Let Fo be a filter over S. Let P be the set of all filters F over S such that 
F > Fy and consider the partially ordered set (P, <). If @ is a chain in P, then 
by Lemma 7.1b, () @ is a filter and hence an upper bound of ¢ in P. By the 
Kuratowski-Zorn lemma there exists a maximal element U in P. This U is an 
ultrafilter by Lemma 7.2. 


For every a € S, the principal filter 
(7.10) {xX ©S:ae Xx} 


is an ultrafilter. If S is finite, then every ultrafilter over S is of the form (7.10). 
If S is infinite, then there is a nonprincipal ultrafilter over S: If U extends the 
Fréchet filter, then U is nonprincipal. 
A filter F over S is countably complete (a-complete) if whenever {X,,:n € N} 
is a countable family of subsets of S and X, € F for every n, then 


(7.11) a X,€F 
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A countably complete ideal (a a-ideal) is such that if X, € I for every n, then 
\) X,e1 
n=0 


More generally, if « is a regular uncountable cardinal, and F a filter over S, then 
F is called x-complete if F is closed under intersections of less than x sets, i-e., if 
whenever {X,: a < y} is a family of subsets of S, y < x, and X, € F for every 
a<y, then 
(7.12) (\ X,€F 

. a<y 
The dual notion is a x-complete ideal. 


A a-complete filter is the same as %,-complete. Every filter is closed under 
finite intersections. Every principal filter is closed under arbitrary intersections. 


Exercise 7.7. If w, is singular, then there is no nonprincipal w,-complete ideal over w,. 
[Let X = {a: {a} € I}. X is the union of < &, sets of cardinality < &,,andso X € I] 


There is no nonprincipal o-complete filter over a countable set S. If S is 
uncountable, then 
is a a-ideal over S. 

Similarly, if « > @ is regular and |S | > x, then 


{X cS: |X| <k} 


is the least x-complete ideal over S containing all singletons {a}. 

The question whether a nonprincipal ultrafilter over a set can be o-complete 
gives rise to deep investigations of the metamathematics of set theory. In par- 
ticular, if such ultrafilters exist, then there exist many large cardinals (inacces- 
sible, etc.). We shall return to this problem in Part III. 


Closed Unbounded Sets 


Let x be a regular uncountable cardinal. We call a set C © k closed un- 
bounded in x if 


(7.13) (i) for every sequence a <a, <:+**<a,<--:(§</y) of elements 
of C, of length y < k, we have lim,_, «, € C (closed); 
(ii) for every « <x, there is B > « such that B € C (unbounded). 


Lemma 7.3. If C and D are closed unbounded, then C 7 D is closed unbounded. 


Proof. It is immediate that C 7 D is closed. To show that C 1 D is un- 
bounded, let a < x. Since C is unbounded, there exists «, > a, «, € C. Similarly, 
there is a, > a, a € D. In this fashion, we construct an increasing sequence 


(7.14) a<a <a, < °° <a,<'° 
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such that a, 03, 05,...€C, and a2, a4, &,... € D. If we let B be the limit of 
the sequence (7.14), then B<x,and BeCandBeD. @ 


The collection of all closed unbounded subsets of x has the finite intersec- 
tion property. The filter generated by the closed unbounded sets consists of all 
X Gx that contain a closed unbounded subset. We call this filter the closed 
unbounded filter over k. 

The set of all limit ordinals « < x is closed unbounded in x. If A is a subset 
of x, we say that a limit ordinal « < x is a limit point of A if0 < a = sup(A 1 a). 
If A is an unbounded set of x, then the set of all limit points of A is closed 
unbounded. 

A function f: k > « is normal if it is increasing and continuous (f(a) = 
limz.., f(€) for every nonzero limit a < x). The range of a normal function is a 
closed unbounded set. Conversely, if C is closed unbounded, there is a unique 
normal function that enumerates C. 


Exercise 7.8. The set of all fixed points (ie., f(a) = a) of a normal function is closed 
unbounded. 


Exercise 7.9. Iff: « + x, then the set of all « < « such that f[«] © a is closed unbounded. 


The closed unbounded filter over k is x-complete: 


Lemma 7.4. The intersection of less than x closed unbounded subsets of k is 
closed unbounded. 


Proof. We prove, by induction on y < x, that the intersection of a sequence 
{C, : « < y} of closed unbounded subsets of x is closed unbounded. The induc- 
tion step works at successor ordinals because of Lemma 7.3. If y is a limit 
ordinal, we assume that the assertion is true for every « < y; then we can 
replace each C, by ().<, C, and obtain a decreasing sequence with the same 
intersection. Thus assume that 


Co 2C, 2°: 2C,2°°° (a < y) 
are closed unbounded, and let C = (\,<, Cy. 
It is easy to see that C is closed. To show that C is unbounded, let « < x. We 
construct a y-sequence 
(7.15) Bo < By << BR<-' (<7) 
as follows: We let By € Co be such By > a, and for each € < y, let Bg € C, be 
such that B, > sup{B,:1< ¢}. Since « is regular and y < x, such a sequence 


(7.15) exists and its limit B is less than x. For each n < , B is the limit of a 
sequence ¢B.:n <€<y>inC,,andsoBeC,.HenceBecC. @ 


Let <X,: a < Kk) be a sequence of subsets of x. The diagonal intersection of 
X,,«<-k, is defined as follows: 


(7.16) A{X,:a<K={E<K:€e () X,} 


a<g 
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Note that AX, = AY, where Y, = {f € X,: € > a}; see Fig. 7.1. Note also that 
AX, = (\a (Xa U {F:€ < ah), 


Lemma 7.5. The diagonal intersection of a K-sequence of closed unbounded sets 
is closed unbounded. 


Proof. Let (C, : « < x) be a sequence of closed unbounded sets. It is clear from 
the definition that if we replace each C, by (|<, C¢, the diagonal intersection 
is the same. In view of Lemma 7.4 we may thus assume that 


Co2C, 2° 20,2: (a<x) 
a F ° bd 4 
| | 
Le =f 
a 
FIGURE 7.1 


Let C = A{C, : « < x}. To show that C is closed, let a be a limit point of C. 
We want to show that «eC, or that ae€C, for all ¢ <a. If € <a, let 
X ={veC:&<v<a}. Every ve X is in Cz, by (7.16). Hence X < C, and 
a = sup X € C;. Therefore « € C and C is closed. 

To show that C is unbounded, let «<x. We construct a sequence 
<B,:n < @) as follows: Let By > a be such that By € Co, and for each n, let 
Bn+1 > B, be such that B,,, € C,,. Let us show that B = lim, B, is in C: If 
€ < B, let us show that B € C,. Since € < B, there is ann such that ¢ < B,. Each 
B,, k > n, belongs to C,, and so B € C,,. Therefore B € C;. Thus B € C, and C 
is unbounded. @ 


Corollary. The closed unbounded filter over k is closed under diagonal 
intersections. 


We say that a set S Cx is stationary in x if S 0 C # @ for every closed 
unbounded subset C of x. A set T & x that is not stationary will be called thin. 
Note that the collection of all thin sets is the ideal dual to the closed un- 
bounded filter; we shall call this ideal the thin ideal over x. 


Example. The set S = {a < x: cf « = a} is stationary in x. Similarly, if« > @,, 
the set S = {a <x: cf a=} is stationary in k. 


Exercise 7.10. If S is stationary and C is closed unbounded, then S 1 C is stationary. 


An ordinal function f on a set S is called regressive if f(«) < a for every 
nonzero ae S. 
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Theorem 22 (Fodor). Iff is a regressive function on a stationary set Sy & x, then 
there exists a stationary set S& So and some y < x such that f(a) = y for all 
aeS. 


Proof. Let us assume that for each y < x, the set {w € So: f(x) = y} is thin, and 
choose a closed unbounded set C, such that f(«) # y for each a € Sy M C,. Let 
C = A{C,: y < x}. The set Sy 1 C is stationary and if « € Sp A C, we have 
f(a) # y for every y < a; in other words, f (a) > a. This is a contradiction. 


Exercise 7.11. If T < x is thin, then there exists a regressive function f on T such that 
{a: f(x) < y} is bounded, for every y < x. 
[Let C m1 T = @, and let f(a) = sup(C 2 «).] 


The closed unbounded filter over « is not an ultrafilter. This is because there 
is a stationary subset of x whose complement is stationary. If x > q,, this is 
clear: The sets {w: cf a=} and {a: cf a«=w,} are disjoint. If k = @,, the 
decomposition of w, into disjoint stationary sets uses the axiom of choice. It is 
an interesting problem (related to large cardinals) to show that the use of AC is 
necessary. 

In fact, every stationary S < x can be decomposed into x disjoint stationary 
sets. We shall prove this in Section 35. Here is a weaker statement: 


Lemma 7.6. Every regular uncountable x is the union of « disjoint stationary 
sets. 


Proof. Let W = {a < x: cf a = w}. For every a € W, we choose an increasing 
sequence {a* : n € N}such that lim, a% = a. See Fig. 7.2. First we show that there 
is an n such that for all 4 < x, the set 


(7.17) {ae W:at>n} 


is stationary. Otherwise there is 7, and a closed unbounded set C,, such that 
ay <n, for all a € C, 7 W, for every n. If we let 1 be the supremum of the n, 
and C the intersection of the C,,, we have a*, < n for alln, alla € C 4 W. This is 
a contradiction. Now let n be such that (7.17) is stationary for every n <x. 
Let f be the following function on W: 


f(a) = ay 
we we «6 7eW K 
. a a," ie 
FIGURE 7.2 


The function fis regressive; and so for every n < k, we find by Fodor’s theorem 
a Stationary subset S, of (7.17) and y, > 4 such that f(«) = y, on S,. If y, # yy, 
then S, 0S, =O, and since x is regular, we have |{S,:4<x}| = 
ltin<il=«. @ 
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Let a be an ordinal. A set A is a closed set of ordinals of length a if it is the 
range of a normal sequence of length a (note that sup A is not in A if wis a limit 
ordinal). 


Exercise 7.12. For every stationary S © w, and every a < w, there is a closed set of 
ordinals A of length a such that A c S. 

[By induction on a: Vy closed A < S of length « such that y < min(A). The nontriv- 
ial step: If true for a limit «, find a closed A < S of length a such that sup A € S. Let A,, 
& < a, be closed subsets of S, of length « such that A, = sup ();<, Aj < min A;. There 
is € such that 4, € S. Let ¢ = lim, ¢,,. Pick initial segments Bz, < Az, of length a, + 1 
where lim, o, = a. Let A = (Jo Bg,.] 


Exercise 7.12 does not generalize to closed sets of uncountable length. It is 
not provable in ZFC that given X € w,, either X or w, — X contains a closed 
set of length w,. It is an open problem whether this statement is consistent. 


Let F be a filter over a cardinal x; F is normal if it is closed under diagonal 
intersections: 


(7.18) if X,EF,a<x, then A{X,:a<x}eF 

An ideal I over x is normal if the dual filter is normal. 
Exercise 7.13. A «-complete ideal J over x is normal ifand only if for every Sy ¢ J and any 
regressive f on Sy there is SC Sy, S ¢ 1, such that fis constant on S. 

[One direction is like Fodor’s theorem. For the other direction, let X, € F for each 


a<k. If AX,¢ F, let So=« — AX, and let f(x) = some & < « such that a ¢ X<. If 
S(«) =y for all « € S, then X, 1 S = G, a contradiction.] 


Exercise 7.14. There is no normal nonprincipal filter over w. 
[Use the regressive function f(n + 1) =n.] 


Exercise 7.15. If x is singular, then there is no normal ideal over x that contains all 
bounded subsets of k. 


The closed unbounded filter is x-complete and normal, and contains all 
complements of bounded sets. It is the smallest such filter over k: 


Lemma 7.7. If « is regular and uncountable and if F is anormal filter over « that 
contains all final segments {a : % < « < x}, then F contains all closed unbounded 
sets. 


Proof. First we note that the set Cy of all limit ordinals is in F: Cg is the 
diagonal intersection of the sets 


X,={E:a+1<éE<k} 


Now let C be a closed unbounded set, and let C = {a, : « < x} be its increasing 


enumeration. We let 
X,={€:4,<€ <4) 


Then C2>Cy n A{X,:a<k}. Hf 
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Mahlo Cardinals 


Let x be an inaccessible cardinal. The set of all cardinals below x is a closed 
unbounded subset of x, and so is the set of its limit points, the set of all limit 
cardinals. In fact, the set of all strong limit cardinals below x is closed un- 
bounded (to find the next one, take the limit of A, 2%, 2?’, ...). 

If x is the least inaccessible cardinal, then all strong limit cardinals below x 
are singular, and so the set of all singular strong limit cardinals below x is 
closed unbounded. If « is the ath inaccessible, where a < x, then still the set of 
all regular cardinals below x is thin. 

An inaccessible cardinal x is called a Mahlo cardinal if the set of all regular 
cardinals below x is stationary. 

(Then the set of all inaccessibles below x is stationary, and x is the xth 
inaccessible cardinal.) 


Exercise 7.16. Let x be the least inaccessible cardinal such that x is the xth inaccessible 
cardinal. Then x is not Mahlo. 
[Use f(A) = a where 4 is the ath inaccessible.] 


Similarly, we define a weakly Mahlo cardinal as a cardinal x that is weakly 
inaccessible and the set of all regular cardinals below x is stationary (then the 
set of all weakly inaccessibles is stationary in x). 


Exercise 7.17. If x is a limit (weakly inaccessible, weakly Mahlo) cardinal and the set of 
all strong limit cardinals below x is unbounded in x, then x is a strong limit (inacces- 
sible, Mahlo). 


8 SINGULAR CARDINALS 


We have shown in Section 6 that if « is singular, then the size of P(x) 
depends on the continuum function below x (Theorem 18). Namely, if 2" is 
eventually constant for &, <x, then 2" = 2<". This is just one of many 
examples when exponentiation involving singular cardinals depends substan- 
tially on the values of the continuum function at regular cardinals. In fact, 
unless strong axioms of infinity (so-called large cardinal axioms) are assumed, 
then all exponentiation can be computed in terms of 2®* for regular &,. 

Let us consider the following hypothesis. 


The Singular Cardinals Hypothesis. For every singular cardinal x, if 2" < x, 
then K'!* = Kt, 


Obviously, the singular cardinals hypothesis follows from the GCH. If 
2°* > then cf = 2°" If 2°" <x, then x* is the least possible value 
of x°'*. If we know the continuum function on regular cardinals and if we 
know the values of x“'* on singular cardinals, then we can compute x’ for all k 
and A (Theorem 20). In case the singular cardinals hypothesis holds, cardinal 
arithmetic is particularly simple: 
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Lemma 8.1. Assume the singular cardinals hypothesis. 
(a) If x is a singular cardinal, then 
(8.1) 
me if the continuum function is eventually constant below x 
Qs)" otherwise 
(b) If x, A are infinite cardinals, then 
2? if: 27> 
(8.2) = K if 2<xanda<cx 
KE if 2*<Kxandi>cfk 


oe 


[Note that the size of x’ in (8.2) is least possible: It is necessary that x? > x and 
x* > 27; moreover, since cf(k“) >, it is necessary that x* > whenever 
A> cf x.] 


Corollary. If the singular cardinals hypothesis holds, then cardinal exponentia- 
tion is completely determined by the continuum function on regular cardinals (and 
the cofinality function). 


[Note that by (b), the singular cardinals hypothesis is equivalent to the asser- 
tion that x? < 2*-x* for all infinite cardinals x and /.] 


Proof. (a) If x is a singular cardinal, then by Lemma 6.5, 2" is either A or A? 
where A = 2“". The latter occurs if 2” is not eventually constant below x. Then 
cf A= cf x, and since 2°" < 2<*" = A, we have A? = A* by the singular car- 
dinals hypothesis. 


(b) We prove (8.2) by induction on xk, for a fixed 2. Let k > 24. If k isa 
successor cardinal, x = v*, then v’ <x (by the induction hypothesis), and 
Kk = (vt) =v* - v4 =k, by the Hausdorff formula. 

If x is a limit cardinal, then v* < x for all v < x. By Theorem 19, x4 = x if 
A<cfx, and x*= x" if A > cf x. In the latter case, 2%" < 2? < x, and by the 
singular cardinals hypothesis, x**=x*. 


It follows from a recent result of Jensen that the singular cardinals hypoth- 
esis holds unless a large cardinal axiom is true (namely, if the singular cardinals 
hypothesis fails, then 0* exists). 

On the other hand, assuming a large cardinal axiom, one can show that the 
singular cardinals hypothesis is independent. 


In this section we present a theorem of Silver and related results concerning 
the values 2" and x*'* for singular cardinals of uncountable cofinality. 
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Theorem 23 (Silver). 


(a) Let « be a singular cardinal of uncountable cofinality, cf x > &,. If the gener- 
alized continuum hypothesis holds below x, then it holds at x: 


if 2%=,,,forall8,<«, then 2%=xt 


(b) If the singular cardinals hypothesis holds for all singular cardinals of 
cofinality w, then it holds for all singular cardinals. 


Theorem 24 (Galvin—-Hajnal). Let « be a strong limit singular cardinal of un- 
countable cofinality such that k < &,,. Then 2" <&,. 


[A better estimate: If x = &,, then 2%" < &, where y = (2!"!)*.] 

These two theorems are samples of a number of theorems that can be 
proved about singular cardinals of uncountable cofinality. We shall give a few 
more examples in the exercises. The assumption that cf x is uncountable is 
necessary. It has been shown that the following is consistent (relative to a 
large cardinal assumption): 2%" = &,,, for all n, and 2%* = &,,,2. 

Both theorems can be proved in the same way; in fact, they are special cases 
of a more general theorem. We first consider a more general version of 
Theorem 23a: 

Lemma 8.2. Let « be a singular cardinal, let cf x > w,. If (kK,:«< cf k> isa 
normal sequence of cardinals such that lim x, = x, and if the set 


{a<cfK:2"= ky} 
is stationary in cf K, then 2" = x*. 


Part (b) of Theorem 23 follows from the next lemma, which is a generaliza- 
tion of Lemma 8.2: 


Lemma 8.3. Let « be a singular cardinal, let cf k > w,, and assume that A** < k 
for all A<k. If <k,:«< cf k> is a normal sequence of cardinals such that 
lim k, = k, and if the set 

fa<cfk:Ki™=Kf} 


is stationary, then x" = x*. 


Proof of Theorem 23b. We prove by induction on the cofinality of x that 
2°* <x implies x°** = x*. The assumption of the theorem is that this holds 
for each x of cofinality w. Thus let x be of uncountable cofinality and let 
2°™ < x. Using the induction hypothesis and formulas (8.2), one easily verifies 
that A*™ <x for allA<k. 

Let <x,:a<cfk)> be any normal sequence of cardinals such that 
lim k, = k. The set 


S={a<cfk:cfx, = wand 2 < x,} 
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is clearly stationary in cf x, and for every a € S, x°'"* = xj by the assumption. 
Hence k**=x*. 


We shall first prove Theorem 23 via Lemmas 8.2 and 8.3 and then genera- 
lize the proof to obtain Theorem 24. 
To simplify the notation, we shall consider the special case when 


K=X&,, 
The general case is proved in exactly the same way. 
Let f and g be two functions on w,. We say that fand g are almost disjoint if 
there is % < w, such that f(a) # g(a) for all « > a. A family F of functions on 


@, is an almost disjoint family if any two distinct f, g € F are almost disjoint. 
Lemma 8.3 follows from 


Lemma 8.4. Assume that &¥! < &,,, for all « < w,. Let F be an almost disjoint 
family of functions 


Fe [| A; 


a<@), 
such that the set 
(8.3) {a<@,: | A,| < Nui} 
is stationary. Then |F | < Na,+1- 
[In the general case, we consider almost disjoint functions on cf x.] 


Proof of Lemmas 8.2 and 8.3 from Lemma 8.4. We assume that 2** = &,,, fora 
stationary set of «’s; we want to show that 2%: = &,,.,,. Forevery X C&,,,, we 
let fy = (X,:&<@,> where X,= X ON,, and let F ={fy: X CN,}}. If 
X # Y, then fy and fy are almost disjoint. Moreover, 
Fc [] Pl.) 
a<o, 

Since for a stationary set of a’s, | P(w,)| = Na+1, we have |F| <&,,41, and 
so | P(®..,)| = Noe 

To prove Lemma 8.3, we assume that XS! < &,,, and that NeRe = NL for 
a Stationary set of a’s; we want to show that X3!=%,,,,. For every 
h: @, > &y,, we let f, = <h,: % < w,), where dom h, = w, and 


h(t) if h(f)<®&, 
0 otherwise 


h(¢) = 
and let F ={f,:he'N,,}. If h#g, then f, and f, are almost disjoint. 
Moreover, 
Fe] "™ 


a<ay 


8. SINGULAR CARDINALS 65 


Since for a stationary set of a’s, N¥! = &,, , (namely for all « such that %, > 2™! 
and ¥° = &,4,), we have | F|<,,41, and so |°'N,, | = No41- 
[In the general case of Lemma 8.3 we have to show that 


fa< efx: Ki" = xz} 
is stationary. Note that the set 
C = {a: ais a limit ordinal and (VA<k,) A‘ <x,} 


is closed unbounded in cfx; if «eC, then cfix,<cfx and we have 
Kit =i") wf 


The first step in the proof of Lemma 8.4 is 


Lemma 85. Assume that 8¥! < &,,, for all a < w,. Let F be an almost disjoint 
family of functions 


Fc I A, 
such that the set a<oy 
(8.4) {a<@,: |A,| <&,} 


is stationary. Then |F | <&,,. 


(The assumption (8.3) is replaced by (8.4) and the bound for |F| is &,, rather 
than &.,41-) 


Proof. We may as well assume that each A, is a set of ordinals and that A, © w, 
for all « in some stationary subset of &,. Let 


So = {a <w,: a is a limit ordinal and A, S @,} 


Thus if fe F, then f(a) < w, for all a € Sy. Given fe F, we can find for each 
a > 0 in So some B < « such that f(x) < we; call this B = g(a). The function g is 
regressive on S, and by Fodor’s theorem there is a stationary S © Sy such that g 
is constant on S. In other words, the function f is bounded on S, by some 
W, < Wa, 

We assign to each fa pair (S, f |S) where S ¢ Sp is a stationary set and f |S 
is a bounded function. For any S, iff |S = g|S, then f = g since any two distinct 
functions in F are almost disjoint. Thus the correspondence 


fr (S,f |S) 
is one-to-one. 
For a given S, the number of bounded functions on S is at most 
Y NS! = sup R81 = &,, 
y<o1 Y 


Since | P(w,)| = 28! < &,,, the number of pairs (S, f |S) is at most &,, ,. Hence 
|F|<, 
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Proof of Lemma 8.4. Let F < []a<, Aq be an almost disjoint family of func- 
tions satisfying (8.3). We may assume that each A, is a set of ordinals, and that 
the set 


So = {a <@,:A,S a4 4} 


is stationary. 
First we shall prove that for every fe F, the set 


F,={geF:4 stationary S < So(Vae S) g(a) < f(a)} 
has cardinality < &,,. See Fig. 8.1. If S < So is stationary, let 
Fs ={geF: (WaeS) g(a) <f(a)} 


The family ¥, 5 is almost disjoint, and since Fys5 []a<o; B, where 
B, =f («)+ 1 for all «eS, we use the fact that | f(a) +1] <&, and apply 
Lemma 8.5 to conclude that |F,s5| <&,,. Then we have 


F, = {Fys:S Sp stationary} 


and so |F,| < Ny, 


FIGURE 8.1 


To complete the proof, we shall construct a sequence 


(8.5) Cfer€ <0) 
of functions in ¥, such that 6 < &,,41, and 
(8.6) F=Y{F pF <9 


We construct < fz: ¢ < @> by induction. Given f,, v < ¢, we look for fe F 
such that f. ¢ F,,, for all v < €. If there is no such f,, then we let 6 = ¢ and 
have (8.6). If there is such f, then the set 


{a € So : f<(ae) < H(a)} 
is thin, and so f, € F,,, for each v < ¢. 
Since |F,,| <N,, and F,,2 {f,: v < G, it follows that f, exists only if 
€ < Nu, +1- That shows that the sequence (8.5) has length 6 < X,, 41, and using 
(8.6), we get |F|<N 41. 
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This sequence of lemmas completes the proof of Theorem 23. Now we shall 
generalize Lemma 8.4 in order to derive Theorem 24. As before, we shall 
consider the special case 


K= Xp, 


Lemma 8.6. Assume that ®¥! < &,, for all « < w,. Let F be an almost disjoint 
family of functions 
Fe || A, 
a<o, 


such that |A,| < Xq, for all «<w,. Then |F| <', where y = (2"')*. 


Theorem 24 (for x = &,,,) follows from Lemma 8.6 in exactly the same way 
as Lemma 8.2 follows from Lemma 8.4 (see the proof ). And the general case of 
Theorem 24 follows from the general version of Lemma 8.6 that is obtained by 
making only notational changes (namely, considering almost disjoint functions 
on cf x). 

To prove Lemma 8.6, we first introduce the following relation among func- 
tions g: @; > @, 

(8.7) gp<w iff {a<@,: (a) = W(a)} is thin 
Since the closed unbounded filter is c-complete, it follows that there is no 
infinite descending sequence 
Por 91> 92>°"° 

Otherwise, the set {a < w,: ~,(«) < @,4 1(«) for some n} is thin and so there is « 
such that 

Pol%) > Pi(a) > P2(a) > °° 
which is a contradiction. 


Hence the relation g < w is well-founded and by Theorem 5, we can define 
the rank ||@|| of g in this relation (called the norm of @) such that 


loll = sup{ly|| + 1:0 <9} 


(In fact, the relation < induces a well-founded partial ordering of the reduced 

power ®'w, modulo the closed unbounded filter.) Note that |||] = 0 if and only 

if p(x) = 0 for a stationary set of a’s (iff there is no w such that y < @). 
Lemma 8.6 follows from 


Lemma 8.7. Assume that 8¥' < &,,, for all « < @,. Let p: w, > @, and let F 
be an almost disjoint family of functions 


Fc] A 
such that a<oy 
|A,| = Rat oe 


for every «<w,. Then |F| <& 


1+ lle: 
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To prove Lemma 8.6 from Lemma 8.7, we let g be such that 
|Aa| < Xa+qa- If @ is the length of the well-founded relation g < py, then 
certainly |6| < |°!w,| = 2"! and so @ < (2*')*. Hence w, + ||g|| < (2"')* for 
every y and Lemma 8.6 follows. Note also that Lemmas 8.4 and 8.5 are special 
cases of Lemma 8.7, namely when ||g|| is 1 or 0 respectively. 


Proof of Lemma 8.7. By induction on |g||. If ||g|| = 0, then g(a) =0 on a 
stationary set and the statement is precisely Lemma 8.5. 

To handle the case ||g|| > 0, we first generalize the definition of g < wy. Let 
S <a, bea stationary set. We define 
(8.8) o<sw iff {ae S: p(x) = (a)} is thin 


The same argument as before shows that @ <s yw is a well-founded relation and 
so we define the norm ||¢|| s accordingly. Note that if S < T, then ||g||7 < |g||s. 
In particular, |||] < ||o||s, for any stationary S. Moreover, 

(8.9) llolls ur = min([lpl|s. [lpllr) 


as can easily be verified. 

For every 9: @; > @,, we let I, be the collection of all thin sets along with 
those stationary S such that ||g|| < ||||s. If S is stationary and X is thin, then 
lols ux = llolls. This and (8.9) imply that J, is a (proper) ideal over @,. 

If ||@|| is a limit ordinal, then 

S = {a <@, : g(a) is a successor} € I, 


because if S ¢ J,,, then ||| = ||gl|s = Ws + 1, where W(x) = g(a) — 1 for all 
a € S. Hence 


{a < w, : p(a) is a limit} ¢ I, 
Similarly, if ||g|| is a successor ordinal, then 
{a < w, : y(a) is a successor} ¢ I, 


Now we are ready to proceed with the induction. 
(a) Let ||| be a limit ordinal, ||g|| > 0. Let 
S = {a < @,: g(a) > 0 and is a limit ordinal} 


It follows that S ¢ I,. 

We may assume that A, © Xq+ a for every «, and so we have f (a) < Na+ oa) 
for every fe ¥. Given f ¢ F, we can find for each a € S some B < e(a) such 
that f(a) < w,+,; Call this B = p(«). Fora ¢ S, let W(a) = (a). Since S ¢ I,, we 
have ||y|| < |l¥[ls < llolls = IMI. We also have fe ¥,, where 


Fy ={fEF if (%) < Oy 4 ya for all a} 


F =F: lvl < lel 


and so 
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By the induction hypothesis, | Fy| < Xu,+ Iw < No,+ IIe for every w such 
that ||y|| < |||. Since the number of functions ¥:w,—7@, is 2°, and 
ge < Nop we have |\F | < Nor + loll ‘ 

(b) Let ||g|| be a successor ordinal, ||p|| = y + 1. Let 


So = {a < w, : (a) is a successor} 


It follows that So ¢ I,. 

Again, we may assume that A,  @,+ qa) for each « < w,. The proof will 
follow closely the proof of Lemma 8.4. 

First we prove that for every fe F, the set 


Fp={gEF:ISSSo,SE¢1,, (Va ES) g(x) <f(a)} 
has cardinality &,,4,.IfS © So and S ¢ I, let 
F 55= {gE F : (Va S) g(x) <f(x)} 


Let W: w, > @, be such that (a) = v(a) — 1 for a € S, and (a) = g(a) other- 
wise. Since S ¢ I,,, we have ||y|| < ||W||s < |lolls= |||] = y + 1 and so ||y|| = 7. 
Since F,5 <[]a<o, B,, where |B,| < &,+yx for all «, we use the induction 
hypothesis to conclude that |F%,s| <&.,+,- Then it follows that 
|F Sf | = Rosy: 

To complete the proof, we construct a sequence 


(8.10) (fer E < 
such that 6 < &,4,41 and 
(8.11) F =\) {FE <H 


Given f,, v < €, we let f, € F (if it exists) be such that f, ¢ F,,, for all v < €. 
Then the set 


{a € So : f(a) < F,(a)} 


belongs to I, and so f, € F,,, for each v < ¢. 
Since |F¥,,| <Na,+,and F,, 2 {f,: v < §}, it follows that € < No.+y41 if 
fz exists. Thus the sequence (8.10) has length 6 < &,4)4+1. Then we have 


F=|J{Fp28 <9} 
and so |F|<No+,+1 
In the following exercises, apply Lemma 8.7 (generalized, if necessary). 


Exercise 8.1. If B < w, and if 2%" < &,4, for a stationary set of a’s, then 2%" < Ny, 43. 
[By induction on B: If g(a) < B on a stationary set, then |||| < B.] 


Exercise 8.2. If B < ay, if 28! < Ny, and if R¥° < X,4, for a stationary set of a’s, then 
NE < Raise: 
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Exercise 8.3. If 28* < &, + holds for all cardinals of cofinality w, then the same holds 
for all singular cardinals. 


Exercise 8.4. If &, < cf &,<&,, if B<cf&,, and if 2% <4, for all a <n, then 

2" < Nisa: 

Exercise 8.5. If 28* < %a+a+1 for a stationary set of « < @,, then 2% < &,, tot 
[If g(a) = « for all « < w,, then |g] = a,.] 


Exercise 8.6. If 2%1** < Nu, +a+a for all « < @y,, then 28+ < Noto toy 
[Use the sets Ay = Wy, +a-] 


Exercise 8.7. If 28! < Ny, and if R¥° < Ny+a+1 for all « < @,, then N¥! < Ny, 40,41- 


Exercise 8.8. If « is a strong limit cardinal, x = &,,, and cf « > N,, then 2" < &,, where 
y= (|n|**)*. 
Exercise 8.9. If &, <cf« <x and if 4%" <x for all A <x, then x** <&,, where 
y= ([n|**)*. 


It is an open problem to find a bound on 2" as in Theorem 24 if &, = x (but see 
(35.14e)). 


9. THE AXIOM OF REGULARITY 


Axiom of regularity. Every nonempty set has an €-minimal element. 
VS[S # B (Ax €S)Snx=Q] 


In other words, the relation € over any family of sets is well-founded. As a 
consequence, there is no infinite sequence 


Xp 3X, 393X230" 


(Consider the set S = {xo, x1, X2,...} and apply the axiom.) In particular, there 


is no set x such that pig 


and there are no “cycles” 
Xp EX, EEX, EXO 


Thus the axiom of regularity postulates that sets of certain type do not 
exist. This restriction on the universe of sets is not contradictory (i.e., the 
axiom is consistent with the other axioms) and is irrelevant for the development 
of ordinal and cardinal numbers, natural and real numbers, and in fact of all 
ordinary mathematics. However, it is extremely useful in the metamathematics 
of set theory, in construction of models. In particular, all sets can be assigned 
ranks and can be arranged in a cumulative hierarchy. 

We recall that a set T is transitive if 


xeT implies x ¢ T 


Lemma 9.1. For every set S there exists a transitive set T 2 S. 
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Proof. We define by induction 
So=S, Sn+1=()Sn 


and 
T = TC(S) = U S, 
n=0 


Clearly, T is transitive and T>S. @ 


Since every transitive set must satisfy |) T ¢ T, it follows that the set 
TC(S) is the smallest transitive T > S, ie., 


TC(S) = () {T: T 2S and T is transitive} 
We call TC(S) the transitive closure of S. 
Lemma 9.2. Every nonempty class C has an €-minimal element. 


Proof. Let S € C be arbitrary. If S 7 C = @, then S is a minimal element of C; 
if SAOC#@, we let X = TAC where T = TC(S). X is a nonempty set 
and by the axiom of regularity, there is x € X such that x 7 X = @. It follows 
that x 7 C = @: otherwise, if ye x and ye C, then ye T since T is transitive, 
and so yex NTAC=x 1X. Hence x is a minimal element of C. @ 


The Cumulative Hierarchy of Sets 
We define, by transfinite induction, 


Y= 6 
V.= UV, — if wis a limit ordinal 
B<a 
Ver. = P(V,) 


The sets V, have the following properties (by induction): 


(a) Each V, is transitive. 

(b) If « < B, then Vc Vy. 

(c) ach. 

The axiom of regularity implies that every set is in some V,: 
Lemma 9.3. For every x there is « such that x é€ V,: 


(9.1) \) Y%J=V 

ae Ord 
Proof. Let C be the class of all x that are not in any V,. If C is nonempty, then 
C has an €& minimal element x. That is, x € C, and z € OP V, for every z € x. 
Hence x. © Jrcora Ve- 
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By Replacement, there exists an ordinal y such that x © (ee V,. Hence 
x & V, and so x € V,,,. Thus C is empty and we have (9.1). 


Since every x is in some V,, we may define the rank of x: 
(9.2) rank(x) = least « such that x € V,,, 
Thus each V, is the collection of all sets of rank less than a, and we have 


(a) If x € y, then rank(x) < rank(y). 
(b) rank(a) = a. 


Exercise 9.1. rank'x.= sup{rank(z) + 1: z € x}. 

Exercise 9.2. The transfinite sequence 3, = | V.,,.| is a normal sequence: 
Ao=N, D,=2% J, =2?", 

and so there are x such that x = J, = [V,|. 

Exercise 9.3. If 3, = x, then x is a strong limit and &, = kK. 

Exercise 9.4. If « is inaccessible, then |V,| = x. 


One of the uses of the rank function is a definition of equivalence classes in 
case of an equivalence relation over a proper class. The basic trick is the 


following: 
Given a class C, let 
(9.3) C = {x € C: (Wz EC) rank x < rank 2} 


C is always a set, and if C is nonempty, then C is nonempty. Moreover, (9.3) can 
be applied uniformly. 
Thus, for example, if = is an equivalence over a proper class C, we apply 
(9.3) to each (ordinary) equivalence class of =, or define outright 
[x] = {ye C: y=x and Vze C (z = x > rank y < rank z)} 
and 
C/= = {[x]:x eC} 


In particular, this trick enables us to define isomorphism types for a given 
isomorphism. For instance, one can define order-types of linearly ordered sets, 
or cardinal numbers (even without AC). 

We use the same argument to prove the following. 


Collection Principle 
(9.4) VX 3Y(Wu € X) [3v elu, v, p) > (3 € Y) elu, v, p)] 


(p is a parameter). The collection principle is a schema of formulas. We can 
formulate it as follows: 
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Given a “collection of classes” C,, u € X (X is a set), then there is a set Y 
such that for every ue X, 


if C,4#Q, thnC,ny4#@ 


To prove (9.4), we let . 
Vac 
ueX 
(where C, = {v: y(u, v, p)}); Le. 
ve Yoo(Ju € X) [e(u, v, p) and Vz(e(u, z, p) > rank v < rank z)} 


That Y is a set follows from the replacement schema. 
Note that the collection principle implies the replacement schema: Given a 
function F, then for every set X we let Y be such that 


(Vu € X) (av € Y) F(u) =v 
hen F|X =F 2 (X x Y) 
is a set by the separation schema. 


© induction 


The method of transfinite induction can be extended to an arbitrary transi- 
tive class (instead of Ord), for both proof and definition by induction: 


Theorem 25 (A) (Proof by €-induction). Let T be a transitive class, let ® be a 
property. Assume that 


(i) (9); 
(ii) if x € T and ®(z) holds for every z € x, then ®(x). 


Then every x € T has the property ®. 


(B) (Definition by €-induction). Let T be a transitive class and let G be a function 
(defined for all x). Then there is a function F on T such that 


(9.5) F(x) = G(F |x) 


for every x eT. 
Moreover, F is the unique function that satisfies (9.5). 


Proof. (A) Let C be the class of all x € T that do not have the property ®. If C 
is nonempty, then it has an €-minimal element x; apply (i) or (ii). 


(B) We let, for every x € T, 


F(x)=y «© there exists a function f such that 
dom(/) is a transitive subset of T and: 


(a) (Vz € dom(f))[f (2) = G(F |2)] 
(b) f 


xj=y 
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That F is a (unique) function on T satisfying (9.5) is proved by €-induction. & 


Example. Let A be a class. There is a unique class B such that 
(9.6) B= {xeA:x cB} 
Proof. Let 


F(x) = 1 if x a and F(z) = 1 for all ze x 
0 otherwise 
Let B = {x : F(x) = 1}. The uniqueness of B is proved by €-induction. Hi 
We denote the class in (9.6) by 
B= HA 
and say that each x € B is hereditarily in A. 
Exercise 9.5. #A = {x € A: TC(x) € A}. 
Exercise 9.6. #A is the largest transitive class-B such that BC A. 


One consequence of the axiom of regularity is that the universe does not 
admit nontrivial €-automorphisms. More generally: 


Theorem 26 (Isomorphism Theorem). No two distinct transitive classes are iso- 
morphic. More specifically: Let T,, T, be transitive classes and let n be an 
€-isomorphism of T, onto Ty ; i.e., m is one-to-one, and 


(9.7) uev + men 
Then T, = T, and nu = u for every u € Ty. 


Proof. We show, by €-induction, that 2x = x for every x € T,. Assume that 
nz = z for each z € x and let y = xx. 

We have x C y because if z € x, then z = mz € mx = y. 

We also have yc x: Let te y. Since yO T,, there is z € T, such that 
mz = t. Since mz € y, we have z € x, and sot = mz = z. Thustex. 

Therefore xx = x for allx €T,,andT,=T,. 


Well-Founded Relations 


The notion of well-founded relations that was introduced in Section 2 can 
be generalized to relations over proper classes, and one can extend the method 
of induction to well-founded relations. 

Let E be a binary relation over a class P. For each x € P, we let 


ext,(x) = {ze P:zE x} 
the extension of x. 
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A relation E over P is well-founded, if: 


(9.8) (i) every nonempty set X ¢ P has an E-minimal element; 
(ii) extg(x) is a set, for every x € P. 


(Condition (ii) is vacuous if P is a set.) Note that the relation € is well-founded 
over any class, by the axiom of regularity. 


Lemma 9.4. If E is a well-founded relation over P, then every nonempty C ¢ P 
has an E-minimal element. 


Proof. We follow the proof of Lemma 9.2; we are looking for x € C such that 
extg(x) © C = @. Let SEC be arbitrary and assume that ext(S) 01 C4 @. 
We let X = T 7m C where 


= Wes, 
n=0 
and 
So=extS, Sy4,=() {ext(z): ze 5S,} 


(See Fig. 9.1.) As in Lemma 9.2, it follows that an E-minimal element x of X is 
E-minimalinC. @ 


FIGURE 9.1 


Theorem 25’ (Well-founded Induction). Let E be a well-founded relation over P. 
(A) Let ® be a property. Assume that: 


(i) every E-minimal element x has the property ®; 
(ii) if x € P and ®(z) holds for every z such that z E x, then (x). 


Then every x € P has the property ®. 


(B) Let G be a function (on V x V). Then there is a (unique) function F on P 
such that 


(9.9) F(x) = G(x, F |ext(x)) 


for everyx EP. 
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Proof. A modification of the proof of Theorem 25. @ 
(Note that if F |satisfies- (9.9), then F(x) = F(y) whenever ext(x) = ext(y); in 
particular, F(x) is the same for all minimal elements.) 
Examples. 

1 (The rank function). We define, by induction, for all x € P: 

p(x) = sup{p(z) + 1:2 E x} 
(compare with (2.10)). The range of p is either an ordinal or the class Ord. For 
all x, ye P, 
x E y (x) < p(y) 
2 (The transitive collapse). By induction, let 
n(x) = afext(x)] = {x(z): z E x} 

for every x € P. The range of z is a transitive class, and for all x, y € P, 


xEy + 2x(x)e€ xy) 


APPENDIX: 
BERNAYS-GODEL AXIOMATIC SET THEORY 


There is an alternative axiomatization of set theory. We consider two types 
of objects: sets and classes. 


Axioms: 


A. 1. Extensionality (for classes): Vu(ue Xue Y)>X=Y 
2. Every set is a class. 
3. If X € Y, then X is a set. 
4. Pairing: For any sets x and y there exists a set {x, y}. 
B. Comprehension 


VX\,.--, VX, FY Y = {x : p(x, Xy,..., X,)} 


where ¢ is a formula in which only set variables are quantified (no class 
variables). 


C. 1. Infinity: There is an infinite set. 


2. Union|, 
3. Power set | ° 
4. Replacement: If a class F is a function and X is a set, then F[X] is a set. 
D. Regularity. 
E. Choice: There is a function F such that F(X) € X for every nonempty set X. 


. ;U Xx. 
For every set X there exists a set | P(X). 


Let BG denote the axiomatic theory A—D, and let BGC denote BG + choice. 


APPENDIX: BERNAYS-GODEL AXIOMATIC SET THEORY 77 


Exercise. If a set-theoretical statement is provable in ZF (ZFC), then it is provable in 
BG (BGC). 


On the other hand, a theorem of Shoenfield (using proof-theoretic methods) 
states that if a sentence involving only set variables is provable in BG, then it is 
provable in ZF. This result can be extended to BGC/ZFC using the method of 
forcing; cf. the remark at the end of Section 20. 


CHAPTER 2 
TRANSITIVE MODELS OF SET THEORY 


10. MODELS OF SET THEORY 


Let E be a binary relation over a class M. We call 92 = (M, E)* a model (of 
the language of set theory), and define, for every formula @(x,, ..., x,), 


(10.1) ME play,...,a,) (ay, ..., a, EM) 
(M satisfies p(a,, ..., a,), p holds in M), as follows: 
(a) If g is an atomic formula: 
MerEaeb if aEb 
Mera=b if a=b 
(b) Ifgisa negation, conjunction, etc,: 
ME Way, ..., ay) if not MF Way, ..., a,) 
ME Waza, ..., an) if Me W(ay,...,a,) and MF x(a,,...,a,) 
ME Wv x(a, ..., ay) if Me W(ay,...,a,) or ME x(ay,..., a,) 
MEP y(ay,...,4,) if ME W(a,,...,4,) implies MF y(a,,...,a,) 
ME Wry(ay,...,4,) if MLE W(ay,...,4,) iff ME x(a,,...,a,) 
(c) If g is IxW or Vxp 
MF AxW(x,a,,...,4,) if (JaeM) ME Wa, a,...,a,) 
MF Vxw(x,ay,...,4,) if (VaeM) ME Wa, ay, ..., a,) 


The above definition (“by induction on complexity of g ”) gives us instructions 
on how to “decode” (10.1) for any particular formula g. For instance, 


Me Vuue Xue Y)>X=Y 


* The sophisticated reader will not object to our use of a pair of classes. 
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is the formula 

WweM(uEXeouEY) > X=Y 
If o is a sentence and 3M F a, then we say that Wis a model of c. A model of ZF 
(ZFC) is an WM that satisfies every axiom of ZF (ZFC). 


Relative Consistency 


An axiomatic theory is consistent if the axioms are not contradictory—if 
there is no proof of a contradiction in the theory. Gédel’s second incompleteness 
theorem states that no axiomatic theory at least as powerful as the axiomatic 
arithmetic can be proven consistent by methods that are formalizable in that 
theory itself. In particular, it is impossible to show consistency of ZF (or related 
theories) by means limited to ZF alone. 

On the other hand, once we assume that ZF (or ZFC) is consistent, we may 
ask whether the theory remains consistent if we add an additional axiom A. 

Let T be a mathematical theory (in our case, T is either ZF or ZFC), and let 
A be an additional axiom. We say that T + A is consistent relative to T (or that 
A is consistent with T) if the following implication holds: 


if T is consistent, then so is T+ A 


If both A and 7A are consistent with T, we say that A is independent of T. 

The question whether A is consistent with T is equivalent to the question 
whether the negation of A is provable in T (provided T is consistent); this is 
because T + A is consistent if and only if 1A is not provable in T. 

The way to show that an axiom A is consistent with ZF (ZFC) is to use 
models. For assume that we have a model M of ZF such that Mt F A. Then A is 
consistent with ZF: If it were not, then 7A would be provable in ZF, and since 
M is a model of ZF, Vt would satisfy 1A. (Here we tacitly use the fact that if Mt 
is a model of a theory T and a is asentence provable in T, then Mis a model of 
o.) However, 9 F 1A contradicts MF A since MF 1A iff M¥ A. 

The models introduced here are closely related to models as defined in 
model theory. They are in a sense more general since they are classes rather 
than just sets, but also more special since proper classes cannot be manipulated 
as freely as sets. 

There is another remark that is in order. By Gédel’s second incompleteness 
theorem, one cannot show consistency of ZFC within ZFC. Thus if Con(ZFC) 
is the statement that ZFC is consistent, we have 


Con(ZFC) is not provable in ZFC 


By Gédel’s completeness theorem, an axiomatic theory is consistent if and only 
if it has a model (in the sense of model theory—thus a set). Therefore the 


pein 39(2 is a model of ZFC) 
is not provable in ZFC. 
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When dealing with models, we use standard terminology of model theory. 
Also, some results to be presented are related to standard theorems of model 
theory. For this reason, we insert a brief review of basic notions and facts from 
model theory. 


Review of Model Theory 


A language is a set of symbols: relation symbols, function symbols, and 
constant symbols: 


PNP idee Paik City 


Each P is assumed to be an n-placed relation for some integer n > 1; each F is 
an m-place function symbol for some m > 1. 

Terms and formulas of a language # are certain finite sequences of symbols 
of ¥, and of logical symbols (identity symbol, parentheses, variables, connec- 
tives, and quantifiers). The set of all terms and the set of all formulas are defined 
by induction. If the language is countable (i.e, if | “| < Xo), then we may 
identify the symbols of Y, as well as the logical symbols, with some hereditarily 
finite sets (elements of V,,); then formulas of # are also hereditarily finite 
(arithmetization of language). 

A model for a given language ¥ is a pair 2 = (A, 4), where A is the 
universe of 21 and ¥ is the interpretation function which maps the symbols of # 
to appropriate relations, functions, and constants in A. A model for ¥ is 
usually written in displayed form as 


SK Ay PO sey Face Cy cateD 
or just 
QW = ¢A, P,..., F,...,6.. 


By induction on length of terms and formulas one defines the value of a term 


tay, eles a,] 
and satisfaction 


WF ofa,,..., a,] 


(t is a term, is a formula, ne N, and <a, ..., a,> is an n-termed sequence 
in A). 
The relation of these models to the models defined in (10.1) is the following: 
Let # be a language consisting of one binary predicate symbol e: 


L£ = {6} 
and let Form c V.,, be the set of all formulas of #. As with any actual (meta- 


mathematical) natural number we can associate the corresponding element of 
N, we can similarly associate with any given formula of set theory the corre- 
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sponding element of the set Form. To make the distinction, if g is a formula, let 
'@! denote the corresponding element of Form. 

If M is a set and E is a binary relation over M and if a,, ..., a, are elements 
of M, then 


(10.2) Mt elay,...,a,) iff <M, EE “@ [ay,..., a] 


as can easily be verified. Thus in the case when M is a set and @ a particular 
(metamathematical) formula, we shall not make a distinction between the two 
meanings of the symbol F. We note however that the left-hand side of (10.2) is 
not defined for g € Form, and the right-hand side is not defined if M is a proper 
class. 

To proceed with our review of model theory, let us recall Godel’s com- 
pleteness theorem: A set X of sentences of ¥ is consistent if and only if it has a 
model. Construction of a model of = requires in general the axiom of choice; in 
fact, the ultrafilter theorem (Theorem 21) suffices. 

The compactness theorem states that a set of sentences Z has a model if and 
only if every finite § < © has a model. The Léwenheim-Skolem theorem says 
that if 2 has a model, then it has a model such that |A| < max(|Z|, No). In 
particular, if # is countable, then every consistent set of sentences has an at 
most countable model. These theorems again use the axiom of choice. 

Two models Ql = <A, P,..., F,..., c,...> and W'= <A’, P’,..., F’,..., 
c’,...) are isomorphic if there is an isomorphism between QU and QI’, that is a 
one-to-one function f of A onto A’ such that: 


(i) P(x, ..., X_) iff P'S (x1), ---, f(a), 

(it) f(F(%1, --+5 Xn) = FF (1), --- F%n)), 

(iii) f(c)= Ce’, 

for all relations, functions, and constants of 2. If f is an isomorphism, then 
Sf (t"[ay, ---5 Qn]) = t™ Lf (a1), --., f(@,)] for each term, and 


Wk fay,...,a,) iF WF ef f(a,),....f(an)] 


A submodel of Q is a subset B ¢ A endowed with the relations P® 7 B",..., 
functions F™|B”, ..., and constants c*, ... ; B has to be such that all c* belong 
to B, and that B is closed under all F™ (if (x1,..., x) € B”, then F*(x,,.. 
Xm) € B). 

An embedding of 8 into 2 is an isomorphism between 8 and a submodel 
B’ < YU. 

A submodel 8 ¢€ Q is an elementary submodel 


B< A 


my. 


if for every formula ¢, and every aj, ..., a, € B, 


(10.3) BF g[a,,...,a,] iff WF —lay,..., a] 
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The key lemma in construction of elementary submodels is: A subset B © A 
forms an elementary submodel of Q if and only if for every formula ¢, and 
every a,,..., a, € B, 


(10.4) if Ja € A such that MF g[a, ay, ..., ay], 
then Ja € B such that UF ela, a,,..., a,] 


A function h: "A > A is a Skolem function for o if* 
Jac AUF gfa,ay,...,a,] implies WF ~fh(ay,...,a,), ay, .--, Aq 


for every a,,...,a,. Using the axiom of choice, one can construct a Skolem 
function for every 9. If asubset B € A is closed under (some) Skolem functions 
for all formulas, then B satisfies (10.4) and hence forms an elementary sub- 
model of UW. 

An elementary embedding is an embedding whose range is an elementary 
submodel. 

A set X € A is definable over if there is a formula @ and ay, ..., a, € A 
such that 


X = {xe A: UF lx, a,,..., a,]} 


(X is definable in XU from a,,...,a,). If @ is a formula of x only, without 
parameters a,,..., a,, then X is definable in U. An element ae A is definable 
(from a,, ..., a,) if the set {a} < A is definable (from aj, ..., a,). 


e€-Models and Transitive Models 


A model I = (M, E) is an €-model if the relation E is just the €-relation, 
ie., if E=e€ © M7”. If M is an emodel, then we call the class M a model and 
write 


(M,e)Eg orjust ME@o 


Note that the formula M F @ is obtained from @ by replacing all 4x and Vx by 
dx € M and Vx eM. In particular, if g is quantifier-free, M — @ is the same 
as Q. 

If M is a transitive class, then the €-model M is called a transitive model. An 
important property of transitive models is the following: 

Call du e€ X and Vu € X restricted quantifiers, and say that a formula g is a 
restricted formula if it has no other quantifiers than restricted quantifiers. 


Lemma 10.1. If M is a transitive class and @ a restricted formula, then for all 
X4,---5X, € M, 


(10.5 ME 9(x1,.--,%n) ff (1, ---, Xn) 


*Ifn=0 then a Skolem function for g is an element he A such that Jae A Ut g[a] 
implies WF gh]. 
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Proof. If @ is an atomic formula, then (10.5) holds. If (10.5) holds for g and y, 
then it holds for 1g,g A ¥,ov v,g7y, and gow. 

Let @ be the formula (Ju € x)(u, x, ...) and assume that (10.5) is true for y. 
We show that (10.5) is true for @ (the proof for Vu € x is similar). 

If M F g, then 

MF ju(uex a W) 
i.e., 
(aueM)(uex a MEW) 


Since M F w if and only if wy, we have 
(Su € x) 


Conversely, if (Ju € x) W, then since M is transitive, u belongs to M, and since 
W(u, x, ...)+M F w(u, x, ...), we have 


JudueM a uex AMF YW) 


and so 
MF (juex)y @ 


Example. Every transitive model satisfies the axiom of extensionality: 


Proof. [(Wue X) (ue Y)A(Wue Y) (ue X)] > X = ¥ is a restricted formula. 


Consistency of the Axiom of Regularity 


As the first application of models we show that the axiom of regularity is 
consistent with ZF minus Regularity (axioms I-VII). We recall the construc- 
tion of the sets V,. The construction is performed without using Regularity; the 
axiom of regularity is used to show that V = | Jorg Vy. 

We shall show, using only axioms I-VII, that the class P = (),<ora Vais a 
model of ZF. This proves consistency of the axiom of regularity relative to the 
theory ZF minus Regularity. We shall make use of the fact that if X is a subset 
of P, then X e€ P. 

I. PF Extensionality 

This is so because P is transitive. 

II. PF Pairing 


(10.6) PF Wa Vb Acla e cAb E CA (Vx Ec) (x =avx=b)] 


Given a, b € P, let c = {a, b}. Clearly, c € P and P ¢ [---] since the formula [---] 
is restricted and holds (in the universe; it says: c = {a, b}). 
III. P — Separation 


PE WX Vp JY Wu(ue Youe X Agu, p)) 
Given X, p € P, we let 
Y={ue X:PF g(u, p)} 
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Since Y c X and X € P, we have Y € P, and 
PF Vu(ue Yeoue X Agu, p)) 
IV. PF Union 
(10.7) PE VX 3Y[(Wz € X) (Vue z)ue YaA(Wue Y) (3z€ X) ue z] 


Given X € P, we let Y =|) X. It is easy to see that Ye P (if X ¢ V,, then 
(J) XS V,). Moreover, PF [---] since [---] is a restricted formula, saying 
Y=()Xx. 

V. PF Power set 
(10.8) PE VX JY Vulue Youc X] 


Given X € P, we let Y = P(X). Again, Y € P. However, the formula Vu{---] is 
not restricted; but we argue as follows: [u € Y<+(Wz € u)z € X] is restricted, 
and for every u € P, P F [---] since [---] is true for all u. 

VI. PE Infinity 


(10.9) Pr AS[WeES va (WxES)x vu {x} e S] 


The formula in (10.9) contains defined notions, {.}, U, and @; and strictly 
speaking, we should first eliminate these symbols and use a formula in which 
they are replaced by their definitions, using only « and =. However, we have 
already proved that both pairing and union are the same in the universe as in P, 
and similarly one shows that X € P is empty iff P - X is empty. In other words, 


{a, b}P = {a,b}, 3 JPX=X, @P=2 


where {a, b}P, |)’, and @? denote pairing, union, and empty set in the 
model P. 
Since w € P, we let S = w and easily verify that (10.9) holds for this S. 
VII. PF Replacement 


(10.10) PE Vx Wy Vz[o(x, y, P)A@(x, 2, P) > y = Z] 
+ VX 3Y Vy[y € Yo(ax € X) e(x, y, p)] 
Given p € P, assume that P F Vx Vy Vz[---]. Thus 
F = {(x, y)e P: PF o(x, y, p)} 


is a function, and we let Y = F[X]. Since Y c P, we have Y € P, and one 
verifies that for every y € P, 


PE ye Yer(ax € X) ex, y, p) 
VII. PF Regularity 
(10.11) PE VS[S # @ > (Ax €S)Snx=Q] 
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If S e P is nonempty, then let x € S be of least rank; then S x = @. Hence 
[:--] is true for any S; moreover, (S > x)? = S 1 x, and [---] has only a re- 
stricted quantifier. Thus P F [---]. 


Exercise 10.1. If the axiom of choice holds, then P F axiom of choice. 


Exercise 10.2. If « is a limit ordinal, then V, is a model of: Extensionality, Pairing, 
Separation, Union, Power set, and Regularity. If AC holds, then V, is a model of AC. 


Exercise 10.3. If « > w, then V, is a model of Infinity. 


Exercise 10.4. V,,, the set of all hereditarily finite sets, is a model of ZFC minus Infinity. 


Inaccessibility of Inaccessible Cardinals 


Theorem 27. Existence of inaccessible cardinals is not provable in ZFC. 
Moreover, it cannot be shown that the existence of inaccessible cardinals is 
consistent with ZFC. 


We shall prove the first assertion and invoke Gédel’s second incom- 
pleteness theorem to obtain the second part. 
First we prove (in ZFC): 


Lemma 10.2. If « is an inaccessible cardinal, then V,,. is a model of ZFC. 


Proof. The proof of all axioms of ZFC except Replacement is as in the proof of 
consistency of the axiom of regularity (see Exercises 10.1-10.3). To show that 
V, & Replacement, it is enough to show: 


(10.12) If F is a function from some X é V, into V,, then F e€ V,. 


Since x is inaccessible, we have | V,.| = «and |X| <x for every X € V,. If Fis 
a function from X e V, into V,, then | F[X]| < |X| < «and (since x is regu- 
lar) F[X] & V, for some « < x. It follows that Fe V,. @ 


Proof of Theorem 27. If « is an inaccessible cardinal, then not only is V,,a model 
of ZFC, but in addition 


V,.F « is an ordinal iff a is an ordinal. 

V,— « is a cardinal iff % is a cardinal. 

V, F a is a regular cardinal iff a is a regular cardinal. 

V,, F a is an inaccessible cardinal iff a is an inaccessible cardinal. 


(We leave the details to the reader.) 
In particular, if « is the least inaccessible cardinal, then 


V,. F there is no inaccessible cardinal 


Thus we have a model of ZFC + “there is no inaccessible cardinal” (if there is 
no inaccessible cardinal, we take the universe as the model). Hence it cannot be 
proved in ZFC that inaccessible cardinals exist. 
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To prove the second part, assume that it can be shown that the existence of 
inaccessible cardinals is consistent with ZFC; in other words, we assume 


if ZFC is consistent, then so is ZFC + I 


where I is the statement “there is an inaccessible cardinal.” 

We naturally assume that ZFC is consistent. Since I is consistent with ZFC, 
we conclude that ZFC + I is consistent. It is provable in ZFC + I that there is 
a model of ZFC (Lemma 10.2). Thus the sentence “ZFC is consistent” is 
provable in ZFC + I. However, we have assumed that “I is consistent with 
ZFC” is provable, and so “ZFC + I is consistent” is provable in ZFC + I. 
This contradicts Gédel’s second incompleteness theorem. 


The wording of the second part of Theorem 27 (and its proof) is somewhat 
vague; “it cannot be shown” means: It cannot be shown by methods formaliz- 
able in ZFC. 


Exercise 10.5. If k is an inaccessible cardinal then V, - there is a countable model of 
ZFC. 

[Since <V,, €> is a model of ZFC, there is a countable model (by the Lowenheim- 
Skolem theorem). Thus there is E < w x w such that % = (aw, E> is a model of ZFC. 
Verify that V, F (QU is a countable model of ZFC).] 


Exercise 10.6. If k is an inaccessible cardinal, then there is « < x such that <V,, €> < 
<V,, €>. Moreover, the set {a <K:<V,,E> <(V,, >} is closed unbounded. 

[Construct Skolem functions h for V,, and let « = lim, %, where a,41 <x is such 
that h|V,, S Vz,,, for each h.] 


We recall the definition (9.6): 
HA={xeA:xc HA} 


(the class of all x hereditarily in A). 

If A is the class of all finite sets, then #A is the set of all hereditarily finite 
sets, denoted by HF. In fact, HF = V,. 

Let HC denote the class of all hereditarily countable sets: 


HC = #({X: |X| < No}) 
= {X : every y € TC({X}) is at most countable} 


Exercise 10.7. For each a, let H, = HC -+ V,.Show that Hp = @, H, = Up<a Heif ais 
a limit ordinal, and H,+,; ={X © H,: |X| < No}. 


HC is a set: 
Exercise 10.8. (In ZFC) HC = Hy,. 


Exercise 10.9.* (In ZF) HC = H,,. 

[Show that |rank(A)] <&, for every AeHC. Since rank(A)= 
Uso {rank(x): x € |)" A}, it suffices to find, uniformly for all A € HC, functions F# 
(n € w) such that each F4 maps w'*! onto the set {rank(x) : x € ()" A}. Let F§(«) = the 
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ath element of the set {rank(x): x € A}, and F#,1(a0, ..., %:+1) = the a, th element of 
the set {FX(a0, ..., &,): X € A}.] 


Exercise 10.10. (In ZFC) HC is a transitive model of ZFC minus Power set. 
[AC is needed to show that |) X € HC if X e HC (the countable axiom of choice 
suffices ).] 
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In this section we shall investigate the transitive classes that satisfy the 
axioms of ZF. In view of Gddel’s second incompleteness theorem, we shall 
concentrate on models of ZF that are proper classes. First we prove the Most- 
owski collapsing theorem, the import of which is that every well-founded model 
of ZF is isomorphic to a transitive model. (We leave the subject of non-well- 
founded models for a later time.) The main theorem of this section (Theorem 
31) gives a complete description of transitive models of ZF that are proper 
classes. 

Throughout the section (and in fact throughout most of Chapter II) we 
work in ZF; that is, we do not use the axiom of choice. 


Isomorphism of Models 


Let Nt = (M, E) and M= (M, E) be models. M and M are isomorphic if 
there is an isomorphism between M and M, that is, a one-to-one function z of M 
onto M such that 


(11.1) xEy iff x(x)En(y)  forallx,yeM 
It follows easily from the definition (11.1) that if @ is a formula, then 
(11.2) ME p(xy,...,x,) iff MF el(ax,,..., mx,) 


We say that two classes M and M are isomorphic (or €-isomorphic) if the 
e-models M and M are isomorphic. 
Extensional Classes and Relations 
We say that a class M is extensional if for any distinct X, Y e M, 
(11.3) X AM#YaM 
That is, if X, Y e M and 
ueX o ueY 


holds for every u € M, then X = Y. 
A relation E over a class M is called extensional if 


(11.4) ext,(X) # ext,(Y) 
whenever X, Ye M and X  Y. 
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Thus a class is extensional iff the relation € over M is extensional. 
Clearly, (11.4) is equivalent to 


WeM(uEXeuEY) +> X=Y 


which is just the statement that (M, E) satisfies the axiom of extensionality. 
Thus we have: 


Lemma 11.1. A relation E over M is extensional iff (M, E) is a model of Exten- 
sionality. A class M is extensional iff it is a model of Extensionality. @ 


Note that every transitive class is extensional: If X « M, then X 7 M= X 
and (11.3) is trivially satisfied. The following theorem shows that every exten- 
sional class is isomorphic to a transitive class and the isomorphism is unique 
(the transitive collapse). 


Theorem 28 (Mostowski’s Collapsing Theorem). 


(A) If E is a well-founded and extensional relation over a class P, then there is a 
transitive class M and an isomorphism x between (P, E) and (M, €). The 
transitive class M and the isomorphism n are unique. 

(B) In particular, every extensional class P is isomorphic to a transitive class M. 
The transitive class M and the isomorphism n are unique. 

(C) In case (B), if T ¢ P is transitive, then nx = x for every x € T. 


Proof. Since (B) is a special case of (A) (E = € in case (B)), we shall prove the 
existence of an isomorphism in the general case. 

Since E is a well-founded relation, we can define x by well-founded induc- 
tion (Theorem 25’), i.e., (x) can be defined in terms of the 2(z)’s, where z E x. 
We let, for each x € P, 


(11.5) n(x) = nfext,(x)] = {x(z): z E x} 
In particular, in the case E = ¢, (11.5) becomes 
(11.6) n(x) = n[x 7 P] 


The function z maps P onto a class M = z[P], and it is immediate from the 
definition (11.5) that M is transitive. 

We use extensionality of E to show that x is one-to-one. Let z e M be of 
least rank such that z = n(x) = (y) for some x # y. Then ext(x) # ext(y) and 
there is, e.g., u € ext(x) such that u ¢ ext(y). Let t = m(u). Since t € z = n(y), 
there is v € ext(y) such that t = x(v). Thus we havet = n(u) = n(v), u # v, andt 
is of lesser rank than z (since t € z). A contradiction. 

Now it follows easily that 


(11.7) xEy © a(x)eny 
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If x E y, then x(x) € x(y) by definition (11.5). On the other hand, if x(x) € x(y), 
then by (11.5), 2(x) = (z) for some z E y. Since z is one-to-one, we have x = z 
and so x E y. 

Uniqueness of the isomorphism z (and the transitive class M = x[P)) fol- 
lows from the isomorphism theorem (Theorem 26). If 2, and 7, are two iso- 
morphisms of P and M,, Mg, respectively, then 2,2; 1 is an isomorphism 
between M, and M,, and therefore the identity mapping. Hence 7, = 7. 

It remains to prove (C). If T ¢ P is transitive, then we first observe that 
x <P for every x € T and so x ~ P = x, and we have 


n(x) = n[x] 
for all x € T. It follows easily by €-induction that mx = x forallxeT. @ 


It is worth noting that Theorem 28 is a generalization of Theorem 2 (every 
well-ordered set is isomorphic to a unique ordinal number). 

While dealing with transitive models (most of Chapter II), we shall use the 
letter Dt to denote a transitive class (possibly a proper class). 


Reflection Principle 


The theorem to be proved below is the counterpart of the L6wenheim- 
Skolem theorem. While that theorem states that every model has a small 
elementary submodel, the reflection principle provides, for any finite number of 
formulas, a set M that is like an “elementary submodel” of the universe, with 
respect to the given formulas. The theorem is proved without the use of the 
axiom of choice, but using AC, one can obtain a countable M. 


Theorem 29 (Reflection Principle). 


(A) Let p(x,, ..., x,) be a formula. For each Mg there exists aset M 2 My such 
that 


(11.8) ME (xy,..-, Xn) iff p(X, ---, Xp) 


for every x,,...,X, € M. (We say that M reflects ¢.) 

(B) Moreover, there is a transitive M > M4 that reflects ~ ; moreover, there is a 
limit ordinal a such that My & V, and V, reflects . 

(C) Assuming AC, there is M2>Mbg such that M reflects p and |M|< 
max(|Mo|, No). In particular, there is a countable M that reflects 9. 


Remarks. 1. We may require either that M be transitive or that |M|< 
max(|Mo|, Xo) but not both. 

2. The proof works equally for any finite number of formulas, not just one. 
Thus if @,,..., @, are formulas, then there exists a set M that reflects each of 


Pir -+-> Pn- 
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3. Ifo is a true sentence, then the reflection principle yields a set M that isa 
model of c; using AC, one can get a countable transitive model of o. 

4. As a consequence of the reflection principle, and Gédel’s second incom- 
pleteness theorem, it follows that the theory ZF is not finitely axiomatizable. 
For, any finite number of theorems of ZF have a model (a set) by the reflection 
principle, while existence of a model of ZF is not provable. (By the same 
argument, no consistent extension of ZF is finitely axiomatizable.) 

The key step in the proof of Theorem 29 is the following lemma, which we 
prove first. 


Lemma 11.2. 


(i) Let p(uy,...,u,, x) be a formula. For each set Mo there exists a set 
M 2 Mog such that 


(11.9) if Ax p(uy,...,U,,x) then (Ax € M)p(uy,..., u,, x) 
for every u,,...,u, EM. 


Assuming AC, there is M’2Mb such that (11.9) holds for M' and 
|M’| <max(|Mo|, Xo). 


(ii) If @,,..., @, are formulas, then for each Mo there is M > Mg such that 
(11.9) holds for each @,, ..., Oy. 


Proof. We shall give a detailed proof of (i). An obvious modification of the 
proof gives (ii); we leave that to the reader. 

Note that the operation #(u,, ..., u,) defined below has the same role as 
Skolem functions in the Lowenheim-Skolem theorem. 

Let us recall the definition (9.3): 


(11.10) C = {x € C: (Wz € C) rank x < rank 2} 
For every u,,..., u,, let 

(11.11) H (Uy, -.. Un) = € 

where 

(11.12) C = {x: p(uy, ..., u,, x) 


Thus #(u,,..., u,) is a set with the property 

(11.13) if Axp(uy,...,u,,x), then Ix € #(u,..., u,)p(u,..., Up, x) 
We construct the set M by induction. We let 

(11.14) Mis, =M;,V (9 (uy, «.-, Up) Ua, «5 Un © M3} 

and 


M 


ll 
ice 
s 
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Now, if u,,...,u, € M, then there is ie N such that u,,..., u,€ M; and if 
p(u, ..., U,, x) holds for some x, then it holds for some x € M;,, by (11.13) and 
(11.14). 

Assuming AC, let F be a choice function on P(M). For every u,, ...,u, € M, 
let 


h(uy, ..., U,) = F(#(uy, ..., Up) 
and let us define 
My=Mo 
Mis, = M; Vv {h(uy, ..., uy) i uy, ..., Uy, © M3} 


M'= |) M; 
i=0 


(11.9) can be verified for M’ in the same way as for M. Moreover, each M; has 
cardinality at most max(|Mo|, Xo), and so does M’. 


Proof of Theorem 29. Let p(x , ..., x,) be a formula. We may assume that the 
universal quantifier does not occur in (Vx --: can be replaced by 14x71 -::). 
Let 1, ..., @, be all the subformulas of the formula 9. 

Given a set Mg, there exists, by Lemma 11.2(ii), a set M > Mo, such that 


(11.15) 3x pu,..., x) > (Ak EM) ou,...,x), f=Hl,...,k 


for all u, ... € M. We claim that M reflects each g;,j = 1, ..., k, and in particu- 
lar M reflects ~. This is proved by induction on the complexity of ;. 

It is easy to see that (every) M reflects atomic formulas, and that if M 
reflects formulas y and x, then M reflects Tw, WAy,Wvyw—y, and poy. 
Thus assume that M reflects p(u,, ..., UY», X) and let us prove that M reflects 
Ax@;. 

If uy, ..., Um € M, then 


M F Ax @ (uy, .--, Um, xX) < (2K EM)ME Ojuy,..., Un, X) 
— (3x € M) (uy, ..., Un, x) 
+ Ax (uy, ..., Uns X) 


The last equivalence holds by (11.15). 

This proves part (A) of the theorem. Part (C) is proved by taking M of size 
< max(|Mo|, Xo). To prove (B), one has to modify the proof of Lemma 11.2 
so that the set M used in (11.15) is transitive (or M = V,). This is done as 
follows: In (11.14), we replace M;,, by its transitive closure (or by the least 
V, > M;,,). Then M is transitive (or M = V,). @ 


Exercise 11.1. Find a formula g(x) such that every nonempty transitive set that reflects 
(x) is uncountable. 
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Exercise 11.2. For every formula g, there is a closed unbounded class C, & Ord such 
that for each « € Cy, V, reflects ¢. 

[C, ,.y=C, Cy, Cag =C, Ky, where K, is the closed unbounded class 
K, = {a € Ord : Wx, -** X_ € Val 4x Q(x, X41, ---, Xn) > (Ax € Va) O(x, X1, «+, Xn}. 


Exercise 11.3. Let M be a transitive class and let g be a formula. For each My © M 
there exists M < M such that My S M and that 


ME P(x1,---,%n) ME (xy, ..., Xn) 
for all x1,..., x, € M. 
A transfinite sequence (H, : « € Ord) is called a cumulative hierarchy if 


(11.16) (i) H,© Hes, S P(H,) 
(ii) if w is a limit, then H, = pa Hy 


(Note that each H, is transitive and H, ¢ V,.) 


Exercise 11.4. Let (H,: « € Ord» be a cumulative hierarchy, and let H = acer H,. 
Let ~ be a formula. Show that there are arbitrary large limit ordinals « such that 


HE 9(x1,.--,%n) << Ha F p(x4,---, Xn) 


for all xy,..., xX, € Hy. 


Godel Operations 


The axiom schema of separation states that, given a formula g(x), then for 
every X there exists a set 


(11.17) Y= {ue X : o(u)} 


It turns out that for restricted formulas, the construction of Y from X in (11.17) 
can be described uniformly for all restricted formulas, by means of a finite 
number of elementary operations. 


Theorem 30 (Normal Form Theorem). There exist operations §, ..., & 10 such 
that if p(uy,..., u,) is a restricted formula, then there is an operation §, a 
composition of &1,.--, &10 such that for all X,,..., Xn, 


(11.18) 
O(Xy, ..., X,) = (uy, ---, Up) uy E Xy, 20, uy, EX, and (uy, ..., u,)} 
In case n = 1, we define (u) = u, and we have in particular 
BX) = (ue X: g(u)} 


The operations §, ..., &10 will be defined below. Compositions of §, ..., ¥10 
are called Godel operations. 
We call the following sentence an instance of restricted separation: 


(11.19) Vp, °°: Vp, WX JY Wu(ue Yeoue X AQ(u, py, ---, Pn) 
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where @ is a restricted formula. We say that a transitive class Wt satisfies 
Restricted Separation if for every restricted gy, Mt satisfies (11.19). 

A class C is closed under an operation & if &(x,, ..., x,) € C whenever 
X4,..., X, €C. Let us call a class M (Géddel) closed if it is closed under the 
operations §,, ..., G10; equivalently, if Mis closed under all Godel operations. 


Corollary. If MW is a closed transitive class, then M satisfies Restricted 
Separation. 


Proof. Let @(u, p;, ..., P,) be a restricted formula, and let X, py, ..., p, € We 
Let 


Y= {ue X: elu, pi, ..., Pa)} 


By Lemma 10.1, it suffices to show that Y € WM, in order that Mt satisfy (11.19). 
By the normal form theorem, there is a Gédel operation § such that 


O(X, {Pi}, --- {Pa}) = {(U, Pas --+> Pn): UE X AQ(U, Py, ---, Pad} 
It follows that 
Y = {u: uy ++ 3u,(u, uy, ..., Un) © BX, {Pr}, ---, (Pab)} 
= dom -:: dom §(X, {pi}, .--, {Pn}) 


n times 


Since both {x, y} and dom(x) are Godel operations (see below) and since WM is 
closed, we have Ye Wt. WF 


Gédel Operations: 

BulX, Y) ={X, ¥} 

62(X, Y)y= Xx Y 

63(X, Y) = e(X, Y) = {(u,v): ue X ave Yaue v} 

BAX, YY=X-Y 

O5(X, Y)=XOY 
&(X) = U x 
§1(X) = dom(X) 
Ga(X) = {(u, v): (v, u) € X} 
&o(X) = {(u, v, w): (u, w, v) € X} 
810(X) = {(u, v, w): (v, w, u) € X} 


Proof of Theorem 30. The theorem is proved by induction on the complexity 
of restricted formulas. To simplify matters, we consider only normal formulas: A 
formula ~(u;, ..., u,) is normal if: 
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(i) the only logical symbols in g are 1, A, and restricted 3; 
(ii) = does not occur; 
(iii) the only occurrence of € is u; € u; where i $ j; 
(iv) the only occurrence of J is 


(Sun +1 E ujW(u4, or) Un+1) 
where i < m. 


Every restricted formula can be rewritten as a normal formula: The use of 
logical symbols can be restricted to 1, A, and 3; x = y can be replaced by a 
restricted formula 


(Vuex)ueya(WeEy)vEx 
x € x can be replaced by 
(luex)u=x 


and the bound variables in p(u,, ..., u,) can be renamed so that the variable 
with the highest index is quantified. 

Note that we allow “dummy” variables, so that for instance (uy, ..., 
Us) = U3 Eu, and —(uj, ..., Ug) = uz € U2 are considered separately. 

Thus let g(u,,..., u,) be a normal formula and let us assume that the 
theorem holds for all subformulas of g. 


Case I. p(uy, ..., Ua) is an atomic formula, u; € u;(i # j). We prove this case by 
induction on n. 


Case Ia. n = 2. Here we have 
{(uy, U2): uy EX, Au, E X,Auy € uy} = &(X,, X2) 
and 
{(uy, ua) uy © X, Au, © X2Au2 € uy} = Fe(e(X2, X;)) 
Case Ib. n> 2 and i, j # n. By the induction hypothesis, there is § such that 
{(uq, --+5 Un—1) 2 Uy OX ayes Un-1 € X,-,Au; Eu} = O(X1,---, Xn-1) 
Obviously, 
{(Uy, -.-, Un) Uy EX q,..., Uy EX, AU; € uj} = G(Xy,..., Xp-1) x X, 


Case Ic. n> 2 and i, j # n — 1. By the induction hypothesis (Case Ib) there is 
® such that 


{(Uy, ---5 Un—25 Uns Un—1) Uy © Xy,..., u, © X, and u; € uj} = F(X,, ..., Xn) 
Noting that 


(u,, sees Un—2, Uy, U,—1) = ((u4, eeey Un—2); Un, Un—1) 
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we get 
{(Uy, -..5 Un) Uy € Xy,..., ue X, and u; € uj} = Go(F(X1, -.-, Xn) 
Case Id. i=n— 1, j =n. By Ia, we have 
{(Un—15 Un) Un—1 © Xp—y AU © Xp AUg—1 € Un} = e(Xq-1, Xn) 
and so 
{((Un—15 Un) (Ua, -- +> Un—2)) 2 Uy © Xy,..., uy, © X, and u,_, € u,} 

= €(X,-1, X,) x (X, x ++: x X,-2) 

= O(X1,..., Xn) 
Now we note that 

((un—15 Un)s (Ua, «+5 Un—2)) = (Un= a5 Uns (Uy +> Un-2)) 


and 
(u,, seey Un) = ((u4, ene) Un-2)s Un—15 Un) 


and thus 
{(uy, .-.5 Un) Uy © Xy,..., Uy, E X, and uy,_y © up} = Fy 0(G(X1, ---, Xn) 
Case Ie. i=n, j =n — 1. Similar to Id. 


Case II. p(uy, ..., u,) is a negation, Ty(u,, ..., u,). By the induction hypoth- 
esis, there is § such that 


{(uy, .-., Up) Uy E X4,..., Uy, EX, and (uy, ..., u,)} = G(X, --., Xn) 


Clearly, 
{(uy, .--, Up) Uy E X4,..., uy, EX, and (uy, ..., u,)} 


= (X, x +--+ x X,) — G(X, ..., Xn) 
Case III. @ is a conjunction, », AW,. By the induction hypothesis, 
{(uy, -.-) Up) Uy E Xq,..., uy, EX, and w;(uy, ..., u,)} = G(X,,..., Xn) 
Hence 
{(Uy, ..., Un) Uy E Xq,...,u, E X, and (uy, ..., u,)} 
= G,(X,,..., X,) 0 G(X, ..., Xp) 


Case IV. (uy, ..., u,) is the formula (3u,4, € u;)W(uy, ..., Un+1)- Let x(uy,..-, 
Un+1) be the formula W(uy, ..., Uj+1)AUn+1 € u;. By the induction hypothesis 
(we consider x less complex than ¢), there is § such that 


(11.20) {(Uy, ---, Une) Uy EX y,---, Ung © Xngy and Y(Uy, ..., Unsa)} 
= O(X;, sees Xn+1) 
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for all X,,..., X,41. We claim that 
(11.21) {(uy, ..., U,) i uy € Xy,...,u, EX, and p(y, ..., u,)} 
= (X, x --+ x X,) 9 dom(§(X,, ..., X,, U Xi) 
Let us denote u = (u,,..., u,) and X = X, x --: x X,. For all u € X, we have 
g(u) —o Weu,(u, v) 

— Flv Eu, rW(u, v)ave lL X;) 

+ uedom{(u, v) eX x) X;: xu, v)} 
and (11.21) follows. This completes the proof of Theorem 30. 


We recall that a set W is called Godel closed if it is closed under all Godel 
operations. For every set M, there is a smallest closed W2M: Let 
W = eo W,, where Wo = M andt 

Wrii= WV (8(X, Y): X EW, Yew, i=1,..., 10} 
Let us denote 
W =cl(M) 
and call W the (Gédel) closure of M. 


Exercise 11.5. If M is a transitive set, then cl(M) is transitive. 
[Show (by induction on W,) that if X € W, then TC(X) S W.] 


Exercise 11.6. If M is closed and extensional and if X € M is finite, then X ¢ M. In 
particular, if (x, y)e€ M, then x e M and ye M. 


Exercise 11.7.* If M is closed and extensional, and if z is the transitive collapse of M, 
then 


(G(X, Y)) = F(aX, nY), i=1,..., 10 


for all X, Ye M. 
[Use the normal form theorem.] 


Exercise 11.8. The operations §; and §g are compositions of the remaining §;. 


[Gs(X) = dom(F10(F10(Fo(F10(X x X)))))-] 


Exercise 11.9.* The axioms of comprehension in Bernays-Gédel set theory can be 
proved from a finite number of axioms of the form 


VX VY 3Z Z = G(X, Y) 


where the ©; are like the operations §;. Thus Bernays—Gédel set theory is finitely 
axiomatizable. 
[Formulate and prove an analog of the normal form theorem.] 


t We shall treat the operations &, ..., 10 as binary operations; we let §(X, Y) = G(X) for 
i=6,..., 10. 
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Transitive Models of ZF 


The main theorem of Section 11 gives sufficient conditions for a transitive 
class to be a model of ZF. In fact, the conditions are necessary for proper 
classes, and we have a characterization of transitive models of ZF that contain 
all ordinals. 

We say that a class Mt is almost universal if every subset X < WM is included 
in some Y € M. (Note that M has to be a proper class.) 


Theorem 31. Let Mt be a transitive, closed, almost universal class. Then M is a 
model of ZF. 


Remark. The conditions are necessary for a transitive model I of ZF that is a 
proper class: We shall show in Section 12 that the notion of ordinals and rank, 
as well as Godel operations are absolute for transitive models of ZF, that is 
Ord™ = Ord A M, rank™(x) = rank(x), and ¥7(X, Y) = F(X, Y). Hence M is 
closed under the &;; and if it is a proper class, then Mt > Ord; and if X <M 
then X < Y € 9, where Y = V™ for some a. 

The only difficulty in the proof of Theorem 31 is the proof of the separation 
axioms. Half of the proof has been provided by Theorem 30; the other part is 
contained in the following lemma. 


Lemma 11.3 (Reduction Lemma). For any formula p(u,,..., u,) with k 
quantifiers, let @(u,, ...,Un, Y;,..., Y,) denote the restricted formula that results 
if we replace each 3x, Vx in p by 4x € Y;, Vx € Y;,j=1,...,k. 

Let Mt be a transitive almost universal class. Then for every X € Wt there exist 
Y,,---, % € M such that 


(11.22) ME p(uy,...,un) iff Gluy,...,Un, Yy,---. %) 


for allu,,...,u, EX. 


Proof. By induction on the complexity of g. We may assume that ¢ has only 
existential quantifiers. If @ is quantifier-free, then @ = @ and (11.22) holds. If 
is IW, Way, wx, etc, and if (11.22) holds for and y, then it also holds for 
gy. Thus let p(u) be Jv w(u, v) and assume that (11.22) holds for y. Assuming 
that y has k quantifiers, @ is (Jv € X41) Wu, v, Y%,..., %). 

Let X € Mt. We look for Y,,..., %, Y%+1 € Mt such that for every ue X, 


(11.23) Me Ip(uv) iff (WEHs.1:)VuvN,..., %) 


By the collection principle (9.4) (applied to the formula ve Ma 
M F w(u, v)), there exists a set M such that X © M <M and that for every 
ue X, 


(11.24) (vEM)MeE Yur) iff (VUEM)ME Wu, v) 
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Since IM is almost universal, there exists Y € IM such that M C Y. It follows 
from (11.24) that for every u € X, 


(11.25) (VEM)MeEY(uv) iff (We Y) ME Yu, v) 


By the induction hypothesis, given Y € M, there exist Y,, ..., Y, € Mt such that 
for all u, v € Y, 


(11.26) Me Y(uv) iff P(uv, %,..., %) 
Thus we let Y,,, = Y, and since X C Y, we have for all ue X, 
Me avy(u,v) iff (Jv|E M) Me Yu, v) 
iff (Jve Y) ME W(u, v) 
if (WeEY)P(uv,Y,,...,¥%) wf 


Proof of Theorem 31. Let Mt be transitive, closed and almost universal. We 
shall show that every axiom of ZF holds in JW. 


I. Extensionality 
Every transitive class satisfies Extensionality. 
Il. Pairing 
“z = {x, y}” can be expressed by a restricted formula, see (10.6). Mis closed 
under { , } and so it satisfies Pairing. 
III. Separation 
If y(u, p) is a formula, we wish to show that for every X, p € M, the set 
Y={ue X: ME eu, p)} is in M. 
By the reduction lemma, there are Y,, ..., ¥, € Mt such that 
Y={ue X:O(u, p, Y%,..., %)} 
(use a “ parametric” version of Lemma 11.3 or replace X by X U {p}). Since @ 
is a restricted formula, Y belongs to Mt by the corollary to Theorem 30. 
IV. Union 
“Y=\|) X” isa restricted formula, see (10.7). Since M is closed under |_), it 
satisfies Union. 


V. Power set 
Since Mt is a model of Separation, it suffices to prove 


(11.27) MF VX FY Vu(uc X > ue Y) 
Since “u © X” is a restricted formula, (11.27) is equivalent to 


(VX eM) (AY eM) P(X) nMcY 


This follows from almost universality of Mt. 
VI. Infinity 
It suffices to show that w € Wt (see the proof of consistency of Regularity in 
Section 10, (10.9)). Since M is closed, it can be shown by induction that IM 
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contains all natural numbers; and since IN is almost universal, we have w C X 
for some X € 9. Thus it is enough to show that 


“yu is a natural number” 
is a restricted formula, for then 
w = {ue X: MF wis a natural number} 
By the axiom of regularity, € is well-founded and so we have 
(11.28) wis an ordinal iff u is transitive and u is linearly ordered by € 


It is fairly easy to verify that the right-hand side of (11.28) is a restricted 
formula. Moreover, we have a € w iff ae Ord and « #0 (Afea)a= 6+ 1, 
and 


(Vy € a) [y 40> (3B ey) y=B +1 
and a = B + 1 is a restricted formula: 


BearnBcan(véea) [Ee Bve=B] 


VII. Replacement 
Let @ be a formula and assume that 


MF Vx, y, Z[o(x, y)Ae(x, z)> y= Z] 
Let F be the function 
F = {(x, y)€ M: MF —(x, y)} 


It is enough to show that F[X] € Mt for every X € Mt. In fact, since M satisfies 
Separation, it is enough to show that F[X] ¢ Y for some Y € Mt. Such ¥ exists 
by almost universality of Wt. 
VIII. Regularity 

As in (10.11), every nonempty S € M satisfies (in Vt) 


(x €S)SAx=D 
since (SAx/®*=Sax. 


Exercise 11.10. If M is transitive, almost universal, and closed under %,, then Wt 
satisfies the axioms of Extensionality, Regularity, Pairing and weak Union, Power set, 
and Replacement ((1.8)-(1.10)). 


12, CONSTRUCTIBLE SETS 


We shall now give an example of a transitive model of ZF. This model, the 
constructible universe of Gédel, is of particular importance: (i) It is the least 
transitive model containing all ordinals; (ii) it satisfies the axiom of choice and 
the generalized continuum hypothesis, thus providing a proof of consistency of 
AC and GCH with ZF. 
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We recall that cl(X) denotes the Gédel closure of X. Let us denote 
(12.1) def(U) = cl(U U {U}) m P(U) 
i.e., the family of all X < U obtained by a finite number of successive applica- 
tions of Gddel operations to U and elements of U. 
Exercise 12.1. U F (x, ..., Xn) is a restricted formula (with variables U, x,,..., Xn). 


Exercise 12.2. Let o be a formula. There is a Godel operation § such that for every 
transitive U and all x,,..., x, € U, 


{ue U: UF glu, xX4,..., Xn)} = OU, X4, ---, Xn): 
[Use the normal form theorem. ] 


Exercise 12.3.* If U is a transitive set and X ¢ U is definable over U = (U, € m U?) 
then X e def(U). 
[Use induction on g € Form.] 


We shall show in Section 14 that if & is a Godel operation, then 
u € &(x,, ..., X,) can be written as a restricted formula. Use this fact in the next 
exercise. 


Exercise 12.4. If & is a Gédel operation, then there is a formula @ such that for 
every transitive set U and all x,,...,x,¢U, if X = @(U,x,,...,x,) GU, then 
X={ueU:UF olf, waxy Xadh 


Exercise 12.5.* If U is a transitive set and X € cl(U U {U}) is a subset of U, then X is 
definable over U = (U,€ 7 U2). 


In view of Exercises 12.3 and 12.5 we call the set def(U) (for any transitive 
set U) the set of all subsets definable over U. 


Exercise 12.6. If U is a finite transitive set, then def(U) = P(U). 


We now define the constructible hierarchy: 


(12.2) Lo = @ 
L,= J Ls _ if isa limit ordinal 
B<a 
+1 > def(L,) 
L= UL, 
ae Ord 


Note that U ¢ def(U) ¢ P(U) for every U and so the L, form a commulative 
hierarchy (see (11.16)). Thus each L, is transitive and L, ¢ V,. Using the fact 
that “a is an ordinal” is a restricted formula (see (11.28)), and Exercise 12.2, we 
can easily prove by induction that « ¢ L, and so 


L, 0 Ord = a 


Elements of the class L are called constructible sets. 
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Axiom of Constructibility (V = L). Every set is constructible. 


Theorem 32 (Godel). 


(i) Lis a model of ZF. 
(ii) L satisfies the axiom of constructibility. 
(iii) If Mt is a transitive model of ZF containing all ordinals, then L <M. 


Consequently, the axiom V = L is consistent with ZF. It will be shown in 
Section 13 that the axiom of constructibility implies the axiom of choice and 
the generalized continuum hypothesis. 


Proof of (i). We show that L is transitive, closed, and almost universal. L is 
transitive since (L,:«¢€ Ord) is a cumulative hierarchy. To show that L is 
closed, it suffices to verify that for each limit «, L, is closed. We leave the 
verification to the reader. And finally, L is obviously almost universal since any 
subset of L is included in some L, and L,eL Wl 


Exercise 12.7. L,, = V... 


Exercise 12.8. Let (H,: « € Ord) be a cummulative hierarchy and assume that for each 
a, H,+, > def(H,). Then H = |)... ora Ha is a model of ZF. 


To prove the rest of Theorem 32, we shall introduce the notion of abso- 
luteness of set theoretical concepts. 


Absoluteness 


Let Mt be a transitive class and let p(x, ..., x,) be a formula. We say that 
is absolute for M if 


MEE p(xy,...,%,) iff = p(X, -.-, X,) 


for all x,,..., x, € WM 

We have proved in Lemma 10.1 that if @ is a restricted formula and M is 
transitive, then @ is absolute for Mt. In fact, the proof of Lemma 10.1 gives a 
little more general result: If @ and w are absolute for a transitive M, then 1g, 
paw,ovy, py, and (Vx € y) g, (3x € y) @ are absolute for Mt. 

In the following lemma we present a number of restricted formulas, which 
are therefore absolute for any transitive class Mt. 


Lemma 12.1. The following expressions can be written as restricted formulas and 
thus are absolute for all transitive classes. 


(a) x = {u, v}, x = (u, v), x is empty, x C y, x is transitive, x is an ordinal, x is a 
limit ordinal, x is a natural number, x = w. 

(b) Z = G(X, Y),i=1,..., 10. 

(c) X is a relation, y = dom(x), y = ran(x), fis a function, y = f(x), Y =f[X], 
g=f |X. 
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Proof. 


(a) x = {u, vy} ouE XAVEXA(VWEx\(w=uvw=v) 
X = (u, v) > (Jw € x)(3z € x)[w = {u} A z= {u, vf] A 
(Vw e x)(w = {u} v w= {u, v} 
x is empty (Vu € x)u # u 
xfyo(Wuexey 
x is transitive > (Wu € x)u Sx 
x is an ordinal <> x is transitive A (Vue x)(Wvex)[uev v veuvu=v) A 
(Vue x)(Vv Ee x)\(VWwex)[uevew>uew] 
x is a limit ordinal<>+x is an ordinal a (Wu € x)(3v € x)uev 
x is a natural number <> x is an ordinal A (x is not a limit v x = 0)A 
(vue x)[u=0 v wis not a limit] 
x =we>x is a limit ordinal a x # 0A (Vu € x) x is a natural number 


(b) Z = {X, Y}--- see above 

Z=X x Yo(vzeZ)(axe X\JyveY) z=(x,y)a 
(vxe X)(Vye Y\(AzeZ) z=(x,y) 

Z = &(X, Y)--: similarly 
Z=X-Yeo(vzeZ)zeXaz¢ Y]A(Vze X)\[z¢ Y>zeZ] 
Z=xX oY --- similarly 
Z=|JXo(vze Ze X)zexa(Wxe X)\(Vzex)zeZ 
Z = dom(X)+> (Vz € Z)z € dom X A (Vz dom X)z € ¥ 


and we show that: 


(12.3) (i) zedom X isa restricted formula; 
(ii) if @ is restricted, then (Vz € dom X)g is restricted. 


(i) zedom X (ax € X)(3u € x)(W € u)x = (z, v). 

(ii) (Vz edom X) po (Vx € X) (Vu € x) (Vz, v Eu) [x = (z, v0) > g]. 
An assertion similar to (12.3) holds for ran(X), and for 3. 

Z = G(X) (Vz € Z)(aue ran X)(av e dom X)z = (u, v) A 

(vue ran X)(Vv €e dom X)(3z € Z)z = (u, v) 

Z = §(X)--: similarly 

Z = &10(X) --- similarly 


(c) X is a relation (Vx € X)(4u € dom X)(3v € ran X)x = (u, v) 
fis a function fis a relation a 


(vx edomf) (Vy, ze ran f)[(x, y)ef a (x, z)Eef> y =z] 
where 
(x, y) feo (Ju € f)u = (x, y) 


g=f|X og isa function ,gcf a (vxedomg)xeX a 
(Vxe X)([xedomf>xedomg] # 
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Exercise 12.9. The following can be written as restricted formulas: x is an ordered pair, 
x is a partial (linear) ordering of y, x and y are disjoint, z=x Uy, y=x u {x}, 
x is an inductive set, ze §(X, Y) (i= 1,..., 10), f is a one-to-one function of X into 
(onto) Y, fis an increasing ordinal function, f is a normal function. 


It should be emphasized that cardinal concepts are generally not absolute. 
In particular, the following expressions are known not to be absolute: 


Y=P(X), |Y|=|X|, aisacardinal, B=cf(«), a is regular 


Exercise 12.10. Let Mt be a transitive class. 
(a) If Mr |X| <|¥|, then |X| <|Y|. 
(b) If « € M and if « is a cardinal, then MF « is a cardinal. 


[|X| < |Y¥| -3O(f X, Y); a is a cardinale+ 13 (36 € ofA Y(a, BS )p where @ 
and w are absolute formulas.] 


Absolute Operations 


Let Wt be a model (of the language of set theory). Strictly speaking, we 
defined MN — ~ only for formulas whose only nonlogical symbols are € and =. 
However, we shall frequently use familiar set theoretical concepts such as 
Classes and operations in the context of a model Wt, and use M F @ even if g is 
an expression that contains other set theoretical symbols. 

We have introduced classes in order to use the notation 


C= {x: o(x)} 
We shall thus use the symbol C™ to denote corresponding class in IM: 
C™ = {x EM: MF —(x)} 


For instance, V™ = M and @™ = @. Using the absoluteness of ordinals, one 
can easily see that if M is a transitive class, then 


ither Ord 
12.4 Ord™ = m= |" 
(24) OED or the least « ¢ M 


Let MN be a transitive class, and let F be a function: 


y=F(x) © (x,y) 


Then {(x, y) € Mt: MF —(x, y)} is a relation in M (the notion of an ordered 
pair is absolute). If, moreover, 


(12.5) MF Vx Vy Vz(p(x, y) A ~(x, z) > y = z) 
then the relation is a function in M and we denote it by F™: 
(12.6) y=F%\(x) o ME g(x, y) 
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An operation is usually defined by a defining formula 
&(x) = {u: U(x, u)} 


(Our restriction to one variable x is, of course, inessential.) Thus we let, for 
xeM, 


(12.7) HM(x) = {u| M: MF W(x, u)} 
Since an operation is a function and since 
y= B(x) y= {ur Y(x, u)} 

(12.7) and (12.6) (with g(x, y) being the formula y = {u: (x, u)}) give the 
same definition of §(x), provided §™(x)e I. However, we define (12.7) 
even if (x) ¢ M. 

A function F is said to be absolute for M if (i) (12.5) holds, ie., if F™ is a 
function in M, and (ii) y = F(x) is an absolute formula, i.e., 
(12.8) ME ox, y) iff px, y) 
for all x, y € M. An operation § is absolute if F™(x) = F(x) for all x € M. Thus 
for an operation & defined by 

B(x) = {u: w(x, u)} 

to be absolute for WM it suffices that (i) G(x) S Mt for all x € M, and (ii) w is 


absolute for MW. 
In general, if the defining formula yw is absolute, then we have 


B(x) = F(x) 0 M 
An example is the operation P(X): 

P*(X) = P(X) 0M 
We say that an operation § is defined in M if F™(x) € M for all x e M. 
Lemma 12.2. 


(a) If & is an absolute operation (for Mt) and defined in M, and if ¢ is absolute, 
then ~(§(x)) is absolute. 
(b) If & is absolute and defined in M, and if G is absolute, then G © § is absolute. 


Proof. (a) Given x € M, we have y = §(x) = F(x) € M, and 
Me oly) iff ely) 
(b) Apply (a) to the formula z¢ G(y). wf 


Lemma 12.3. 

(a) The operations §(X, Y),i = 1, ..., 10, are absolute for all transitive classes. 

(b) If M is transitive and closed and § is a Godel operation, then § is absolute for 
M. 
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Proof. (a) follows from Lemma 12.1b, and (b) follows from (a) and Lemma 12.2. 
(In Section 14 we shall prove a stronger result.) 


Absoluteness for Models of ZF 


Lemma 12.4. Let Mt be a transitive model of ZF, let G be a function on V, such 
that G is absolute for M and dom(G™) = M. Let F be defined by induction: 


(12.9) F(x) = G(F | a) 

Then F is absolute for M and dom(F™) = Ord™. 

Proof. The function F is defined as follows: 

(12.10) y=F(«) © ais an ordinal a 7 g(f, «) 
where o(/f, a) is the formula 

(12.11) fis a function a dom f = wa (VE € «) f (E) = G(f |é) 


The operation §(f, €) =f |€ is absolute for Wt; and since Wt is a model of ZF, 
& is defined in I, and so ¢(f, «) is absolute for M. 

Therefore, if (flo) e F™, then fe M of, «), and so y = F(a). This also 
implies that F™ is a function in M. It remains to show that if « € M and 
y = F(a), then y € Mand y = F(a). We have proved (in ZF) that (given G), 
for every a there exists a function f on a such that f(€) = G(f |€) for all € <a. 
Since MM is a model of ZF, we have 

Me F olf, x) 
and if y= G(f), then y= F™(«) = F(x). @ 

In particular, if M is a transitive model of ZF and G is absolute and 
G[M] < Mt, then the function f on w defined by 

F(0)=a9,  f(n+1)= G(f(n)) 
is in WM. 
Exercise 12.11. The function T’: Ord? > Ord defined in Section 2 is absolute for transi- 


tive models of ZF. 
[Define I~! by induction.] 


Exercise 12.12. The operations a + B and « - B are absolute for transitive models of ZF. 
Exercise 12.13. TC(S) is an absolute operation for transitive models of ZF. 


I have already mentioned that the operation P(X) is not absolute: 
P®(X) = P(X) © Mt. If M is a transitive model of ZF, then the function V, is 
defined in Mt, and one can prove by induction 


(12.12) VF =V,AM 
(because |) is an absolute operation). 
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We shall now prove absoluteness of the notion of constructibility and com- 
plete the proof of Theorem 32. 


Lemma 12.5. 


(i) The function «+ L, is absolute for transitive models of ZF. 
(ii) If Mis a transitive model of ZF containing all ordinals, then “ x is construc- 
tible” is absolute for M and in fact I" = L. 


As a consequence of (ii), 2 = L and thus L ¢ M, for any transitive model of 
ZF containing all ordinals. Also by (ii), if x € L, then 


LF x is constructible 


and so L satisfies the axiom of constructibility. Thus the statements (ii) and (iii) 
of Theorem 32 follow from Lemma 12.5. 


Proof. (ii) follows from (i); since M is a model of ZF, the function «+> L?" is 
defined in 9t; and by absoluteness, we have for all x, 


x € Leo Fa(x € L,) Ja(x € Lox e 1" 


To prove (i), let MN be a transitive model of ZF. Throughout the proof, we tacitly 
use the fact that each operation in question is defined in IN (since M is a 
model of ZF). 

The function «+> L, is defined by induction: 


(12.2) L=2, L=\) Ly (ifwisalimit), L,,, =def(L,) 
B<a 


where 

(12.1) ue def(U)ouecl(U vu {U})AuScU 
and cl(M) is defined by induction: 

(12.13) cl(M) = |) ran(W) 

where 

(12.14) W(0) = M, 


W(n + 1) = W(n) v {&(X, Y): X € W(n), Ye W(n), i=1,..., 10} 


To start, we show that in (12.14) W(n + 1) is obtained from W(n) by an 
absolute operation. For all U, Z, we have 


(12.15) Z={§(x, y):xeU, ye U,i=1,..., Who 


(vz Z) (3x, ye U) [2 = Bix) vv Z= Krol, y)] A 
(Vx, ye U)(3z1,..., Z10 € Z) [21 = 61 (x, y) NOON 219 = S10(%, y)I 
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Since z = §;(x, y) is a restricted formula (i = 1, ..., 10), the right-hand side of 
(12.15) is also restricted and thus absolute. By Lemma 12.4, the function W in 
(12.14) is absolute and so, by (12.13), 


(12.16) cl(M) = cl(M) 
for all M € Mt. Using (12.1), we see that the formula 
u € def(U) 


is absolute for Vt, and moreover, def(U) < M for all U € M. Thus the opera- 
tion def(U) is absolute for M: 


(12.17) def™(U) = def(U) 


for all Ue M. 
Now we apply Lemma 12.4 to the inductive definition of L, (12.2) and since 
both u and def are absolute, we conclude that 


Lr = L, 
for all ordinalsae RM. 


Exercise 12.14. If Mis a transitive model of ZF and W is a set, then L” = L, where a is 
the least ordinal not in M. 


Exercise 12.15. Let us define a sequence <J,:a¢€Ord> as follows: Jo = 2, 
Ja= Up<a Jp if & is limit, and Jas, = cl(U, U {Ja}). Prove: 


(i) Each J, is transitive. 

(ii) (aeora Ja is a model of ZF (and so LS (Jac ora Ja). 
(iii) The function «++ J, is absolute for L and thus L = (Jac ora Ja- 
(iv) The class C = {a: J, = L,} is closed and unbounded. 


Using the fact that L § AC (Section 13) one can show that for every regular 
K >No, Co x is closed unbounded in x. 


Exercise 12.16. If M is a transitive model of ZF, then V,, < M and so “x is finite” is 
absolute for M. 


We conclude this section by showing that the notion of well-foundedness is 
absolute for transitive models of ZF. 


Lemma 12.6. If Wt is a transitive model of ZF, then the formula 
(12.18) E is a well-founded relation over P 

is absolute for M. 

Proof. On the one hand, we can write (12.18) as 


(12.19) E is a relation over P and 
(VX) [@ # X < P= (3ae X)a is E-minimal in X]. 
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If (12.19) holds (in the universe), then it holds in IM since both “ E is a relation 
over P” and [---] are restricted formulas, and so [---] holds in IM for every 
XeM. 

On the other hand, E is well-founded if and only if there exists a function on 
P into Ord such that f(x) < f(y) whenever x E y. Thus (12.18) is equivalent to 


(12.20) E is a relation over P and 3f[f is a function ~ (Wu € ran(f)) u is an 
ordinal » (Vx, y € P)(x E y>f(x)<f(y)] 


Since [---] is a restricted formula, if [---] holds in M for some f € M, then Ff[: --] 
holds; and so if (12.20) holds in M, it holds in V. 


13. CONSISTENCY OF THE AXIOM OF CHOICE AND 
THE GENERALIZED CONTINUUM HYPOTHESIS 


In the present section we show that the constructible universe L satisfies the 
axiom of choice and the generalized continuum hypothesis. Consequently, both 
AC and GCH are consistent with ZF. 


Theorem 33 (Godel). There exists a well-ordering of the class L. Thus if V = L, 
we have a well-ordering of the universe, and so the axiom of constructibility 
implies the axiom of choice. 


Proof. We shall in fact show that the class L has a definable well ordering: we 
shall define a well-ordering < of the constructible universe. In turn, we can 
define a function F on L — {@} by 


F(X) = the <-least element of X 


and have a definable choice function on L. 
By induction, we construct for each « a well-ordering <, of L,. We do it in 
such a way that if « < B, then <, is an end-extension of <,, ie., 


(13.1) (a) ifx <, y, then x <,y; 
(b) ifx eL, and ye L,— L,, then x <, y. 


Notice that (13.1) implies 
(13.2) if xeyeLl,, then x<,y 


First let us assume that « is a limit ordinal and that we have constructed <, 
for all B < « and that if B, < B, <a, then <,, is an end extension of <,,. In 
this case we simply let 


(13.3) Sele, 


B<a 
ie., if x, y E L,, we let 
(13.4) x<,y iff (3B<a)x<,zy 
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Thus assume that we have defined <, and let us construct <,,,, a well- 
ordering of L,,,. We recall the definition of L,,,: 


(13.5) Lav = Pll) 0 elle U {L4}) = P(la) 9 UW 
where 
(13.6) Wo = L, v {L,}, 


W2,, ={8(X, Y):X, Yel, v {Ly}, i=1,..., 10} 


The idea of the construction of <,,, is now as follows: First we take the 
elements of L,, then L,, then the remaining elements of W,, then the remaining 
elements of W, , etc. To order the elements of W,., ,, we use the already defined 
well-ordering of W, since every x € W,,, is equal to §,(u, v) for somei = 1, ..., 
10 and some u, v € W,. We let 


(13.7) (i) <2,, is the well-ordering of L, U {L,} that extends <, and such 
that L, is the last element 
(ii) <%t{ is the following well-ordering of W,,,: 
x<"tiy iff either: x <",,y 
or: x € W, and y ¢ W, 
or: x ¢ W, and y ¢ W, and 
(a) the least i such that Ju, v e W,(x = %;(u, v)) < 
the least j such that Js, te W, (y = §(s, t)) 


or (b) the least i = the least j and 
[the <"-least ue W, such that Iv e W,(x = §;(u, v)] <" 
[the <"-least se W, such that ite W, (y = &((s, t)] 


or (c) the least i = the least j and the least u = the least s and 
[the <"-least v e W, such that x = §;(u, v)] <" 
[the <"-least te W, such that y = §;(u, t)] 


Now we let 


(13.8) <enr= U <ter 9 (P(la) x Plls)) 


and it is clear that <,,, is an end-extension of <, and is a well-ordering of 


Ly+1- 


Having defined <, for all a, we let 
x<,y iff Jax<,y 
The relation <, is a well-ordering of L Ml 


We call <, the canonical well-ordering of L. 
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Exercise 13.1. The sequence <<, : a € Ord) is absolute for models of ZF; consequently, 
the well-ordering < of L is absolute. 


Exercise 13.2. For alla > @, |L,| = |«|. 


The proof of the generalized continuum hypothesis in L is a combination of 
an absoluteness argument and the reflection principle. 


Theorem 34 (Godel). If V = L, then 28 = &,,, for every a. 
The key element of the proof is the following lemma: 


Lemma 13.1. Assume that V = L. If X © a,, then there exists y < @,4, such 
that X € L,. 


Proof of Theorem 34. Assume that V = L. By Lemma 13.1, every subset of w, is 
constructible before the stage w,4,, 1¢., P(@,)< L,,,,. It is easy to show 
by induction that for every y > «, |L,|=|y|, and so |L,,, | = N.+1- There- 
fore, |P(w,)|=N +1. 


To prove Lemma 13.1 we need a more subtle absoluteness argument than 


Lemma 12.5. 
We say that a transitive set M is adequate if 


(13.9) (a) M is closed; 
(b) if U € M, then cl(U) eM; 
(c) ifwe M, then (Lg: B<a>eM. 


Lemma 13.2. 


(i) The function «++ L, is absolute for every adequate transitive set M. 
(ii) If M is an adequate transitive set, then M satisfies the axiom of construct- 
ibility if and only if M = L, for some a. 


Proof. (i) We follow closely the proof of Lemma 12.5. Since we do not assume 
that M is a model of ZF, we have to prove not only that certain operations are 
absolute for M but also that these operations are defined in M. 

To start, for each i = 1,..., 10, the formula 


(13.10) z= B(x, y) 


is restricted; since M is closed, every Godel operation is absolute for M and 
defined in M (see Lemma 12.3b). 
Furthermore, the formula 


(13.11) Z = (G(x, y):x € U, ye U,i=1,..., 10} 


is restricted and thus absolute for M. Also, if U € M, then Z € M: If we denote 
C = cl(U), then 


Z={ueC: Ix, ye Ulu= F(x, y) v + V U= Fy0(x)]} 
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and so, by the normal form theorem, we have Z = §(U, C) where.§ is a Godel 


operation. 
Next we show that 
(13.12) x € cl(U) 
is absolute for M. Given U € M, let W be the function on w defined as follows: 
(13.13) W(0) =U, 


W(n + 1) = W(n) v {&i(x, y): x € Wn), y € Wn), i= 1,..., 10} 


Since M is closed, it contains all natural numbers, and one can see (using 
induction) that W|n € M for all n. Thus the function W is absolute for M and 
defined in M (although W itself does not have to be in M), and since 


xeck(U) iff inxewW, 


the formula (13.12) is absolute for M. 
Consequently, the operation def(U) is absolute for M, and also it is defined 
in M since 
def(U) = {X eC: X <U} = BC, U) 
where C = cl(U u {U}) and & is a Gédel operation. 
It remains to show that the function «++ L, is absolute for M. Since the 
function is defined by induction, we follow Lemma 12.14. We have 


(13.14) y= L, iff « is an ordinal and 3f such that: 
fis a function on a 


and (VE <a) [E+1<a—f(é + 1)= def(f(é))] 
and (VE < a) [é is a limit > f(€) = () ran(f |€)] 
The operations def(X), |) X, ran(f), and f | € are absolute for M and defined in 
M (because ran(f) and f |& are Gédel operations, as one can easily verify). 
Thus, using (13.9c), it follows that the formula y = L, is absolute for M. 

We conclude the proof of (i) with two remarks. First, notice that if ae M 
then L, € M; this is because « + 1 € M and L, is in the transitive closure of 
«Lg: B < «+ 1), and M is transitive. Second, the formula x € L, is also abso- 
lute for M: 

xeLl, iff aIy(xeyay=L,) 


(ii) Let M be an adequate transitive set. If M = L, for some «, then « is a 
limit ordinal since M is closed and Ord ~ L, = «. Thus we have 


(13.15) (vx € M) (Be M)xeL, 
and since x € L, is absolute for M, 
(13.16) M F Vx 3B x € Lg 


i.e., M satisfies V = L. 
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On the other hand, if M satisfies V = L, then by absoluteness of x € Ls we 
get (13.15) and so M =|) {L,: B € Ord™} = L, where «= Ord”. @ 


An almost immediate consequence of the proof of part (i) of the preceding 
lemma is the following: 


Lemma 13.3. There is a sentence © (provable in ZF) such that for every transi- 
tive set M, M is adequate if and only if M F ©. 


Proof. Let © be the conjunction of the sentences 


(13.17) (a) VX,Y4Z Z=§ (X,Y) i=1,..., 10; 

(b) VU 3C C=ck(U); 

(c) Wa Sf f=<Lg: B <a). 
If M is an adequate transitive set, then the above epetanens are absolute for M 
and defined in M and so M F ©. 

On the other hand, if M is transitive and satisfies ©, then we proceed 
exactly as in the proof of Lemma 13.2(i) and show that the operations in (a), 
(b), (c) above are absolute for M and defined in M. It follows that M is 
adequate. @ 


Exercise 13.3. The canonical well-ordering of L is absolute for all adequate transitive 
sets M. 


Exercise 13.4. If {M;:i € I} is a chain of adequate transitive sets (i.e, M; & M; or 
M; & M,), then ite 1 M; is transitive and adequate. 


The following two exercises show that many L,, in particular all L, where 
kK is an uncountable cardinal, are adequate. Later we shall show (Lemma 30.1) 
that by carefully writing the definition of L,, one can prove that the function 
at L, is absolute for every L, where A is a limit ordinal. Similarly, Exercise 
13.13 holds for every limit ordinal a. 


Exercise 13.5. For every B > «, there is a > B such that |a| = |B| and L, is adequate. 

[By the reflection principle, let S > B be such that S satisfies Extensionality, V = L 
and ©, and that |S| = |B|. Let M be the transitive collapse of S. Then M is adequate 
and M = L,.] 


Exercise 13.6. If « is a regular uncountable cardinal, then {a < x: L, is adequate} is 
closed unbounded in x. 


Exercise 13.7.* Let M be a transitive model of ZF, set theory without the power-set 
axiom. Then M is adequate. 
[The theorem on transfinite induction, Lemmas 12.4 and 12.5 work as well for the 


theory ZF~.] 


Now we are ready to prove the crucial lemma for Theorem 34: 
Proof of Lemma 13.1. We assume that V = L and let X Ca,. Since X is 
constructible, there exists B such that X € L,. 
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By the reflection principle, there exists a set S such that: 


(13.18) () SF Extensionality; 
(i) SFO; 
(ii) wo, ¢S, X €S, peS; 
(iii) |S| =; 
(iv) SF Bis an ordinal and X € Ly. 


(We can find S satisfying (iii) since the axiom of choice holds.) Since S is 
extensional, there exists an isomorphism z of S onto a transitive set M = n[S] 
and we have 


(13.19) (i) M is adequate; 
(ii) 2(€) = € for all E << w,, n(X) = X; 
(iii) |M| =; 
(iv) M F x(B) is an ordinal and x(X) € Lyp). 
Ordinals are absolute and so y = x(f) is an ordinal and we have 
MeéXeL, 


Since M is adequate, the formula X € L, is absolute for M and it follows that 
X e€ L,. However, y belongs to M and M is transitive and |M| = &,. Thus 
necessarily y << @,,, and we aredone. 


Exercise 13.8. If « = wand X is a constructible subset of a, then X € Lg, where B is the 
least cardinal in L greater than a. 
[Do the construction (13.18) in L, and choose S$ > «.] 


Exercise 13.9. If X is a constructible set, then X € L, where « is the least infinite car- 
dinal in L greater than |TC(X)|’. 
[In (13.18) choose S 2 TC(X).] 


Exercise 13.10, The canonical well-ordering of L, restricted to the set Ré = R 4 Lofall 
constructible reals, has order type wi. 
[R ALc Lot] 


Exercise 13.11. If x is a regular uncountable cardinal in L, then L, is a model of ZF~. 
[Prove it in L. Replacement: (i) If X e L,, then |X| < x; (ii) if Y ¢ L, and |Y| <x, 
then Y € L,.] 


Exercise 13.12. If « is inaccessible in L, then L, = VE = V, 7 L and. L, is a model of 
ZFC + (V = L). 


Exercise 13.13. If L, is adequate and X < <L,, €>, then X is isomorphic to some Lg, 
Bsa. 


Exercise 13.14.* If L, is adequate, then the model ¢L,, €> has definable Skolem func- 
tions. Therefore, for every X < L,, there exists a smallest M<<L,, €> such that 
XCM. 

[The well-ordering <, is definable in (L,, €). Let h,(x) = the <,-least y such that 
<L,, €>  e[x, y}.] 
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Exercise 13.15.* Assume V = L. If M <<Lg,, >, then M = L, for some «. 

[Show that M is transitive. Let X € M. Let f be the <-least mapping of w onto X. 
Since fis definable in ¢L,,,, €> from X, fis in M. Hence f(n) € M for each n and we get 
X&M_] 


Exercise 13.16.* Assume V = L. If M <<L,,, €>, then a, © M =a for some « < a. 
[Same argument as in Exercise 13.15: If y < w, and y € M, then y c M_] 


14. THE 2, HIERARCHY OF CLASSES, RELATIONS, 
AND FUNCTIONS 


We shall digress slightly from our investigation of transitive models and 
look more closely into the complexity of definition of the fundamental notions 
of set theory. Our starting point is the fact that restricted formulas are absolute 
for all transitive models, and the understanding that the more unrestricted 
quantifiers are needed to define a concept, the more complex is the concept. 

A formula ¢ is a X9-formula if it has only restricted quantifiers 4x € y and 
Vx € y (ie., if @ is restricted). A 2,-formula is a formula of the form 


Axe(x, ...) 
where (x, ...) is a Xo-formula. A T,-formula is a formula of the form 


Y¥xo(x, ...) 


where (x, ...) is a Xo-formula. Similarly, 2, 23, 24, ..., M2, 13, My, ..., 
formulas are of the form 


dx Vy 9, dx Vy 4z 9, ax Vy dz Vu g, 
Vx dy 9, Vx dy Vz g, Vx dy Vz Ju g, 
where @ is a Y-formula. 
A class C (a property P, a relation R) is a £,-class (Z,-property, Z,-relation) 


if x e C (P(x), R(x, y)) can be written as a X,-formula. Similarly for II,. A 
function F is a &,-function if the relation 


y = F(x) 


is a X,-relation. [Note that while &,-ness of a formula is a purely syntactical 
notion, the Z,-ness of a class or a function depends on the axioms of ZF: Using 
the axioms, we may find an equivalent way of expressing x € C.] 

A property P is a A,-property if it is both 2, and IT, (similarly for relations 
and functions). That is, there is a &,-formula g and a II,-formula wy such that 


P(x) 9(x) v(x) 


It should be noted that if a concept is &, (or II,), then it is both Z,,, , and I1,.4, 
(just add a “dummy ” quantifier). Also, every definable concept is 2, for some n 
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(write the definition in the prenex normal form). Thus we talk about the 
“Y_-hierarchy.” 

We have already shown (Lemma 12.1, Exercise 12.9) that the following 
notions are Xo : F(X, Y), i= 1,..., 10, x S y, x is empty, x is an ordered pair, 
x is transitive, x is an ordinal, x is a limit ordinal, x is a natural number, x = w, 
x is a relation, f is a function, y = f(x), 9g =f |X, Y =f[X], f is one-to-one, 
X is an ordering. 


Lemma 14.1. Every Godel operation is a Xo-function. 


Proof. We already know that Z = §(X, Y) is Xp fori = 1, ..., 10. We want to 
show that Z = &(X,,..., X,) is Xo whenever § is a composition of §,..., 
S10- 

We show it by induction on the complexity of §. In fact, we simultaneously 
show the following: 


(14.1) ue G(X,...) is Xo. 

(14.2) If is Zo, then so are (Vu € &(X, ...))p and (4u € &(X, ...))o. 
(14.3) Z= G(X,...) is Zo. 

(14.4) If @ is Zo, then so is p(G(X, ...)). 


We shall prove (14.1) and (14.2) only for a typical example and entrust the 
execution of the full proof to the reader. In (14.1) consider the formula 


ue &(X,...) x G(X, ...) 
This can be written as 


dx € G(X, ...) dy € G(X, ...) u = (x, y) 
In (14.2), consider the formula 
Vu € {G(X, ...), G(X, ...)} eu) 
This can be written as 
P(&(X, ...)) AG(G(X, ...)) 
(14.3) then follows from (14.1) and (14.2): 
Z=3(X,...) iff (Wwe Z)ue G(X, ...) vue ¥(X,...)ueZ 


To prove (14.4), let p be a Xy-formula. Then in p(§(X, ...)), &(X, ...) occurs in 
the form 


ue O(X,..., O8X,...)eu, Z=H(X,...) 
Vu € @(X,...), du € G(X, ...) 


Since @(X,...)e€u can be replaced by (Jveu) v= R(X,...), we use 
(14.1)-(14.3) to show that (G(X, ...)) is a Zo-property. 
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The following lemma is of practical value—using it, one can tell when a 
relation or function is x, I,, or A,. 


Lemma 14.2. Let n > 1. 


(i) If P, Q are &,-properties, then so are 1xP, P ~ Q, P v Q, (Aue x)P, 
(Vu € x) P. 
(ii) If P, Q are II,-properties, then so are WxP, P ~» Q, P v Q, (Vue x)P, 
(Su € x) P. 
(iii) If Pis Z,, then OP is 11, ; if P is T,, then 1P is X,. 
(iv) If P is I, and Q is X,, then PQ is &,; if P is Z, and Q is TI,, then 
P—Qis TI,. 
(v) If P and Q are A,, then so are 1P,P 1 Q,P v Q, PQ, PQ, 
(Vu € x) P, (Jue x) P. 
(vi) If F is a X,-function, then dom(F) is a Z,-class. 
(vii) If F is a X,-function and dom(F) is A,, then F is A,. 
(viii) If F and G are £,-functions, then so is F © G. 
(ix) If F is a 2,-function and if P is a X,-property, then P(F(x)) is X,,. 


Proof. Let us prove the lemma for n= 1. The general case follows easily by 
induction. 
re P(x,...) < 4z o(z,x,...) 
Q(x,...) <> du w(u, x, ...) 
where @ and w are Ly-formulas. We have 
(14.5) Ax P(x,...) < Ix 3z g(z, x, ...) 
+ Jv iwev Axe w, Ize w[v = (x, z) A —(z, x, ...)] 
The right-hand side of (14.5) is a £,-formula. Furthermore, 
P(x, ...)AQ(x,...) < Az Jufe(z, x, ...)aw(u, x, ...)] 
P(x, ...)vQ(x,...) <— 4z Jufe(z, x,...)vw(u, x, ...)] 
(3ue x) P(x,...) «+ 4z iufue xr ola, Xe) 
To show that (Vu € x) P is a £,-property, we use the collection principle (9.4): 
(Vu € x)P(x,...) < (Wu ex) Jz e(z, x, ...) 
«+ Ay(Vu € x) (Jv € y) e(z, x, ...) 
(ii) follows from (i) and (iii). 
(iii) 
132 p(z, x,...) < Vz Te(z, x, ...) 
Wz o(z,x,...) < dz T(z, x,...) 
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(iv) 

(P+Q) — (1PvQ) 

(v) follows from (i)}-(iv). 

(vi) 

x €dom(F) @ 3y y = F(x) 

(vii) Since F is a function, we have 
(14.6) y=F(x) @— x €dom(F)AV2[z = F(x)> y = z] 

If z = F(x) is Z, and x € dom(F) is II, then the right-hand side of (14.6) is T1,. 

(viii) 

y=F(G(x))  32[2 = G(x) » y= F()] 

(ix) 

P(F(x)) << Ayly= F(x) P(y)] @ 

Since Xo-properties are absolute for all transitive models, it is clear that 
X,-properties are upward absolute: If P(x) is X,, if M is a transitive model 
of ZF and if 9 P(x), then P(x). Similarly, the II,-properties are downward 
absolute, and consequently, A,-properties are absolute for transitive models 
of ZF. 


In Lemma 12.6, we showed that well-foundedness is absolute for transitive 
models ZF. In fact, the proof shows that the property 


(12.18) E is a well-founded relation over P 


is both Z, (12.20) and I, (12.19). Thus we have 
Lemma 14.3. “E is a well-founded relation over P” is A,. @ 


Exercise 14.1. Show that “ X is finite” is A,. 
[To get a II,-formulation, use T-finiteness from Section 2.] 


The power-set operation P(X) is obviously IT,; since it is not absolute as 
we shall have the opportunity to see in Chapter 3, it is not Z,. Similarly, the 
cardinal concepts are II, but not 2,: 


Lemma 14.4. “« is a cardinal,” “« is a regular cardinal,” and “a is a limit 
cardinal” are TI,. 


Proof. (a) 13f[f is a function and dom(f) € « and ran(f) = a]. 
(b) a> 0 is a limit ordinal and 
13[f is a function and dom(f) € « and |) ran(f) = a). 
(c) (VB < a) (3y < a) [B <y and y is a cardinal]. @ 
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Exercise 14.2. “ X is countable” is Ly. 
Exercise 14.3, |X| < |Y|, |X| = |Y| are Xj. 


Lemma 14.5. Let n > 1, let G be a A,-function on V, and let F be defined by 
induction: 


F(x) = G(F | a) 
Then F is a A,-function on Ord. 


Proof. Since Ord is a Xo (and hence II,) class, it is enough to verify that the 
following expression is &,,: 


(14.7) y=F(a) iff 
If [fis a function Adom(f) = aa (VE < «) f(E) = G(f |E)a y = G(S)] 


All the properties and operations in (14.7) are Xp and G is A,, and hence 
y=F(a)isz,. @ 


Exercise 14.4. The functions a + B and a-B are Ay. 


Exercise 14.5. The canonical and well-ordering of Ord x Ord is aX -relation. The func- 
tion T is Ay. 


Exercise 14.6. The function S++ TC(S) is Ay. 


Exercise 14.7. If G is a £,-function (n > 1) and F is defined by e-induction using G, 
then F is a £,-function. 


Exercise 14.8. The function x ++ rank(x) is Ay. 


Theorem 35. 


(a) The function a+ L, is Ay. 
(b) “x is constructible” is a X,-property. 
(c) The canonical well-ordering of L is a X,-relation. 


Proof. (a) We intend to show that the relation 


(14.8) yal, 


is £,. Since (14.8) is defined by induction, it suffices to show that the induction 
step is Z,. Obviously, it suffices to verify that the function 


(14.9) Y = cl(M) 


is Ly. 
We recall that by (12.15), the relation 


Z = {8i(x, y):x EU, ye U,i=1,..., 10} 
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is Lo. By (12.13) we have 
(14.10) Y=cl(M) o 
IW[W is a function , dom(W) =a a W(0)=M 
A (vn € dom(W))(W(n + 1) = W(n) vu {8i(x, y): x € W(n), y € W(n), 
i=1,..., 10}) 
A Y=\) ran(w) 

and so cl(M) is a A,-operation. 

(b) x € Liff Ja Jy(x Ee yAy= L,). 

(c) Since 

x<y iff  Ix(x<, y) 

it suffices to prove that the function 


are <, 


which assigns to each « the canonical well-ordering of L, is A,. 

The function a+ <, is defined by induction and thus it suffices to show 
that the induction step is Z,. In fact, <,,, is defined by induction from <, (see 
(13.8), (13.7)). It suffices to verify that <,,, is obtained from <, by means of a 
A,-operation (similar to the way in which L,,, is obtained from L, by 

+1 =def(L,)). The operation that yields <,,, when applied to <, is 

described in detail in (13.7). It can be written in a Z,-fashion in very much the 
same way as cl(M) is in (14.10). The only potential difficulty might be the use of 
the words “the <-least,” and that can be overcome as follows: For example, in 
(13.7)(ii)(c) 

the <"-least v e W, such that x = §;(u, v) <" 

the <"-least t € W, such that y = §;(u, t) 
can be written as 

(20 € Wx = Blu, v) (We € W,) (y= Blu, t)0<")) 


Exercise 14.9. Let o be a theorem of ZF and let P(x) be a property that is upward 
absolute for transitive models of ¢. Then P(x) is Z. 
[P(x) <> 4M(M is transitive, x € M, and M § oA P(x)).] 


This gives another proof of the Z,-ness of “x is constructible.” 
A function F(X ,, ..., X,,) is primitive recursive if it is obtained by the follow- 
ing rules: 


(i) Every Gédel operation is a primitive recursive function. 
(ii) F(X,,..., X,) = is a primitive recursive function. 
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(iii) The composition of primitive recursive functions is primitive recursive. 
(iv) Induction (Recursion Schema): If G is primitive recursive, then the func- 
tion F defined by 


F(X, X,,..., X,) = G(X, X4,..., X,, F|X) 
is primitive recursive. 
Exercise 14.10. Every primitive recursive function is A,. 


Exercise 14.11. The following functions are primitive recursive: « + B, « - B, TC(S), 
rank(x), a+ L,, aH <q. 


Exercise 14.12.* The following function is primitive recursive and hence A,: 


XM, E> {X@, a1, .-., Qn> 2 @ € Form, (ay, ..., n> €"M and <M, E> F e[ay,..., an]} 


The Lévy—-Shoenfield Absoluteness Lemma 


It follows easily from the definition that 2,-properties are upward abso- 
lute: If P(x) is a £,-property and Ma transitive model of ZF, and if P(x) holds 
in M, then P(x) holds in the universe. 

We shall now present a very powerful theorem which states that if a 
Z,-sentence o is true in the universe, then it is true in L, and so in every 
transitive model containing all ordinals. 


Theorem 36 (Lévy-Shoenfield Absoluteness Lemma). Let o be a X,-sentence, 
o = Axe(x), where p(x) is a Xo-formula of one free variable. If there is an x such 
that p(x), then there is a constructible x such that (x): 


ax y(x) + (ax € L) g(x) 
and so 
go © Lko 
In fact, if 0 = wi, we have 
Ax p(x) > (Ax € Ly) o(x) 
Consequently, a is absolute for all transitive M such that M > Lg. 


Remark, It is important that o is a © ,-sentence; an analogous theorem would 
be false for a £,-formula w(x): For example, “x is countable” can be written as 
a © ,-formula, and it is by no means provable that a countable constructible set 
is countable in L. 

We shall use methods of model theory to prove Theorem 36. The theorem 
follows from Lemma 14.6. 

We say that a model % = <A, E, R,,..., R,> is well-founded if E is a 
well-founded relation over A. 
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Lemma 14.6. Let © be a sentence true in a well-founded model UM = <A, E, 
R,,..., R,>. Then © has a well-founded constructible model 8, and moreover 
LF &% is countable. 


Proof of Theorem 36. Let p(x) be a Xo-formula and assume that 
ax g(x) 
By the reflection principle, there exists a transitive set A such that 
A F 3x e(x) 


Let © be the conjunction of the axiom of extensionality and 4x ¢(x). Since 
A § @, there exists, by Lemma 14.6, a well-founded constructible model (B, E) 
of ©, and B is countable in L. Applying the collapsing mapping, we obtain, in L, 
a countable transitive model M of 3x g(x). If we denote 6 = wi, then clearly 
M C Ly, and since 9 is Xo, we have 


Ly § 3x g(x) 


Now the model theoretical methods. A sentence (of any language) is a V2 
sentence if it has the form 


(14.11) WX 4 "Xm dy, "Va w(x, seta Xm> Yi, ste Yn) 
where yw is quantifier-free. 
Lemma 14.7. Let UCU, S--- SU, S--- be a chain of models, and let © be a 


Vi-sentence (14.11). Assume that for each k, if X,,...,Xm€ A, then there are 
Vay -++> Vn © Aggy Such that 

(14.12) Weir F Wixy, ---. Xm Vas --> Vad 

Then © is true in U = | JP. Uy. 

Proof. If x1, ..., Xm € Ugo Ax, then there exists k such that x1, ..., Xm € Ag. 


Then we find y,, ..., y, € Ax Such that (14.12) holds and since is quantifier- 
free, we getUrFO. 


Lemma 14.8 (Skolem’s Normal Form Theorem). Let @ be a sentence of a 
language £. Then there is a Vi-sentence @ with additional predicates R,, ..., Ry 
such that: 


(a) If UF g, then there are relations R,, ..., R, such that (U, Ry, ...,Ry> F @. 
(b) If <M, Ry, ..., Ry> FG, then UF o. 


Proof. We give the proof of a special case. (In the general case, first write 
in the prenex normal form, i.e., quantifiers first, and then proceed as in the 
following example.) Let @ be the sentence 


Vu av x Jy Wu, v, x, y) 
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We replace Jy w by R(u, v, x) and Vx dy w by S(u, v), 1e., we replace p by 
(14.13) Wu dv S(u, v) A Vur[S(u, v) Vx R(u, v, x)] 

A Wuvx[R(u, v, x) Jy w(u, v, x, y)] 
To show that the sentence (14.13) can be written in a Vi-way, it suffices to 


express it as a conjunction of Vi-sentences. The second part of (14.13) is equiv- 
alent to 


Vuvx[S(u, v) > R(u, v, x)] A Vuv Ax[R(u, v, x) S(u, v)] 
The third part of (14.13) is equivalent to 
Vuvx Jy[R(u, v, x) > W(u, v, x, y)] A Vuoxy[W(u, v, x, y) > R(u, v, x)] Wf 
Proof of Lemma 14.6. Let I= <A, E, Ry, ..., R,> and let © be a sentence true 
in 2. In view of Lemma 14.8, we may assume that © is a Vi-sentence, 
VX1 °° Xm Da Vn W(X 15 2s Xm Vas +e Yn) 


(W is quantifier-free). We also assume that © does not have a finite model 
(otherwise we are done). We shall construct 8 as the union of a constructible 
w-chain of finite models satisfying (14.12). Clearly, such 8 is constructibly count- 
able, and by Lemma 14.7, 88 is a model of ©. To be sure that %B is well-founded, 
we also construct a witness to it, a mapping of B into ordinals. 

We say that a function f: B—» Ord demonstrates that 8 = <B, E*, ...> is 
well-founded if 


uE*v implies f(u)<f(v) 
for all u, v € B. 
Let p be the function on A defined by 
p(x) = sup{p(y) + 1: yEx} 


and let « be the length of E (cf. (2.10), (2.11)). 
Let P be the set of all pairs (8, f) such that: 


(14.14) (i) is a finite model of the language of Wand Bc w; 
(ii) f: B- «demonstrates that B is well-founded. 


Let us define a partial ordering of P as follows: 
(14.15) (Bf) < (Bf) — if: 


(i) 8’ is a submodel of 8; 
Gi) f' Sf, 


(iii) for all x,,..., x,, € BY, there exist y,,..., y, € B such that 
B F W[x1, Oey Xm> V1> see Val 
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It is obvious from the definition (14.14), (14.15) that the partially ordered set 
(P, <) is constructible. 

We shall show that (P, <) is not well-founded. Let us first see how that 
gives a proof of the lemma. Since being well-founded is absolute, L satisfies that 
(P, <).is not well-founded, and so there exists a constructible descending chain 


(Bo, fo) > (B1,f) >°° > (B,5fn) > 07° 


If we let B = |)” B, and f= (J*o fy, then it is easy to see that B F © and 
that f demonstrates that 8 is well-founded. 

Thus it suffices to show that (P, <) is not well founded. This can be done by 
exhibiting a nonempty X ¢ P without a <-minimal element. Let X be the set 
of all (8, f) € P such that: 


(a) B is isomorphic to a finite submodel 2’ of I; 
(b) there is an isomorphism h of 8 and QU’ such that for all b € B, 


(14.16) f(b) = p(h(b)) 


It is clear that given an isomorphism h of 8 and some W’ < U, fis determined 
by (14.16). Therefore in order to show that X has no <-minimal element, it 
suffices to show that given a finite 2, < 1, there exists a finite 21, such that 
WM, <— AW, < Wand for all x,,..., x, € Ag, there exist y,, ..., y, € A, such that 


MW, F Wlxy, ---s Xm Vio ++ Val 
However, this is certainly true since y is quantifier-free and YU satisfiesO. 


The £,-Hierarchy of Definable Sets in Models 


In analogy with the Z,-hierarchy of formulas and classes, we can classify the 
elements of the set Form of all formulas of the language # = {e}, and the sets 
definable in models of the language ¥Y. Thus for each n € w we denote by 
x, (II,) the set of all p € Form that have the appropriate form. Given a model 
= <A, E) of Y, we say that a set X C A is &, (I1,) over U if there is p € Z,, 
(y € II,) such that 


X ={x EA: AF glx} 
In general, a relation R over A is X, (II,) over 2 if 
R = {(Xq,..., Xm) € "AS UE —[xy, ..., Xm]} 


for some g € &, (g € II,). 

A relation is A, over 2 if it is both &, and IT, over QI. A function F in QI 
is £, (I1,, A,) over Q if the relation y = F(x) is. 

In general, the collection of Z,, relations over a model % does not have the 
closure properties proved in Lemma 14.2, unless the model satisfies some 


124 2. TRANSITIVE MODELS OF SET THEORY 


axioms of set theory. It can be easily verified that if M is a transitive set closed 
under the operation { }, then 2, and II, relations over ¢M, > have all the 
closure properties from Lemma 14.2, except closure under (Vu € x) and 
(Su € x). Note that in the proof of Lemma 14.2 we used the collection principle 
in this case. For instance, to show that (Wu € x) P(x, ...)is 2, if P is Z,, we used 
the following equivalence: 


(Vu € x) Az ez, x, ...)> Ay(Wu € x) (v € y) ez, x, ...) 


Similarly, a A,-relation restricted to a transitive model <M, €)> is A, over M, 
provided M satisfies the theorem of ZF that is used to show that the relation 
in question is A,. Thus we have: 


Exercise 14.13. If M is a transitive model of Theorem 5, then “E is a well-founded 
relation over P” is A, over M. 


Exercise 14.14. If M is a transitive set closed under the Gédet operatiens—and-the- 
funetion-FE(S], then TC(S) is a A,-function over M. 


Exercise 14.15. If M is a transitive pet closed under Gédet operations and the function 
sank(<}, then rank(x) is a A,-function over M. 
And most notably: 


Exercise 14.16. If M is a transitive model of ZF“, then the functions «++ L, and at <, 
are A, over M; and “x is constructible” and “x <, y” are Z, over M. 


The result of Exercise 14.16 can be considerably improved. It has been 
shown that there is a sentence o whose transitive models are exactly all the 
sets L,, « an ordinal number. Consequently, the function a+ L, is Xo. 


We recall that assuming the countable axiom of choice, the set HC is a 
model of ZF~. We include two more exercises: the first one is a variation of 
Exercise 14.9, and the second one is a consequence of the Lévy-Shoenfield 
absoluteness lemma: 


Exercise 14.17. Assume AC. Let o be a theorem of ZFC such that o implies Extension- 
ality, and let P(x) be a property upward absolute for transitive models of o. Then P(x) is 
Z, over HC. 

[P(x) iff 3 countable M such that x € M and M F o A P(x) iff 3 countable transitive 
M 2x such that M F oA P(x).] 


Exercise 14.18. If ¢ € XZ, is a sentence true in «HC, €), then a is true in (HC*, €>. 


Truth Definition for &,-Sentences 


Closely related to Gddel’s second incompleteness theorem is a theorem of 
Tarski, stating that the notion of truth in a theory containing arithmetic is not 
expressible in the theory. In particular, there is no set-theoretical property T(x) 
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such that if o is a sentence then T('o1) holds if and only if o holds. However, for 
every (metamathematical) natural number n > 1, truth for Z,-sentences is 
definable. 

We shall sketch a proof of Tarski’s theorem and present a truth definition 
for &,-sentences. 

As is customary, we arithmetize the syntax and consider some fixed effective 
enumeration of all expressions by natural numbers (Gédel numbering). In par- 
ticular, if o is a sentence, then #a is the Gédel number of a, a natural number. 

We say that T(x) is a truth definition if: 


(14.17) (i) Vx(T(x)> x € @); 
(ii) if o is a sentence, then 
o<+T(#0) 
We shall show that a truth definition does not exist. 
Let us assume that there is a formula T(x) satisfying (14.17). Let 
Po» Pi, Pa, 


be an enumeration of all formulas with one free variable. Let w(x) be the 


formula 
x EWA IT(#(e,(x))) 


There is a natural number k such that yp is p,. Let o be the sentence (k). Then 


we have 
oow(k)> IT(# (gx (k))) > IT(#o) 
which contradicts (14.17) @ 


For every (metamathematical) natural number n, we define a binary predi- 
cate F,, as follows: 
(14.18) Fo @[x,,..., x,] iff 
pEXo, <X4,...,X,_> IS a k-sequence and 4M[M is transitive, 
{X1,.-.,%,) € M and «M,e> F o[xy,..., x] 
Fy Jup[u, xX1,..., x,] iff 


y € Xo, <xX4,..., X,> is ak-sequence and 3u such that Fy y[u, x1, ..., Xx] 
F2 Ju Vog[u, v, x1,..., X,) iff 
@ € Xo, (X41, ..., X,> IS a k-sequence and Ju Vv Fog[u, v, X14, ..-, Xx] 
etc. 
It is obvious that if p(x,,..., x,,) is a Z,-formula, then 


P(X 15 «+65 Xm) Fn Q[X4, ---, Xm] 
Thus if we define T,, as follows: 
T(x) iff x €w and Jo € X,[o is a sentence, x = #0 and F, o] 


then T,, is a truth definition for ,-sentences. 
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The predicates F,, are defined for all n, but in view of Tarski’s theorem, it is 
impossible to define §,, uniformly for all n € w, i.e., as a property of n. 


Exercise 14.19. The relation Fy is £,; for each n > 1, F, is Z,,. 


If 9 is a transitive class and n a natural number, then we can similarly 
define the predicate INF, p[x,,..., x,] for p € Z,. We leave the details to the 
reader. 

We can further use F,, to define the notion of a £,-elementary submodel of the 
universe. For every n, we define 


M<,V iff VWoeX, Vix4,...,x,> 6*M 
(<M, €> F o[xy,..., Xe] OF, O[X1, ---, Xe]) 
Exercise 14.20. M <o V holds for every transitive set M. 


Exercise 14.21. Let n be a natural number. For every Mo there exists M > Mo such that 
M <, V. 
[Reflection principle.] 


One can similarly define M <,, It for a transitive class Wt. 


Exercise 14.22. If k is an uncountable cardinal then L, <, L. 
[Proceed as in the proof of GCH in L] 


There is of course no problem in defining X <, <M, €> for any set M and 
anynéo. 


Exercise 14.23. If L, is a model of ZF~ and if X <,<L,, €>, then X is isomorphic to 
some Ly, B < «. 


Exercise 14.24.* Let 6 = wk. If X <, (L», >, then X = L, for some «. 
[A stronger version of Exercise 13.15.] 


15. RELATIVE CONSTRUCTIBILITY AND 
ORDINAL DEFINABILITY 


A Few Remarks on Transitive Models 


We have dealt quite extensively with the notion of absoluteness and shown 
that many fundamental concepts are absolute for transitive models of ZF. The 
cardinal concepts are in general not absolute. If M is a transitive model of ZF, 
then we have: 


(15.1) P™(X)= P(X) 0M, VP =V, 0M. 
(15.2) IfMme |X| =|Y], then |X| =|Y]. 


(15.3) Ifa is a cardinal, then a is a cardinal in IN; if « is a limit cardinal, then « 
is a limit cardinal in M. 
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(15.4) Ja} < Jal) cf(a) < cf™(a). 


(15.5) Ifo is a regular cardinal, then « is a regular cardinal in IN; if « is weakly 
inaccessible, then « is weakly inaccessible in M. 


(15.6) _ If Mis a model of ZFC and x is inaccessible, then x is inaccessible in Wt. 


Concerning the last statement, if «<x, then since 9% F AC, we must have 
either (2")™ < x or (2*)" > x and the latter is impossible since 2% < kx. 

If M is a transitive model of ZFC, then the axiom of choice in W enables us 
to code all sets in 9 by sets of ordinals and the model is determined by its sets 
of ordinals. The precise statement of this fact is: If 9% and N are two transitive 
models of ZFC with the same sets of ordinals, then 2 = N. In fact, a slightly 
stronger assertion is true. (On the other hand, one cannot prove that M@ = Nif 
neither model satisfies AC.) 


Lemma 15.1. Let I and N be transitive models of ZF and assume that the axiom 
of choice holds in M. If M and N have the same sets of ordinals, then M= N. 


Proof. We start with a rather trivial remark: I and MN have the same sets of 
pairs of ordinals. To see this, use the absolute canonical one-to-one function 
I’: Ord x Ord — Ord. If X < Ord? and X € M, then '[X] is both in M and in 
MN, and we have X = T_,[I[X]]e N 

First we prove that IC N. Let X E Mt. Since M satisfies AC, there is a 
one-to-one mapping f € Mt of some ordinal 6 onto TC({X}). Let E € M be the 
following relation over 0: 

aEB iff = f(a)ef(B) 
E is a set of pairs of ordinals and thus we have E € %. In M, E is well-founded 
and extensional. However, these properties are absolute and so E is well- 
founded and extensional in N. Applying the collapsing theorem (in 2), we get a 
transitive set T € N such that (T, €) is isomorphic to (6, E). Hence T is isomor- 
phic to TC({X}) and since both are transitive, we have T = TC({X}). It follows 
that TC({X}) —€ Nand so X EN. 

Now we prove It = MN by e-induction. Let X € Nand assume that X < M; 
we prove that X € M. Let Y € M be such that X ¢ Y (for instance let Y = V2" 
where « = rank X; the rank function is absolute). Let f € Mt be a one-to-one 
function of Y into the ordinals. Since Mc N, fis in N and so f[X] ER. 
However, f[X] is a set of ordinals and so f[X]eM, and we have 
xX=f,//[X]er o 


Relative Constructibility 


The notion of constructible sets will be generalized to define sets construc- 
tible from a given set A. 
If A is an arbitrary set and U is a transitive set, let def,4(U) be the set 


(15.7) def,(U) = cl(U U {U} U {A 1 US) 2 P(U) 
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The set def,(U) is transitive, and we have 

U < def,(U) < P(U) 
Note also that 
(15.8) def,(U) = def, ,y(U) 


Similarly to the case of def(U) (Exercises 12.3 and 12.5), the set def ,(U) consists 
of subsets of U definable over U with A considered a unary predicate on U: 


Exercise 15.1.* If U is a transitive set and A © U, then def,(U) is the set of all subsets of 
U definable over the model U = (U, € mn U?, Ad. 


The class of all sets constructible from A is defined as follows: 
(159) Le[A]= @ 
L,[A]= J LA] _ if ais a limit ordinal 
B<a 


L,+1[A] = def,(L,[A]) 
L{4j= U LA] 


ae Ord 


The following theorem is the appropriate generalization of Theorems 32-34 on 
constructible sets: 


Theorem 37. Let A be an arbitrary set. 


(i) L{A] is a model of ZFC. 
(ii) L{A] satisfies the axiom 1X(V = L[X]). 
(iii) If M is a transitive model of ZF containing all ordinals and such that 
A Me M, then L[A] <M. 
(iv) There exists a such that for all a > %, 


[A] F Pie = Rast 


The proof that L[A] is a model of ZF is exactly the same as for L: the class L[A] 
is transitive, closed, and almost universal. The proof of the rest of Theorem 37 
follows closely the corresponding proofs for L, but some additional arguments 
are needed. 


Lemma 15.2. Let A = A L[A]. Then L[A] = L[A] and moreover A € L[A]. 


Proof. We show by induction on « that L,[A] = LA]. The induction step is 
obvious if « is a limit ordinal; thus assume that L,[A] = L,[A] and let us prove 


L, + i[A] = 1,4 i[A]. 
If we denote U = L,[A], then we have 


ANU=ANUOLYA]=ANU 
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and by (15.8) 
L,+1[A] = def,(U) = def, , o(U) = def4(U) = L,+ s[A] 


Thus L[A] = L[A]. Moreover, there is a such that A 4 L[A] = A 0 LJA] and 
thus Ae L,,,[A]. @ 


As was the case with constructibility, the key factor in the proof is the 
absoluteness of relative constructibility: 


Lemma 15.3. If Wt is a transitive model of ZF and A € M, then the function 
at+L,[A] is absolute for M. 


Proof. As in Lemma 12.5. 


In particular, L[A] satisfies V = L[A] and we have (ii). 

Following Theorem 33, we observe that V = L[X] implies the axiom of 
choice; in fact there is a well-ordering of the universe definable from X. Hence 
L{A] is a model of ZFC. Part (iii) of Theorem 37 follows from the following 
lemma: 


Lemma 15.4. If Wt is a transitive model of ZF containing all ordinals and if 
An Me WM, then L[A] = L[A mo Wi. 


Proof. By induction on «, 

L{A] = L[A 9 0 
The proof of the induction step is exactly as in Lemma 15.2, once we know that 
(15.10) Aa LA] = An Mor LIA] 


(15.10) is true because by absoluteness, L,[A] = L2[A 7 M] is a subset of 
MN of 


For part (iv) we need a stronger version of Lemma 15.3. Call a transitive set 
M A-adequate if: 


(15.11) (a) M is closed, and if X e M, then AA X EM; 
(b) if U € M, then cl(U) e M; 
(c) if a eM, then <L,[A]: B <a> eM. 


Lemma 15.5. The function «++ LA] is absolute for every A-adequate transitive 
set M. 


Proof. As in Lemma 13.2. @ 
We can similarly improve Lemma 13.3: 


Lemma 15.6. There is a sentence ©* (provable in ZF) such that for every transi- 
tive set M, M F§ ©* if and only if M is A-adequate forallAec M. @ 


Part (iv) of Theorem 37 now follows from 
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Lemma 15.7. If V = L[A] and A © L, [A], then every X ¢ w, is in some L,[ A], 
Y < Wa+t- 


Proof. Let B be such that X € L,[A]. Let S be such that: 


(15.12) () S & Extensionality; 
(i) SF OF; 1 
(ii) L,,[A] ¢ SX €S, BeS; 
(iii) |S] =%,; 
(iv) SF Bis an ordinal and X € L,[ A]. 


(Compare with (13.18).) As in Lemma 13.1, we collapse S onto a transitive set 
M = 2{S], and use absoluteness to show that X € L,[A] where y= x(8). 


This completes the proof of Theorem 37. 


A consequence of Theorem 37(iv) is that if V = L[A] and A Ca, then the 
generalized continuum hypothesis holds. For a slightly better result, see the 
following exercises. 


Exercise 15.2. Prove (in ZFC) the following variant of the reflection principle: For a 
given formula , there exists a countable M that reflects g and, moreover, a € M implies 
a SM for every a < w. 


Exercise 15.3. If V = L[A] where A © @,, then 2®° = &,. (Consequently, the GCH 
holds.) 

(Modify the proof of Lemma 15.7 using Exercise 15.2; show that if X <a, then 
X €L,[A 7 €] for some « < wy, € < a. It follows that |P(w)| = &,.] 


Although in practical applications of relative constructibility one often uses 
L{X] where X is not necessarily a set of ordinals, for theoretical purposes it is 
sufficient to consider only L[X] where X < Ord: 


Exercise 15.4. For every X there is a set of ordinals A such that L[X] = L[A]. 

[Let X = X - L[X], and let (6, E) be isomorphic to TC{X} (in L[X]). Let A = IE] 
where I is the canonical mapping of Ord? onto Ord. Then A € L[X] and X e L[A], and 
hence L[A] = L[X].] 


Exercise 15.5. Let a > w be a countable ordinal. There exists A © w such that « is 
countable in L[A]. 
[Let W <w x w be a well-ordering of w of order type a; let A < w be such that 
L{A] = L[W)] 
Exercise 15.6. If w, (in V) is not a limit cardinal in L, then there exists A & w such that 
= git! 
@,; =O. 
(There exists « < w, such that in L, w, is the successor of a. Let A be such that a is 
countable in L[A].] 


Exercise 15.7. (In ZFC) There exists A © w, such that w, = wl4!, 
[For each « < w,, choose A, © wsuch that « is countable in L[A,]. Let A © a, x a, 
be such that A, = {&: (a, €) € A} for all «; then wi!4) = @,_] 
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Exercise 15.8. (In ZFC) If w, is not inaccessible in L, then there exists A © w, such that 
wil4l = w, and of!4) = aw. 


Some generalizations of L[A]: If A is a class, let us define L[A] as in (15.9), 
where def,(U) is defined as in (15.7). 


Exercise 15.9. L{A] = L[A], where A=A/ L[A], and L[A] is a model of ZFC. 
Moreover, L[A] is the least model 9 > Ord such that V4 Ae 9 for all «. 


Exercise 15.10.* Assume that there exists a choice function F on V. Then there is a class 
A (even a class A © Ord) such that V = L[A]. 
[Combine the various coding tricks used in the preceding exercises. ] 


If T is a transitive set, let us define L(T) as follows 
(15.13) Lo (T)= B 
L(T)= (J L,(T) _ if @ is a limit 
p<a 


L,+i(T)= U_ def,(L.(T)) 


AeT 


L(T)= U L,(T) 


ae Ord 


Exercise 15.11, L(T) is a model of ZF. Moreover, L(T) is the least medel Y > Ord such 
that Tc WI. 


L(T) is not necessarily a model of ZFC: If T = P(w), then P(w) < L(T) and 
is not necessarily well-ordered. 


Exercise 15.12. If T is a transitive class, then (15.13) defines a model L(T) of ZF, the least 
model I > Ord such that T < Wh. 


Exercise 15,13. Let Dt be a transitive model of ZF, M > Ord, and let X be a subset of Mt. 
Then there is a least model M[X] of ZF such that Mc M[X] and X e ML[X]. If 
M & AC, then M[X] AC. 

[Let M[X] = L(M Vv {X})] 


Relativization of the Levy-Shoenfield Absoluteness Lemma 
Theorem 36’ Let (x, Z) be a Xo-formula. If Z < @, then 
(15.14) dx @(x,Z) + (2x € L[Z}) (x, Z) 


Proof. (Sketch) Rather than giving the proof in full, we shall describe how to 
generalize each step of the proof of Theorem 36 so as to obtain the relativized 
version of the theorem. 

To prove the theorem from Lemma 14.6, we considered a transitive model 
A of Ax g(x) and obtained a constructible transitive model M of 4x ¢(x). To 
generalize, we add to the language constant symbols for each n € @, and for @, 
and a unary predicate symbol Z. Instead of one sentence © we consider a set of 
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sentences S; in addition to the sentence 3x g(x, Z), S contains sentences 
describing the natural numbers, the set w and the set Z (i.e., sentences like Z(n) 
(or 1Z(n)), 0 is the empty set, 1 = {0}, 2 = {0, 1}, ..., w is the set of all natural 
numbers). Notice that L[S] = L[Z]. 

Thus in the generalized Lemma 14.6 © is replaced by a set of sentences S, 
and the language of the model Y is assumed to contain infinitely many con- 
stant symbols; the lemma asserts that S has a well-founded model 8 € L[S]. By 
the Skolem normal form theorem we may assume that all sentences in S are 
Vi-sentences. (In fact, the sentences Z(n) (or 1Z(n)) and the sentences describ- 
ing the natural numbers are already Vi, so that we add only finitely many 
predicate symbols R,,..., R, to the language.) 

It remains to construct a well-founded model 8 of S such that 8 e L{S]. 
This is done as in (14.14) and (14.15). We consider finite models whose universe 
is a Subset of a given countable set and functions that demonstrate that the 
models are well-founded. We let P be the set of triples (%, f, k), where k is a 
natural number, and define (B, f, k) < (8’, f’, k’) as in (14.15) with the addi- 
tional condition 


(0) k’<k 


and with the requirement that (iii) holds for the first k sentences in S. 

With these modifications, the proof proceeds as in Lemma 14.6 and we 
obtain a well-founded model 8 of S such that 8 e€ L[S]. Upon collapsing B 
onto a transitive model M, the predicate Z becomes the set Z and M satisfies 
dx p(x, Z). Since g is Zp, we have L[Z] F 3x g(x,.Z). 

Exercise 15.14. If o(Z) is Z, and Zw, then o(Z) is absolute for all transitive 
M > L,[Z] where 0 = w!?!. 


Exercise 15.15. If o(Z)€ 24, Z © @, and o(Z) holds in (HC, €), then o(Z) holds in 
<HCH41, €>. 
[Relativized Exercise 14.19.] 


A set of reals A is Z, over HC if A= {x € R: HCE o(x)}, for some 
a(x)eX,. If M is a transitive model of ZF, we denote A™ the set 
{x e R™: HC™ F a(x)}. 


Exercise 15.16. Let Wt be a transitive model of ZF containing all countable ordinals. If 
A is a set of reals 2, over HC, then A™= A 4 MW 
[If x Ee R™, then Wt > L,[x], where 6 = wi!!, and HC F o(x) iff HC™ F o(x).] 
Ordinal-Definable Sets 
A set X is ordinal-definable if there is a formula @ such that 
(15.15) X = {u: p(u, a, ..., %)} 


for some ordinal numbers «,, ..., %. 
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It is not immediately clear that the property “ ordinal definable” is expres- 
sible in the language of set theory. Thus we give a different definition of ordinal 
definable sets and show that it is equivalent to (15.15). 

We recall that cl(M) denotes the closure of a set M under Gédel operations. 
The class OD of all ordinal-definable sets is defined as follows: 

(15.16) OD= |) ck: B<a} 

ae Ord 
In other words, OD is the Gédel closure of {V,: « € Ord}, that is, ordinal 
definable sets are obtained from the V, by application of Gédel operations. We 
shall show that the elements of the class OD are exactly the sets satisfying 
(15.15). 


Lemma 15.8. There exists a definable well ordering of the class OD (and a 
definable mapping F of Ord onto OD). 


Proof. In (13.7) we described how to construct from a given well-ordering of a 
set M, a well-ordering of the set cl(M). For every a, the set {V,: B < a} has an 
obvious well-ordering, and we call the canonical well-ordering of cl{V,: B < «} 
the well-ordering obtained from it. Thus we get a well-ordering of the class OD, 
and denote F the corresponding (definable) one-to-one mapping of Ord onto 
OD. @ 


Now it follows that every X € OD has the form (15.15). There exists « such 
that X is the ath set in the canonical well-ordering of OD, or, in other words, 


X = {u: e(u, a)} 
where ¢(u, a) is the formula u € F(a). 
We shall show that on the other hand, if g is a formula and X is the set in 
(15.15), then X € OD. By the reflection principle, let B be such that X ¢ V,, 
O4,..., % < B and that V, reflects g. Then we have 


X = {ue Va: Vz F plu, %,..., &)} 


Since U F @ is a Xo-formula, we may apply the normal form theorem and find a 
Gédel operation & such that 


X — o(V,, 1, Pry On) 


(see also Exercise 12.2). Using the normal form theorem once again, we find a 
Gédel operation © such that for every a, 


a = {x € V,: x is an ordinal} = G(V,) 
and so there is a Godel operation § such that 
X = O(V,,, --., Vi, Vp) 
and therefore X belongs to OD. 
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Exercise 15.17, Assume that not every ordinal number is definable and show that the 
property “ X is definable” is not expressible in the language of set theory. 
{Consider the least « that is not definable.] 


Exercise 15.18. If X € OD, then there exists y such that X is a definable subset of 

<V,, €> (without parameters). Hence OD is the class of all X definable in some V,. 
{If X = {ue Vz: Vy F pu, «)}, consider y = (a, B).] 

Exercise 15.19. If F is a definable function on Ord, then ran F ¢ OD. Thus: OD is the 


largest class for which there exists a definable one-to-one correspondence with the class 
of all ordinals. 


For any class A, we have defined in (9.6) the class of all x hereditarily in A: 
HA ={x €A:x CS HA}= {x €A: TC(x) ¢ A} 
Thus let HOD denote the class of hereditarily ordinal-definable sets 
HOD = {x : TC({x}) < OD} 
The class HOD is transitive and contains all ordinals. 


Theorem 38. The class HOD is a transitive model of ZFC. 


This theorem provides an alternative proof of consistency of the axiom of 
choice. 


Proof. The class HOD is transitive, and it is easy to see that it is closed under 
Godel operations. Thus to show that HOD is a model of ZF, it suffices to show 
that HOD is almost universal. For that, it is enough to verify that V, ~ HOD e 
HOD, for all «. For any a, the set V, ~ HOD is a subset of HOD, and so it is 
sufficient to prove that V, ~ HOD is ordinal-definable. This is indeed true 
because V, ~ HOD is the set of all u satisfying the formula 


ué V,A(Vz € TC({u})) 3B[z € cl{V,: y < B}] 


and thus V, 7» HOD e OD. 

It remains to prove that HOD satisfies the axiom of choice. We shall show 
that for each « there exists a one-to-one function g €e HOD of V, ~ HOD into 
the ordinals. Since every such function is a subset of HOD, it suffices to find 
g € OD. 

By Lemma 15.8, there is a definable one-to-one mapping G of the class OD 
into the ordinals. If we let g be the restriction of G to the ordinal-definable set 
V, ~ HOD, then g is clearly ordinal-definable. @ 


The model HOD contains all constructible sets; HOD 2 L It is consistent 
that HOD ¥ L. Also, unlike constructibility, ordinal definability is not an abso- 
lute property, and it is consistent that HOD#°? 4 HOD. I shall return to this 
in Section 25. 
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Exercise 15.20. HOD is the largest transitive model of ZF for which there exists a 
definable one-to-one correspondence with the class of all ordinals. 
[Use Exercise 15.19.] 


We conclude this section with several generalizations of ordinal 
definability. 

A set X is ordinal-definable from A, X € OD[A], if there is a formula g such 
that 


(15.17) X = {u: p(u, 4, ..., %, AD} 


for some ordinal numbers @,, ..., %,- 
As above, this notion is expressible in the language of set theory: 


(15.18) OD[A] = el({V, : 0 € Ord} u {A}) 


The class OD[A] has a well-ordering definable from A and thus every set in 
OD[A] is of the form (15.17). Conversely (using the reflection principle), every 
set X in (15.17) belongs to OD[A]. 

The proof of Theorem 38 generalizes easily to the case of HOD[A]. Thus 
HODF[A], the class of all set hereditarily-ordinal-definable from A, is a transi- 
tive model of ZFC. 

As a further generalization, we call X ordinal-definable over A, X € OD(A), 
if it belongs to the Gédel closure of {V,: « € Ord} U {A} U A. If X € OD(A), 
then X € cl({V,: « € Ord} U {A} U E), where E = {xo, ..., x;}, a finite subset of 
A. Hence there is a finite sequence s = <xo, ...,x,> in A such that X is ordinal- 
definable from A and s. On the other hand, if s is a finite sequence in A, then 
obviously s € OD(A) and thus we have 


(15.19) OD(A) = {X : X € OD[A, s] for some finite sequence s in A} 
In other words, X € OD(A) iff there is a formula @ such that 
(15.20) X = {us pu, a4, ..., %, A, Xo, --+, XE>)} 


for some ordinal numbers «,, ..., %, and a finite sequence (x9, ..., X,> in A. 

The class HOD(A) of all sets hereditarily ordinal-definable over A is a 
transitive model of ZF. To show that HOD(A) is almost universal, it suffices to 
verify that V, ~ HOD(A) € OD(A). In fact, V, 7 HOD(A) is ordinal-definable 
from A: It is the set 


{ue V,: (Wz € TC({u}))[z € cl({V, : « € Ord} U {A} U A}} 
Exercise 15.21. Let C be a definable class. Let OD(C), the class of all sets ordinal 


definable over C, be the Gédel closure of {V,: « € Ord} U C. Show that HOD(C) is a 
model of ZF. 
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Let MN be a transitive model of ZF, Wt> Ord. A set X is Mt-definable, 
X € MD, if there is a formula ¢ such that 
X = {u: p(u, x)} 
for some x € Mt. 


Exercise 15.22. Show that “X is M-definable” is expressible in the language of set 
theory, and prove that HMD is a model of ZF. 


Exercise 15.23. LD = OD. 


PART II 


More Sets 


CHAPTER 3 
FORCING AND GENERIC MODELS 


16. GENERIC MODELS 


One of the consequences of Gédel’s proof of consistency of the axiom of 
constructibility is that one cannot prove in ZFC that there is more than one 
transitive model of set theory, namely the constructible universe L. And L 
satisfies the generalized continuum hypothesis. Thus if we wish to show, e.g., 
that the continuum hypothesis is unprovable in ZFC we cannot just look for a 
transitive model MN that would satisfy 2°° > %,. What is needed is a different 
way of constructing models of set theory. There are several possible approaches 
to this problem: 


(a) to construct a model 92% = (M, E) where E is not well-founded (a nonstan- 
dard model); 

(b) to make an assumption that there exists a countable transitive model M of 
ZFC and extend M by adjoining a set G ¢ Mt to obtain a model M[G] of 
ZFC such that Ord™ = Ord™“, 

(c) to introduce “imaginary” sets and adjoin an imaginary set G to the 
universe to obtain an extension V[G] that is a model of ZFC; 

(d) to generalize the notions of model and satisfaction and construct a “ gener- 
alized” model of ZFC. 


There is an inherent disadvantage in approach (a): Unlike in the case of transi- 
tive models, one cannot use absoluteness of fundamental notions of set theory 
to establish truth or falsity of various statements in the model. In case (b) the 
main problem is to choose the set G properly, so that W[G] is a model of ZFC 
with the same ordinals as Vt. For instance, one has to avoid the case when 
G cq x w is a well-ordering of order-type Ord™. 

It turns out that a combination of the ideas in (c) and (d) is most fruitful. 
The key to the problem is the method of forcing, invented by Cohen. This 
method not only establishes independence of the continuum hypothesis and of 
the axiom of choice, but proves to be a powerful method of construction of 
models of set theory, providing a number of consistency results. 
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The idea of extending a mathematical structure by adjoining new “ideal” 
objects is very frequent. Typical is the construction of the ring of polynominals 
over a given field. Of course, to extend the universe of set theory to a model of 
set theory is more difficult, first because there are no sets outside the universe, 
and secondly because the extension has to satisfy the axioms of ZFC. 

Cohen’s method of extending the universe of set theory is general enough to 
apply to any model of set theory. We are however interested primarily in 
transitive models. Thus let IN be an arbitrary but fixed transitive model of ZFC 
(possibly V, possibly a countable model). We shall call IN the ground model. We 
shall describe how to adjoin to IN a generic set G to obtain a generic extension 
IMG]. We shall do it in such a way that: 


(i) M[G] is a model of ZFC with the same ordinals as I; and 
(ii) MN[G] can be described inside Wt. 


Before defining the notion of generic set, let us consider a typical example. 
Suppose that we want to enlarge the ground model tin such a way that the 
ordinal wi’ becomes countable (or, as we say, is collapsed). We want to 
describe a model IN[G] that contains a mapping f of w onto w}'. Let f be such 
a—hypothetical—mapping. For every n, the initial segment f |n = ¢f (0), ..., 
f(n — 1)> lies in M. Thus let P be the set of all finite sequences (ag, ..., &,—1> 
of countable ordinals in 9. We shall call the elements of P forcing conditions. 

We may look at forcing conditions as giving us information about f, namely 
telling us that <oo,...,%,-;> is an initial segment of f We say that 
P = (Oo, +++) U1) forces that f(0) = a%,..., f(n — 1)=a,_,. Apparently, if 
p <q, then q gives us more information than p; we say that q is stronger than p. 

The relation “g is stronger than p” is a partial ordering of P. The conven- 
tion is to use 


q<P 


to denote that qg is stronger than p. Thus in our example, q < p iff q > p. Note 
that both the set P and its partial ordering are sets in WN. 

Now consider the set G = {f |n: n € a}; G is a subset of P. Obviously, fcan 
be recovered from G, viz. f= |) G, and therefore G cannot be a set in MN. It is 
easy to see that if we want |) G to be a function of w onto wi’, then G has 
to have the following properties: 


(16.1) (i) if p, geG, then p and q are compatible, i.e., p(k) = q(k) for all 
k €dom(p) 7 dom(q); 
(ii) for every n there exists p € G such that n € dom(p); 
(iii) for every « < wi" there exists p € G such that a € ran(p). 


We shall return to this example after giving the general definition of generic sets 
to verify that an I-generic set G has the properties (i)-(iii) in (16.1). 
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Forcing Conditions and Generic Sets 


In the ground model M, let us consider a nonempty partially ordered set 
(P, <). We call (P, <) a notion of forcing and the elements of P forcing condi- 
tions. We say that p is stronger than q if p < q. If p and q are conditions.and 
there exists r such that both r < p and r <q, then p and q are compatible; 
otherwise they are incompatible. A set W & P is incompatible if its elements are 
pairwise incompatible. A set D ¢ P is dense in P if for every p € P there is q € D 
such that q < p. A set FC Pisa filter on P if: 


(16.2) (i) F is nonempty; 

(ii) if p<qand pe F, then qe F; 

(iii) if p, q € F, then there exists r € F such that r< p andr <q. 
A set of conditions G c P is generic (over M) if: 


(16.3) (i) Gisa filter on P; 
(ii) if D is dense in P and De M, then Gn DF ©. 


Note how (16.3)(ii) depends on the ground model IN: What matters is which 
dense subsets of P are in WM. Thus if J is any collection of sets, let us say that a 
set GC P is a B-generic filter on P if it is a filter and if G 7 D # @ for every 
dense subset of P that is in 9. Then G is generic over IN just in case it is 
QG-generic where @ is the collection of all D € 9 dense in P. 


Exercise 16.1. Show that in the definition of generic set one can replace (16.2)(iii) by the 
following weaker property: If p, g € G, then p and q are compatible. 

[To prove (16.2)(iii), show that D = {r € P: either r is incompatible with p or r is 
incompatible with q, or r < p and r < q} is dense.] 


A set DC P is dense below p if for every p’ < p there is q € D such that 
q<p.Aset Uc P is open if pe U and q < p imply ge U. 
Exercise 16.2. A filter G on P is generic over Mt if and only if for every p € G, if D € Mis 
dense below p thenG Nn D# @. 


Exercise 16.3. A filter G on P is generic over M if and only if G 7 D # @ whenever 
D € Mis open and dense in P. 


A set C © P is a cover of P if every p € P is compatible with some q e C. A 
set W C Pisa partition of P if it is a cover of P and if any two distinct p,q € W 
are incompatible. 


Exercise 16.4. A filter G on P is generic over Mt if and only if G ~ C # @ whenever 
C € Mis a cover of P. 


Exercise 16.5. A filter G on P is generic over I if and only if G 7 W # @ whenever 
W &€ Mis a partition of P. 


We shall now return to our first example: we consider the partially ordered 
set (P, >) of finite sequences of ordinals less than wi’. Let G & P be generic 
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over M. Since G is a filter, it is clear that f = |) Gis a function. It is rather easy 
to see that for every n € w, the set 


D, = {p € P:n € dom(p)} 
is dense in P. Similarly, for every « < w™, the set 
E, = {péP:a€ran(p)} 


is dense in P. Therefore,G 7 D, # @ foreverynandG - E, # @ for every a, 
and so dom(f) = w and ran(f) = wi. 

Thus we have proved that any transitive model § > Mt that contains G 
satisfies that wt" is a countable ordinal. 

If the ground model Wt is countable, then for every notion of forcing (P, <) 
in Wt there exists a generic set. This follows from the next lemma: 


Lemma 16.1. If (P, <) is a partially ordered set and Q is a countable collection 
of dense subsets of P, then there exists a D-generic filter on P. In fact, for every 
p € P there exists a D-generic filter G on P such that p € G. 


Proof. Let D,, D,, ... be the sets in 9. Let po = p, and for each n, let p, be such 
that p, < p,—, and p, € D,. The set 


G={qeP:q=p, for someneM 
is a Y-generic filter on P andpeG. @ 
We shall now state the first of two main theorems on generic models. 


Theorem 39 (Generic Model Theorem). Let Wt be a transitive model of ZFC and 
let (P, <) be anotion of forcing in M. If G S P is generic over P, then there exists 
a transitive model M{G] such that : 


(a) MG] is a model of ZFC; 

(b) Mt < M[G] and G e M[G]; 

(c) Ord™9) = Ord®; 

(d) if Nis a transitive model of ZF such that MN < Nand G € N, then M[G] SN. 


The model WG] is called a generic extension of WM. The proof of Theorem 39 
(as well as of the other theorem of this section) will be given in Section 18. 

We shall now give another example of a generic set; in fact, this is the 
simplest possible nontrivial example of a generic set. 

Let P be the set of all finite 0-1 sequences <p(0), ..., p(n — 1)>, ordered by 
inverse inclusion: (P, >). If G is a generic set of conditions (over the ground 
model M), then f= U G is a 0-1 function on q; as in the first example, fis a 
function because G is a filter on P, and dom(f) = w because for every n, the set 


D = {pe P: ne dom(p)} 
is dense in P and therefore D A G # @. 
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The function f: w— {0, 1} is the characteristic function of a unique set 
A © w. We shall show that A is not in the ground model Mt. Equivalently, let us 
show that f ¢ Wt. Let g: w — {0, 1} be a function in M, and let us consider the 
set 

D,={peP:p¢ég} 

It is easy to verify that D, is dense in P and since D, € M, wehaveG m D, + OS 
and hence f + g. 

The above example describes the simplest way of adjoining a new set of 
natural numbers to the ground model. A set A < w obtained in this way is 
usually called a Cohen generic set (or a Cohen generic real). 


Exercise 16.6. Let (P, <) be a notion of forcing in M with the following property: For 
every pe P there exist g and r such that q < p,r < pand such that q and r are incompat- 
ible. Show that if G ¢ P is generic over Mt, then G ¢ Mt. 

[If F is a filter on P, then {p € P: p ¢ F} is dense in P.] 


The last example (adding a generic real) suggests how to attack the problem 
of independence of the continuum hypothesis: One may attempt to adjoin to 
the ground model M a large number of generic reals. 

Let P be (in M) the set of all functions p such that 


(16.4) (i) dom(p) is a finite subset of a, x a, 
(ii) ran(p) < {0, 1}, 
and let p be stronger than q just in case p > q. 


If G is a generic set of conditions, then if we let f= U) G, we can use the 
same argument as before to show that 


(16.5) (i) fis a function; 
_ (ii) dom(f) = oF x w. 


Now, for each a < w3", let f,: @ > {0, 1} be the function defined as follows: 
Sa(n) = f (a, n) 

(That is, we may look at f as coding a collection of 0-1 functions on w: 
fai & <7") 

Again, it is easy to see that each f, is outside WM; for any g € M, the set 


{p € P: p(a, n) # g(n) for some n} 


is dense in P and thus f, # g. 
Moreover, if « # B, then f, # f,; this is because the set 


D= {pe P: p(a, n) p(B, n) for some n} 


is dense in P and hence G 7 D# @. Thus in M[G] we have a one-to-one 
mapping at>f, of w' into °{0, 1}. However, in order to conclude that the 
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continuum hypothesis is violated in W[G], we have to know that w%' is not 
collapsed in I[G]. To prove that, one has to use more subtle arguments. 

This leads us to the other important feature of Cohen’s method, namely that 
the generic model IN[G] can be described within the ground model. 

Associated with the notion of forcing (P, <) is a forcing language. This 
forcing language as well as the forcing relation + are defined in the ground 
model MM. The forcing language contains a name for every element of M, and a 
constant G (the canonical name for a generic set). In fact, the way the forcing 
language will be set up will provide for a name for every potential element of 
the generic extension W[G]. Once we select a generic set G, then every constant 
of the forcing language is interpreted as an element of the model IN[G]. 

The forcing relation is a relation between the forcing conditions and sen- 
tences of the forcing language: 


plo 


(p forces o). The forcing relation, which is defined in M, is in a sense a generali- 
zation of the notion of satisfaction (in the generic model). For instance, if p | o 
and if o’ is a logical consequence of o, then p |r o’. 

In due course, we shall prove various rules for the forcing relation. For 
instance, 


(16.6) if pt@g and q<p,_ thenglto 


(16.7) pt oaw iff plq@ and pty 
or 
(16.8) pl @ iff noqg<p forces p 


In view of the forthcoming theorem, these rules will enable us to decide (within 
9) whether a given set theoretical statement holds in I[G]. Let (P, <) bea 
fixed notion of forcing in the ground model IW. 


Theorem 40 (Forcing Theorem). If o is a sentence of the forcing language, then 
for every G & P generic over IM, 


(16.9) M[G] Fo  ifandonlyif (ApeG)pta 


[In the left-hand-side o one interprets the constants of the forcing language 
according to G.] 

Theorem 40 will also be proved in Section 18. Prior to proving Theorems 39 
and 40 we shall develop the theory of forcing and prove the basic rules for the 
forcing relation. 

In the following exercises, we give a definition of the forcing relation under 
an assumption that is true if 9 is countable, thus giving a definition of | for 
countable models. However, this definition is in terms of generic sets, and there 
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is no straightforward way of showing that | is definable inside Mt. On the other 
hand, using the forcing theorem one can readily derive the basic rules for . 

In the following exercises, we assume that for each p € P there is GS P 
generic over St containing p. Let us define 


(16.10) pto — iff MG] Fo for all G such that peG 


Exercise 16.7. 


(a) if p + o and q <p, then q a; 
(b) no p forces both o and 16; 
(c) for every p there is g < p such that either g to or qt lo. 


[Use (16.9) to prove (c).] 
Exercise 16.8. 


(a) p * pAW iff p Fy and p Fy; 
(b) p  Vx@ iff p  p(a) for every constant a of the forcing language. 

{For (b), use: MG] - Vxp iff M[G] F (a) for every constant of the forcing 
language.] 


Exercise 16.9. p + o iff no q < p forces Jc. 
(Use Exercise 16.7c.] 


Exercise 16.10. 


(a) p * p> iff (Vq < p) q F @ implies q Fy; 
(b) pt pvw iff (Vq <p) (ar<q)rtgorrty; 
(c) p + Axg iff (Vq < p) (3r <q) Jar F g(a). 


{Express >, v, and Jin terms of ~, 1, and Y.] 


To conclude this section, I shall briefly touch the question of existence of 
generic sets. Of course, if IM is countable, then every P € IM has an Wt-generic 
filter. On the other hand, in general one can at least prove something like: 
Given P € M, then it is consistent that P has an IM-generic filter. (A theorem of 
this sort will be proved in Section 18.) Even when formulated correctly, one has 
to be careful to exclude the obvious false cases (like when I= the universal 
class). In fact, it seems necessary to formulate the theorem only for IN having an 
absolute definition (like IN = the constructible universe). 

However, the problem of consistency of existence of generic sets in general 
is not really a problem since in practice, when dealing with the consistency of a 
particular set theoretical statement, the correct existence theorem can be easily 
formulated. Moreover, the use of a generic extension can be converted directly 
into a consistency proof, avoiding the question of existence of a generic set 
altogether. I shall elaborate on this in Section 18. 
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17. COMPLETE BOOLEAN ALGEBRAS 


Boolean Algebras 


A field of sets (an algebra of sets) is a collection ¥ of subsets of a given 
nonempty set S with the following properties: 


(17.1) (@) SeF; 
(ii) ifxX,Ye¢F,then xX UYEF,X VA YeF,and X —YeF. 


Obviously, P(S) is a field of sets, and also, {@, S} is a field of sets. Some less 
trivial examples: 


(a) Let S be an infinite set and let F be the collection of all X such that either 
X is finite or S — X is finite. 

(b) Let S be a topological space and let ¥ be the collection of all clopen 
(closed and open) sets in S. 

(c) The collection of all Borel sets of reals. 

(d) The collection of all Lebesgue measurable sets of reals. 


The algebraic properties of fields of sets are abstracted in the notion of Boolean 

algebra. A Boolean algebra is a set B with at least two elements, 0 and 1 (zero 

and unit), endowed with binary operations + and and a unary operation —. 
The Boolean operations satisfy the following axioms: 


(17.2) ut+tv=v+u u-v=v-u (commutativity) 
u+(v+w)=(ut+v)+w u:(v:-w)=(u-v)-w 
(associativity) 
u-‘(v+w)=u-v+u-w  ut(v-w)=(ut+v):(ut+w) 
(distributivity) 
u+u=u ucu=u 
u-(u+tov)=u u+(u-v)=u 
x+0=x x: 0=0 
x+1=1 x l=x 
x+(-x)=1 x+(-—x)=0 
—(-x)=x | 
—(x + y)=(-x):(-y) —(x + y)=(—x) + (-y) 


(deMorgan laws) 


Two elements u, v of B are disjoint if u - v = 0. Let us write 


u—v 
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instead of u - (—v), and let us define 

(17.3) usxv. iff u-—v=0 

It is easy to see that < is a partial ordering of B and that 
(17.4) usv iff utov=v iff u-v=u 


Moreover, | is the greatest element of B and 0 is the least element. Also, for any 
u, v € B, u + v is the least upper bound of u, v, and u - v is the greatest lower 
bound of {u, v}. Since —u is the unique v such that u + v= 1andu-v=0,it 
follows that all Boolean-algebraic operations can be defined in terms of the 
partial ordering of B. 

For any field of sets ¥, the set ¥ with Boolean operations X U Y,X 2 Y, 
and S — X is a Boolean algebra (the unit is S and the zero is @). The Boolean 
algebraic < is the same as inclusion. 


Exercise 17.1. Let B be a Boolean algebra and define 
u@v=(u—v)+(v—u) 
Then B with operations © and - is a ring (with zero 0 and unit 1). 


We shall now give an example showing the relation of Boolean algebras and 
logic. This relation will later be utilized in Boolean-valued models. 

Let ¥ be a first order language and let S be the set of all sentences of #. We 
consider the equivalence relation tg«>w over S. The set B of all equivalence 
classes [~] is a Boolean algebra under the following operations: 


le] +vJ=[evy¥] 1=[ev  1¢] 
[oe] -‘Wl=[9-¥] 0=[er 19) 
-[e]=[7¢] 


This algebra is called the Lindenbaum algebra. 

Another important example of a Boolean algebra is this: Let S be a topolo- 
gical space. An open set U in S is called regular open if U = interior (clo- 
sure(U)). Let B be the collection of all regular open sets in the space S, and let 


(17.5) U-V=UnV 
U+V=int cl(U U V) 
—-U=S-cl\(U) 


Although tedious to verify, it is nevertheless true that B with the operations 
defined above is a Boolean algebra. Note that the complement of U in Bis not 
the set-theoretical complement. However, < is again the same as inclusion. 
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Exercise 17.2. \f U is an open set, let Ut = S — cl(U). Show that: 


(i) Utt+=u?; 
(ii) U is regular open iff U** = U; 
(iii) U*+ is the unique regular open set V such that cl(U) = cl(V); it is maximal among 
all open V such that cl(V) = cl(U). 


A subset A of a Boolean algebra B is a subalgebra if it contains 0 and 1 and is 
closed under the Boolean operations: 


(17.6) (i) O€A,1E4; 
(ii) ifu,ve A, thenu+veA,u-ve A, —ueAd. 


If X < B, then there is a least subalgebra A of B that contains X; A can be 
described either as ()) {A : X € A © Band A isa subalgebra}, or as the set of all 
Boolean combinations in B of elements of X. The subalgebra A is said to be 
generated by X. As for other abstract algebras, if X is infinite, then | A| = |X |. 
However, if X is finite, we can do better in case of Boolean algebras: 


Exercise 17.3. A finitely generated Boolean algebra is finite. In fact, if A has k genera- 
tors, then |A| < 27 

[Using distributivity and the deMorgan laws, show that the following finite sums 
constitute a subalgebra of B: 


Us, too' + Us, 
where u,, s € “{0, 1} are pairwise disjoint elements of the form 
Us = $Xp > ExQ0 0 EK 


where x;,..., X, are the generators and +x; is either x; or —x; according to whether 
s(i) = 0 or s(i) = 1.] 


Let B and C be two Boolean algebras. A mapping h: B — C is a homomor- 
phism if it preserves the operations: 


(17.7) (i) h()=0, A(1I)=1; 
(ii) h(u + v) = h(u) + h(v), 
h(u - v) = h(u) - h(v), 
h(—u) = —h(u). 


Note that the range of a homomorphism is a subalgebra of C and that h(u) < 
h(v) whenever u < v. A one-to-one homomorphism of B onto C is called an 
isomorphism. An embedding of B in C is an isomorphism of B onto a subalgebra 
of C. 


Exercise 17.4. If h: BC is an order-isomorphism of B and C (ie., a one-to-one 
mapping such that u < v iff hu < hv), then h is an isomorphism. 


An isomorphism of a Boolean algebra onto itself is called an automorphism. 
A nonzero element a € B is called an atom if it is a minimal element of B — {0}; 
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equivalently, if there is no x such that 0 < x < a. A Boolean algebra is atomic if 
for every nonzero u € B there is an atom a < u; Bis atomless if it has no atoms. 


Exercise 17.5. Every finite Boolean algebra B is atomic. If A = {a,,..., a,} are the 
atoms of B, then B is isomorphic to the field of sets P(A). Hence B has 2” elements. 


Exercise 17.6. Any two countable atomless Boolean algebras are isomorphic. 
[Use the method of Cantor's Theorem 11.] 


Ideals and Filters 


The definition of filter (and ideal) given in Section 7 generalizes to arbitrary 
Boolean algebras. Let B be a Boolean algebra. An ideal on B is a subset J of B 
such that: 


(17.8) (i) OEL1¢I; 
(ii) ifuelandvel,thenu+vel; 
(iii) ifu,ve B,ue Jl and v <u, then vel. 


A filter on B is a subset F of B such that 


(179) (i) 1eF,0¢F; 
(ii) ifue F and ve F,thenu-veF; 
(iii) if u,v € B, ue F, and u < p, then ve F. 


In (16.2), we defined the notion of filter on a partially ordered set P. Note that if 
B is a Boolean algebra, then if we consider the partially ordered set B — {0} for 
all nonzero elements of B then the present definition of filter on B coincides 
with the definition (16.2). 

The trivial ideal is the ideal {0}; an ideal is principal if I = {u€ B: u < uo} 
for some uy # 1. Similarly for filters. 

Note that two nonzero elements u, v of B are disjoint just in case they are 
incompatible in the partially ordered set B — {0}. Thus we may call u, v compa- 
tible if u- v # 0. A subset G of B — {0} has the finite intersection property if for 
every finite {u,,..., u,} SG, 

Uy tt Uy # 0 
Every G c B that has the finite intersection property generates a filter on B; 
this and the other two clauses of Lemma 7.1 hold also for Boolean algebras. 

There are two important examples of ideals on the Boolean algebra of all 
Borel sets of reals: 


1. The Borel sets of Lebesgue measure zero form an ideal. 

2. A set X of reals is nowhere dense if the closure of X does not contain a 
nonempty open subset: int(cl X) = @. A union of countably many nowhere 
dense sets is called meager. 


Exercise 17.7. The meager Borel sets form an ideal on the algebra of all Borel sets. 
[The Baire category theorem states that R is not meager.] 
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There is a relation between ideals and homomorphisms. If h: B>C is a 
homomorphism, then 


(17.10) I = {ue B: h(u) = 0} 


is an ideal on B (the kernel of the homomorphism). On the other hand, let J be 
an ideal on B. Let us consider the following equivalence relation over B: 


(17.11) u~v iff udvel 
where 
uQv=(u—v)+(v—u) 


Let C be the set of all equivalence classes, C = B/~, and endow C with the 
following operations: 


(17.12) (u] +[v]=[utov], [vu] - [ve] = [u- 0} 
—[¥] = [-4] 
0= (0), 1= [1] 
(Of course, the conscientious reader will verify that (17.11) is an equivalence 
relation and that (17.12) does not depend on the choice of representatives.) 


Then C is a Boolean algebra, the quotient of B mod I, and is a homomorphic 
image of B under the homomorphism 


(17.13) h(u) = [u] 
The quotient algebra is denoted B/I. 
Exercise 17.8. Regarding a Boolean algebra as a ring (with operations @ and ., see 


Exercise 17.1), show that the definition of ideal coincides with the ring theoretical 
definition of ideal. 


An ideal J on B is a prime ideal if 
(17.14) foreveryue B,  eitherue] or —uel 


The dual of a prime ideal is an ultrafilter. 

Lemma 7.2 holds in general: An ideal is a prime ideal (and a filter is an 
ultrafilter) iff it is maximal. Also, an ideal J on B is prime iff the quotient of B 
modulo / is the trivial algebra {0, 1}. 

The ultrafilter theorem easily generalizes to Boolean algebras: 


Theorem 21’ (Prime Ideal Theorem). Every ideal on B can be extended to a prime 
ideal. 


The proof of the prime ideal theorem (PIT) uses the axiom of choice. It is 
known that PIT cannot be proved without using the axiom of choice (see 
Example V in Section 21). However, it is also known that PIT is weaker than 
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full AC: It does not imply the axiom of choice. Still, in many proofs in algebra 
and topology, one can do with PIT in place of full AC (examples: 
compactification theorems, Hahn-Banach theorem). 


Exercise 17.9. Show that PIT follows from its weaker version: Every Boolean algebra 
has a prime ideal. 

[Given an ideal J on B, consider a prime ideal K on B/I and use K to construct a 
prime ideal J 2 / on B] 


The prime ideal theorem is of particular importance in logic. We recall the 
basic two theorems of the first order predicate calculus: 


Completeness Theorem. Every consistent set of sentences has a model. 


Compactness Theorem. A set © of sentences has a model if each finite subset of X 
has a model. 


The usual proofs of the completeness theorem use the axiom of choice; 
namely to show that a consistent set of sentences can be extended to a complete 
consistent set of sentences. Since this can be proved using an ultrafilter on the 
Lindenbaum algebra, it follows that the completeness theorem can be proved 
using PIT. The compactness theorem is an easy corollary of the completeness 
theorem. On the other hand, one can give a proof of PIT using the compactness 
theorem, thus showing that they are in fact equivalent: 


Exercise 17.10. Using the compactness theorem, prove that every Boolean algebra has a 
prime ideal. 

[Given B, consider the language containing +,-, —, names for allu € B, and a unary 
predicate I. Let & be the set of all quantifier-free sentences true in B, plus the sentences 
stating that I is a prime ideal: 1(0), 11(1), I(u) v I(—u), I(u) a I(v) > I(u + v), u,v € BJ 


The prime ideal theorem also gives the following important representation 
theorem for Boolean algebras. 


Theorem 41 (Stone’s Representation Theorem). Every Boolean algebra is iso- 
morphic to a field of sets. 


Proof. Let B be a Boolean algebra. We let 


(17.15) S = {p: pis an ultrafilter on B} 
For every u € B, let X,, be the set of all p € S such that u € p. Let 
(17.16) F ={X,: ue B} 


Let us consider the mapping 1: ur X,. Clearly, 2(1) = S and x(0) = @. It 
follows from the definition of ultrafilter that 


nu-v)=n(u)onv) xniutv)=n(u)Un(v) x2n(—u)=S— n(u) 


Thus z is a homomorphism of B onto ¥ (and F is a field of sets). It remains to 
show that z is one-to-one. 
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If u # v, then using PIT, one can find an ultrafilter p on B containing one of 
these two elements but not the other. Thus z is an isomorphism. 


Stone’s representation theorem is usually considered in a topological form: 
Call the Stone space of B the space S of (17.15) with the topology given by the 
base ¥ of (17.16). 


Exercise 17.11.* The Stone space is a compact Hausdorff space with a base of clopen 
(closed and open) sets. 

[To prove compactness: Every subset of B with the finite intersection property can 
be extended to an ultrafilter.] 


Exercise 17.12.* B is isomorphic to the algebra of all clopen sets of its Stone space. 
[Use compactness of S to show that every clopen set is in F.] 


The following two exercises show that if S is the Stone space of an infinite 
Boolean algebra B then |S| > |B. 


Exercise 17.13. Let A be a subalgebra of a Boolean algebra B and let u € B— A. Then 
there exist ultrafilters F, G on B such that ue F,u¢é G,and FA A=GO A. 


Exercise 17.14. Let B be an infinite Boolean algebra, |B| = x. There are at least « 
ultrafilters on B. 

[Assume otherwise. For each pair (F, G) € S x S pick u € F —G, and let these u’s 
generate a subalgebra A. Since |A| < |S| <x, let u € B— A. Use Exercise 17.13 to get 
a contradiction.] 


Complete Boolean Algebras 


The partial ordering < of a Boolean algebra can be used to define infinitary 
operations on B, generalizing + and -. Let us recall that 


u+v=sup{u, v} 
u-v = inf{u, v} 
in the partial ordering of B. Thus for any nonempty X C B, we define 
(17.17) Y {u: ue X} = sup X 
[] {ur we X} = inf X 


provided that the least upper bound (the greatest lower bound) exists. We also 
define Y @ =0 and [] @ = 1. 

If the infinitary sum and product is defined for all X ¢ B, the Boolean 
algebra is called complete. Similarly, we call B x-complete (where x is a regular 
uncountable cardinal) if sums and products exist for all X of cardinality < x. 
As usual, an &,-complete Boolean algebra is called o-complete or countably 
complete. 
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An ideal I on a x-complete Boolean algebra is x-complete if 
¥ {u:ue X}el 


whenever X < I and |X| <x. A x-complete filter is the dual notion. 

A field of sets F¥ is x-complete if it is closed under unions and intersections 
of collections of less that « sets in ¥. A x-complete field of sets is a k-complete 
Boolean algebra, and )) X = |) X for every X SF, |X| <k. 

A trivial example of a complete Boolean algebra is the complete field of sets 
P(S). For a nontrivial example, let S be a topological space and let B be the 
collection of all regular open sets of the space S. B is a Boolean algebra, with 
the operations defined in (17.5). With a little additional effort the reader can 
verify that B is complete and that 

y {U: Ue X}=intcl ) X 
[] {U: Ue X}=intcl (1) X 
Exercise 17.15. Let B be a complete Boolean algebra. 
(a) Verify the distributive laws: 
a‘) {u:ue X}=) {a-u:ue X} 
at+|] {u:ue X}=[] {at+u:ue xX} 
(b) Verify the deMorgan laws: 
-¥ {u:ue X}=[] {-u:ue Xx} 
—[] {u:ue X}=¥ {-u:ue xX} 
Exercise 17.16. If I is a k-complete ideal on a x-complete Boolean algebra B, then B/I is 
k-complete, and 
DY {lu :ue X}= [PY (urue X}] 
for every X < B, |X| <x. Similarly for products. 


Exercise 17.17. For B to be complete it is sufficient that all the sums )” X exist. 
([] X = ¥ {u:u <x for all x € X}] 


Let B be a complete Boolean algebra. A subalgebra A of B is a complete 
subalgebra if)’ X € A and [|] X € A forall X ¢ A. (Caution: A subalgebra A 
of B that is itself complete is not necessarily a complete subalgebra of B.) 
Similarly, a complete homomorphism is a homomorphism h of B into C such that 
for all X CB, 


(17.18) ME X)=T AX, A. X) = TALI 
A complete embedding is an embedding that satisfies (17.18). Note that every 
isomorphism is complete. 
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Since the intersection of any collection of complete subalgebras of B is a 
complete subalgebra, every X © B is included in a least complete subalgebra of 
B. This algebra is called the complete subalgebra of B (completely) generated 
by X. 


Completion of Boolean Algebras 


Let A be a subalgebra of a Boolean algebra B. A is said to be dense in B if for 
every nonzero u € B there is a nonzero v € A such that v < u. (Note that this is 
just in case that A — {0} is dense in the partially ordered set B — {0}. We 
therefore call a set D < B — {0} dense in B if D is dense in B — {0}.) 

A completion of a Boolean algebra B is a complete Boolean algebra C such 
that B is a dense subalgebra of C. 


Lemma 17.1. The completion of a Boolean algebra B is unique up to 
isomorphism. 


Proof. Let C and D be completions of B. We define an isomorphism x: C > D 
as 


(17.19) n(c)= >? {ue Biu<ch 


To verify that 2 is an isomorphism, one uses the fact that B is a dense subal- 
gebra of both C and D. For example, to show that ac # 0 whenever c # 0: 
There is u € B such thatO <u<c, and wehaveO<u<rnac. 


Theorem 42 (Completion of Boolean algebras). Every Boolean algebra has a 
completion. 


We shall prove a somewhat more general theorem (Lemma 17.2), using the 
method of Dedekind cuts. For a topological proof of Theorem 42, see the 
following exercise: 


Exercise 17.18.* Let S be the Stone space of a Boolean algebra B. The algebra of regular 
open sets of S is (isomorphic to) the completion of B. 


If P is a dense subset of a Boolean algebra B (i.c., dense in B — {0}), then it 
has the following property: 


(17.20) If p £q, then there is r < p that is incompatible with q. 
We shall call a partially ordered set P satisfying (17.20) separative. 


Lemma 17.2. Let (P, <) be a separative partially ordered set. Then there is a 
complete Boolean algebra B such that: 


(i) P< B-— {0} and < agrees with the partial ordering of B; 
(ii) P is dense in B. 


The algebra B is unique up to isomorphism. 
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Proof. We use a construction similar to the method of Dedekind cuts 
(Theorem 12). Let us call a set U S Pa cut if 


(17.21) p<q and qeU implies peU 


For every p € P, let U, denote the cut {x : x < p}. 
A cut U is regular if 


(17.22) whenever p ¢ U, then 4g < p such that U,; NU=@. 


Note that (17.20) defines (P, <) to be separative just in case every U , is regular. 

We let B be the set of all regular cuts in P. We claim that B, under the 
partial ordering by inclusion, is a complete Boolean algebra. Note that the 
intersection of any collection of regular cuts is a regular cut, and hence each cut 
U is included in a least regular cut U. In fact, 


U ={p: (Was plUQNU,# O} 
Thus for u, v € B we have 

u-v=uUund, utv=uuvn 
The complement of u € B is the regular cut 


—u={p:U,Vu= QO} 


And, of course, @ and P are the zero and the unit of B. It is not difficult to 
verify that B is a complete Boolean algebra, and we leave the verification to the 
reader. 

Since (P, <) is separative, every U, is a regular cut and so the function 
e: p++U, maps P into B— {0}. The function e is one-to-one and order- 
preserving. Moreover, the set of all U, is dense in B and thus we have an 
embedding of P onto a dense subset of B. 

Uniqueness of the complete Boolean algebra B is proved essentially by the 
same argument as in Lemma 17.1: If B and C are two complete Boolean 
algebras, both having P as a dense subset, then x: BC defined is an 
isomorphism: 


n(b)= >“ {peP:p<b} @ 


The above proof of Lemma 17.2 can be regarded as a topological proof in 
disguise. When one defines a topology on P by taking the U, as basic open sets 
then regular cuts are in fact regular open sets, and B is the algebra of regular 
open sets. Thus we shall use the following notation: 


B= r.0.(P) 


When (P, <) is an arbitrary partially ordered set, we can still define the above 
topology on P and associate with P the algebra of regular open sets. However, 
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if P is not separative, we do not get an embedding of P into B; the exact relation 
is described in the corollary below. 


Lemma 17.3. Let (P, <) be a partially ordered set. There exists a separative 
partially ordered set (Q, <) and a mapping h of P onto Q such that 


(i) x < y implies h(x) <h(y); 
(ii) x and y are compatible in P iff h(x) and h(y) are compatible in Q. 
Proof. Let us define the following equivalence relation over P: 
x~y iff — Vz(z is compatible with x +z is compatible with y) 
Let Q = P/~ and let us define 
[x}<[y] iff’ = (Wz < x) [z and y are compatible] 


The relation < over Q is a partial ordering, and it does not take long to verify 
that (Q, <) is separative. The mapping 


h(x) = [x] 
satisfies (i) and (ii). 
Exercise 17.19. The partially ordered set Q in Lemma 17.3 is unique up to isomorphism. 


[Use this: If (Q, <) is separative, then < can be defined in terms of compatibility. 
x <y iff Vz(z and x are compatible > z and y are compatible.] 


Corollary. For every partially ordered set (P, <) there is a complete Boolean 
algebra B = r.0.(P) and a mapping e: P + B — {0} (the canonical embedding?) 
of P in B) such that: 


(17.23) (i) ifp <q, then e(p) < e(q); 
(ii) p and q are compatible iff e(p) - e(q) # 0; 
(iii) {e(p): p € P} is dense in B. 


Generic Ultrafilters on Complete Boolean Algebras 


An important consequence of Lemma 17.2 is that in theoretical considera- 
tions dealing with forcing and generic sets we can restrict ourselves to complete 
Boolean algebras (see Lemma 17.4). 

In the ground model M, let B be a complete Boolean algebra. In the 
universe, B is still a Boolean algebra, though not necessarily complete. An 
ultrafilter G on B is called generic (over M) if 


(17.24) X ©Gand X € M implies [] X eG 


(G is also called N-complete since it is closed under products of collections in 
M.) 


t e is not necessarily one-to-one. 
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Lemma 17.4. Let P be a partially ordered set, let B = r.0.(P) and let e: P > B be 
the canonical embedding of P in B (all this in the ground model M). 
If G is generic on B, then 


G'= {pe P:e(p)eG} 
is generic on P. Conversely, if G' is generic on P, then 
G= {ue B: (ApEeG) e(p) <u} 


is generic on B. 
In either case, M[G] = M{G']. 


Proof. (a) Let G be a generic ultrafilter on B. First we notice that G meets 
every dense set D in B (if D € M). Let Xp = {—u: ue D}. If G 0 D= @, then 
X < Gand hence 0 = [] Xp€ G, a contradiction. 

Next we observe that if D is a dense set in P, then e[P] is a dense set in B. 
Thus G’ = {p € P: e(p) € G} meets every dense set D in P which is in Mt, and it 
suffices to show that G’ is a filter. 

If p and q are arbitrary elements of P, then the set 


E,q = {r € P: either r < p and r < q, or r is incompatible with p, 


or r is incompatible with q} 


is dense in P: Given s € P, if s is compatible with p, then there is t < s such that 
t < p; if t is compatible with q, then there is r < t such that r < q. 

Let p and q be in G’. Then because E,,, is dense, there exists r € E,,, such 
that e(r) € G. It is obvious that r cannot be incompatible with either p or q and 
hence r < p and r < q. Hence G’ is a filter. 

(b) Let G’ be a generic filter on P and let G = {u € B: (Ap € G’) e(p) < u}. 
Since G’ is a filter on P, G is a filter on B. 

If D is a dense set in B, then the set 


Ep = {pe P: e(p) <d for some d € D} 
is a dense set in P. Given q € P, there isd € D such that e(q) - d # 0; then there 
is r € P such that e(r) <d and that e(q) - e(r) # 0. It follows that q and r are 
compatible and hence there is p € P such that p < q and e(p) < d. 
Now if u € B, then the set {v # 0: v <u or v < —u} is dense in B and hence 
D, = {pe P: e(p) <u or e(p) < —u} 
is dense in P; thus D, 7 G' # @, and therefore either u or —u is in G. Hence G 


is an ultrafilter. 
For every subset X of B (in M), let 


Dy = {pe P: either e(p) <[] X or e(p)- x = 0 for some x € X} 


The set Dy is dense in P and hence meets G’. It follows that if X | G and 
X € M, then [] X e€ G. Thus G is generic over M. 


156 3. FORCING AND GENERIC MODELS 


(c) It is clear that in either case 
peG’ + e(pleG 


and that the filters G and G’ can be obtained from one another in every model 
N > M that contains either G or G’. Hence M[G] = M[G']. 


Corollary. G < B is a generic ultrafilter on B if and only if G is a generic filter on 
the partially ordered set B — {0}. 


A partition of B is a pairwise disjoint subset W of Bsuch that ) W = 1. In 
general, a partition of u € B is a pairwise disjoint W such that > W=u. 


Exercise 17.20. An ultrafilter G is generic iff for every partition W of B such that 
W & M, there exists a unique ue G A W. 


The following version of Lemma 16.1 will be useful later. If B is a Boolean 
algebra and & a collection of subsets of B, we call an ultrafilter F on B 
X-complete if 

i 
[] X¢F whenever Xc Fy Xe X, and [| X exists 


Lemma 17.5. If B is a Boolean algebra and & is a countable family of subsets of 
B, then there exists an X-complete ultrafilter on B. 


Proof. Let ¥ ={Xo, X1,..., Xq,,-..} and assume that each [] X,, exists. We 
construct a sequence ay > a, > --: of nonzero elements as follows: Let ao = 1. 
Having a,, let a,4, =a, [] X,, if this is nonzero, or else let a,, = a, — X for 
some x € X,. Then let F be any ultrafilter that contains all the a,. 


A Few Facts on Complete Boolean Algebras 
Given a Boolean algebra B and a nonzero a € B, consider the set 
B,= {ue B:u<a} 
endowed with the following operations: 
u+,v=ur+v, u"gv=U°D, —,gu=a-—uU 

B, is a Boolean algebra. (Its Stone space is a subspace of the Stone space of B, 
namely the clopen set X,.) 

If W is a partition of a complete Boolean algebra B, then B can be viewed at 


as a product of the algebras B,, u € W; see Fig. 17.1. Each b € B corresponds to 
the function (b-u: ue W), and b= ) {b-u:ue W}. 


FIGURE 17.1 
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Exercise 17.21. If B is an infinite complete Boolean algebra, then | B|*° = |B]. 

[First consider the case when |B,| = |B| for all a 4 0: There is a partition W such that 
|W| =No, and |B] =[]{|B,|:ae W} = |B]". In general, call a # 0 stable if |B,| = |B,| 
for all x < a,x # 0. The set of all stable ae B is dense, and |B,| = 2 or |B,|"* = |B,| if a is 
stable. Let W bea partition of B such that each ae W is stable; we have |B] =[]{|B,|:a¢ W} 
and the theorem follows. ] 


The Chain Condition 


Let x be an infinite cardinal. A Boolean algebra B is k-saturated if there is 
no partition W of B such that |W| = x, and 


(17.25) sat(B) = least « such that B is x-saturated 


B is also said to satisfy the x-chain condition; this is because if B is complete, B 
is K-Saturated if and only if there exists no descending K-sequence uy > u, > 
"->u,>°'', «<x, of elements of B. The &,-chain condition is called the 
countable chain condition (c.c.c.). 


Lemma 17.6. If B is an infinite complete Boolean algebra, then sat(B) is a regular 
uncountable cardinal. 


Proof. Let x = sat(B). It is clear that « is uncountable. Let us assume that x is 
singular; we shall obtain a contradiction by constructing a partition of size x. 

For u € B,u # 0, let sat(u) denote sat(B,). Let us call u € B stable if sat(v) = 
sat(u) for every nonzero v < u. The set S of stable elements is dense in B; 
otherwise, there would be a descending sequence uy >u,>u,>--: with 
decreasing cardinals sat(u,) > sat(u,) > ---. Let T be a maximal incompatible 
subset of S. Thus T is a partition of B, and |T| <k. 

First we show that sup{sat(u): ue T} = x. For every regular 4 < x such 
that A > | T|, consider a partition W of B of size 4. Then at least one u € T is 
partitioned by W into A pieces. 

Thus we consider two cases: 


Case I. There is u € T such that sat(u) = x. Since cf x < x, there is a partition 
W of u of size cofxk: W={u,:a<cf x}. Let k,, «<cf x, be an increasing 
sequence with limit x. For each «, sat(u,) = sat(u) = and so let W, be a 
partition of u, of size k,. Then |)a<crx W, is a partition of u of size x. 


Case II. For all ue T, sat(u) <x, but sup{sat(u):ue T}= x. Again, let 
Ka k, a < cf x. For each a < cf k (by induction), we find u, € T, distinct from 
all Up, B <a, which admits a partition W, of size x,. Then Ua<ern W, is a 
pairwise disjoint subset of B of sizex. @ 


A partially ordered set (P, <) is x-saturated (satisfies the x-chain condition) 
if there is no set W & P of pairwise incompatible elements such that |W| = x. 
It can be easily observed that if P and Q are partially ordered sets and P is 
dense in Q, then sat(P) = sat(Q). In particular, if B is a Boolean algebra and C 
is its completion, then sat(B) = sat(C). Moreover, if a partially ordered set P is 
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mapped into the complete Boolean algebra B = r.0.(P), then the embedding 
e: P > B preserves compatibility (see (17.23)) and thus we have 


(17.26) sat(P) = sat(r.o. P) 


Therefore, by Lemma 17.6, sat(P) is always a regular uncountable cardinal 
(provided P admits infinite incompatible subsets). 


Exercise 17.22. If B = r.0.(P) and x = sat(P), then | B| < | P|<*. 
[For each nonzero u € B, there is an incompatible W ¢ P such that u= ) W.] 


Exercise 17.23. If B is a k-complete, x-saturated Boolean algebra, then B is complete. 
[It suffices to show that )) X exists for every open X (ie.,u < v € X implies u € X). If 
X & Bis open, show that )) X = ). W where W is a maximal incompatible subset of X.] 


Distributivity of Complete Boolean Algebras 


The following distributive law holds for every complete Boolean algebra: 


> Ug; * 3 uy ¥ Ugj Uy; 
iel jeJ Gjerxs 
(and dually, a similar law for a sum of two infinite products). 
To formulate a general distributive law, let x be a cardinal, and let us call B 
k-distributive if 


(17.27) IH] dS w= ¥ LT 42.5% 


a<xiel, SeMh<xnt, 2<K 


(Every complete field of sets satisfies (17.27).) We shall see later that distrib- 
utivity plays an important role in generic models. For now, let us give two 
equivalent formulations of x-distributivity. 

If W and Z are partitions of B, then W is a refinement of Z if for every 
w € W there is z € Z such that w < z. A set DC B is open dense if it is dense 
in B and 0 #u < ve D implies ve D. 


Lemma 17.7. The following are equivalent, for any complete Boolean algebra B: 


(i) B is «-distributive. 
(ii) The intersection of x open dense subsets of B is open dense. 
(iii) Every collection of « partitions of B has a common refinement. 


Proof. (i)— (ii). Let D,, « <x, be open dense, D = (\,<, D,. D is certainly 
open; thus let u # 0. If we let {u,;: i € I,} = {u-v:v € D,}, then ); u,; = u for 
every « and the left-hand side of (17.27) is u. For each fe]], J, let 
uy = [Ja Ms,sa; Clearly, each nonzero u, is in D. However, )\,uy =u, by 
(17.27), and so some u, is nonzero. 

(ii) — (iii). Let W,, « < x be partitions of B. For each «, let D, = {u:u<v 
for some v € W,}; each D, is open dense. Let D = (\,<, D,, and let W be a 
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maximal incompatible subset of D. Since D is dense, W is a partition of B, and 
clearly, W is a refinement of each W,. 

(iii) > (i). Let {u,;: «<x, i€ I,} be a collection of elements of B. First we 
show that the right-hand side of (17.27) is always < the left-hand side. For each 
SE [ace Ia, let up = []acx Ua, piays We have uy < Uy, 4a) aNd SOUy < Vier, Mai for 
each a. Thus, for each «, 


Yu SY ui 
S i 
and so 
LTT base = due STL DY ei 
S «a Sf ai 


To prove (17.27), assume that (iii) holds, and let u = [], ; vai; we want to 
show that ); [Js Mz,s(a) = u. Without loss of generality, we can assume that 
u= 1 (otherwise we argue in the algebra B,). For each «, let us replace 
{u,,:i€1,} by pairwise disjoint {v,;:i¢1,}= W, such that v,;<u,; and 


y; Vai = 3 u,; (some of the v,; may be 0). Clearly y pL ]e Pager S Dip [Le He. sta- 
Each W, is a partition of B and so there is a partition W that is a refinement of 
each W,. Now for each we W there exists f such that w < |], U2,y(a), and so 


yy Il. Va,s(ay) = 1. a 
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Boolean-Valued Models 


Let B be a complete Boolean algebra. A Boolean-valued model (of the lan- 
guage of set theory) U = (U, I, E) consists of a Boolean universe U and binary 
functions I and E on U with values in B. Instead of I(x, y) and E(x, y), we write 

Ix=yl, [x ey 
(the Boolean values of = and e€), and assume that I and E satisfy the following: 
(181) i) |x=x|=1 
(ii) |x = yl] = ly =| 
(iii) |x = yl] - ly = 2]| < |x =2| 
(iv) [x € yl - Jo =x] - w= yl] < oe | 


For every formula ¢(x,, ..., x,), we define the Boolean value of p 
(18.2) |p(a, .--, ,)]} (a,,..., a, € U) 
as follows: 


(a) If g is an atomic formula, 
|a=b] =1(a, 5), jae b|| = Ef, 6) 
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(b) If @ is a negation, conjunction, etc., 
| Way, .--, an) |] = — |W(ay, .--, an) 
[WA laa, «<5 [| = [Wars 5 ay) = Wrelaas +5 a] 
Il v x(ay, ---5 )|] = War, ---. an)|] + [lx(ar ---> an) 
|W xls, ---s a) = | TW xa, ---5 a) 
|r x(a, «5 4) = [VA x9 Waa, «5 ay) 
(c) If p is Ixy or Vxy, 


|v, ay... ay) = 2 (a. ar, -..» ay)l 
\|Wxw(x, ay, ...,4,)| = [] |lW(@, ay, .-., a,)| 


aeU 


Note how the notion of a Boolean-valued model generalizes the notion of a 
model (Section 10); the Boolean value of @ is a generalization of the satisfac- 
tion predicate F. If Bis the trivial algebra {0, 1}, then a Boolean-valued model is 
just a (two-valued) model; i.e., consider U/= where x = y iff ||x = y|| = 1. 

We say that g(a, ..., a,) is valid in U, if ||p(a,, ..., a,)|| = 1. Note that an 
implication g — y is valid just in case ||@|| < ||W||. Hence it is postulated in 
(18.1) that the axioms for the equality predicate = are valid in a Boolean- 
valued model. It can be easily verified that all the other axioms of predicate 
calculus are valid, and that the rules of inference applied to valid sentences 
result in valid sentences. Thus every sentence provable in predicate calculus has 
Boolean value 1, and if two formulas ¢, y are provably equivalent, we have 
\|p|| = |v ||. For example, we have 


Ix = yl - lel < leo)| 


The Boolean-valued models can therefore be used in consistency proofs in 
much the same way as two-valued models. Let U be a Boolean-valued model 
such that all the axioms of ZFC are valid in U. (We say that U is Boolean- 
valued model of ZFC.) Let A be set theoretical statement and assume that 
||A|| # 0. Then we can conclude that A is consistent relative to ZFC; otherwise, 
A would be provable in ZFC and therefore valid in U: || TA|| = —||Al] = 1. 

There is an important special case of Boolean-valued models, and in this 
special case, the Boolean valued model can be transformed into a two valued 
model. 

We say that a Boolean valued model U is full if for any formula ¢(x, x,, ..., 
x,) the following holds: 


(18.3) for all a,,..., a, € U, there exists a € U such that 
|p(a, ay, ..., a,)|| = [|x @(x, ay, ..-, an) |] 
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Let F be an ultrafilter on B. We define an equivalence relation over U by 


(18.4) x=y iff |x=ylleF 
and a binary relation E over U/= by 
(18.5) IXJEp] iff |xeyler 


That = is an equivalence, and that (18.5) does not depend on the choice of 
representatives are easy consequences of (18.1) and the fact that F is a filter (cf. 
the definition of reduced power in Section 7). Thus U/F = (U/=, E) is a model. 
Moreover, we have the following relationship between the Boolean valued 
model U and the model U/F: 


Lemma 18.1. Let U be full. For any formula (x, ..., Xn), 
(18.6) U/F F p([ay],...,[a]) if — llo(a,,.-., a,)l| € F, 


for all a,,...,a,€ U. 
Proof. (a) If g is atomic, then (18.6) is true by definition. 


(b) If is a negation, conjunction, etc., we use the basic properties of an 
ultrafilter, and the definition of || ||; e.g., we use 


| WwheF iff lvl er 
IlVaxleF iff Wer and zl eF 
(c) If p is Ixw(x, ...), we use fullness of U to prove (18.6), assuming it holds 


for . By (18.3), we pick a € U such that ||(q, ...)|| = ||4x (x, ...)|| and then 
we have 


Jax e(x,..J|eF iff (aeU)|o(a..)eF 


which enables us to do the induction step in this case. 4M 


The Boolean-Valued Model V? 


We shall now define the Boolean-valued model V® that we shall be using in 
subsequent independence proofs. Let B be a complete Boolean algebra. 

Our intention is to define a Boolean-valued model in which all the axioms 
of ZFC are valid. In particular, we want V® to be extensional, i.e., the Axiom of 
Extensionality to be valid in V?: 


(18.7) |Wu(ue Xoue Y)|| < |X = YI 


We shall define V® as a generalization of V: Instead of (two-valued) sets, we 
consider “ Boolean-valued ” sets, i.e., functions that assign Boolean values to its 
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“elements.” Thus we define V® as follows: 


(18.8) 
VE=@ 
Ve= |) V3 — if wis a limit ordinal 
B<a 
v8, , =the set of all functions x such that dom(x) ¢ V? and ran(x) © B 
v= Uv 
a € Ord 


The definition of |x €y|| and |x =y|| is motivated by (18.7), and the 
requirement 
(18.9) x(t) < ||t € x|| 
We define the Boolean values by induction. Each x € V? is assigned the rank in 
v8, 

p(x) = least « such that x € V8, , 


The forthcoming definition is by induction on pairs (p(x), p(y)), under the 
canonical well ordering. 

To make the notation more suggestive, we introduce the following Boolean 
operation (corresponding to the implication): 


(18.10) u=>v=-—utov 
(Compare with g > y iff Tp vw.) 
GSH) Pee y= 2 (eel te) 


omy 
(812) Ixcyl= [b= levi) 
tedomx 
(18.13) = [] > {pe B:either p- x(t)=0 or p< |e |} 
tedom x 


(18.14) |x = yl = [xs yl: ly sx 
We are going to show that V? is a Boolean-valued model. To do that, we have 
to verify (18.1). To start, the clause (ii) in (18.1) is trivially satisfied since the 
definition of ||x = y|| is symmetric in x and y: 

IIx = yll = ly = >| 
Lemma 18.2. ||x = x|| = 1 for all x € V®. 


Proof. By induction on p(x). Clearly, it suffices to show that ||x © x|| = 1, ie. 
by (18.12) we wish to show that 


(18.15) x(t) > ||t €x|| =1 
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for all t €dom(x). If t edom(x), then by induction hypothesis we have 
||t = t|| = 1 and hence, by definition of ||t € x], 


(18.16) x(t) = |jt =¢l| - x(t) < |t € x|| 
Now (18.15) follows immediately from (18.16). 


Incidentally, the proof of Lemma 18.2 also proves (18.9). To prove (18.1)(iii) 
and (iv), we prove them simultaneously by induction: 


Lemma 18.3. For all x, y, z € V®, 


(a) lx =yll - ly = zl s|x¥=2 
(b) |x ey] - lx =z] <[lz € yl, 
(c) llye xl: x= 2] < lly € 2. 
Proof. By induction on triples (p(x), p(y), p(z)), under the canonical 


well-ordering. 
(a) It suffices to prove 


’ 


(18.17) Ixcyl ly =z) <x sel 
Let t € dom(x) be arbitrary; we wish to show that 
(18.18) lly = 21 - &(e)= [le © yl) s x(t) > [re 2| 


(Then we get (18.17) from (18.18) using the definition (18.12) of ||x < z||.) Note 
that 


(18.19) [y= 2|| - (x(t)= It € yl) =¥ (p< ly =z] : either p- x(t) =0 


seas or p< |t € yl} 
By the induction hypothesis, we have 


Ite yl - ly =zl| <lleea| 


Thus if p < ||y = z|| satisfies the condition on the right-hand side of (18.19), it 
also satisfies the condition in (18.13) and we obtain (18.18). 
(b) Let t € dom(y) be arbitrary. By the induction hypothesis we have 


Ix =z]: [x= el s|z=¢l 
and so 
(18.20) |x = zl] - lx = ell - y@) < [lz = All - vo) 
Taking the sum of (18.20) over all t € dom(y), we get 


In=2}- E (lx=eh-v)s YF (le=l-v0) 


edomy 
that is, 


x= 2] - [xe yl < lz ey 
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(c) Let t € dom(x). By the definition of ||t € z|| we have 
x(t): |x =2|| < |e eI 
and so 
(18.21) lly = el x): Ix = zl s lly =e]: ee el 
By the induction hypothesis, 
(18.22) lly =e] - ee zi < [ye zl, 
and therefore 
(18.23) lly = tl] - x(t) - lx =z] < lly €2| 
Taking the sum of the left-hand side of (18.23) over all t € dom(y), we get 
(ly =i x(t) |x = zl < lly eel 


tedomy 


that is, 
llyex|-|x=z]<|yez] @ 


Thus V® is a Boolean-valued model. We shall later show that all axioms of 
ZFC are valid in V8. For the moment we shall just show that V? is extensional, 
and also that V® is full. 

To show that V® is extensional, let X, Y e V®. By the definition of a=>b 
(18.10), we observe that if a < a’, then (a' > b) < (a=b). Thus for any u € V® 
we have, using (18.9), 


ue X|+lue Y| <xXu)=|ue | 
and therefore 
(1824 TT] (ue X= [we YI) < T] Xu) [ue YI) 


ueVB 


While the left-hand side of (18.24) is equal to ||Vu(u € X > u e€ Y)||, the right- 
hand side is easily seen to equal ||Y  X'|| (cf. (18.12)). Consequently, 


|\Vu(ue Xue Y)| < |X = Y|| 
and we have: 
Lemma 18.4. V# is extensional. 


We shall now show that V? is full. 


Lemma 18.5. If W is a set of pairwise disjoint elements of B and ifa,,,u € W, are 
elements of V®, then there exists a € V® such that 


(18.25) u< |ja=a,|| 
for allu € W. 
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Proof. Let D = \_),-¢w dom(a,), and for every t € D, let 
a(t)=¥ (u- a(t): ue W} 


Since the u’s are pairwise disjoint, we have for each u € W and each t € D, 
u-a(t)=u-a,(t) 
In other words, 
u<(a(t)>a,()), — u< (a,(t)>a(t)) 
and by (18.12) 
u<|ja=a,| 
Lemma 18.6. V? is full. Given a formula ~(x, ...), there exists a € V® such that 


(183) lola, ...)I = 13 os, -..I 
Proof. In (18.3), < holds for every a. We wish to find a € V® such that > holds. 
Let ug = ||Axe(x, ...)|]. Let 

D = {ue B: there is a, such that u < ||g(a,, ...)||} 


It is clear that D is open and dense below uy. Let W be a maximal set of 
pairwise disjoint elements of D; clearly, ) {u: u€ W} > uo. By Lemma 18.5 
there exists a € V® such that u < ||a=a,|| for all u € W. Thus for each ue W 
we have u < ||g(a, ...)|], and hence up < ||p(a, ...)|. 


Exercise 18.1. 


(a) |\(4y € x)p(y)|| = ye oeae (x(y) - lel) 
(b) ||(Vy € x)o(y)|| = ahs (x(y) > |e()Il) 


Exercise 18.2. Lemma 18.6 was the only place in the present section where we used the 
axiom of choice. 


Forcing 


Let (P, <) be a notion of forcing, i-e., a partially ordered set. As I promised 
in Section 16, I shall now define the forcing language associated with (P, <), 
and the forcing relation 


plo 
(p forces ~), where p € P and 9 is a sentence of the forcing language. 
As proved in Section 17, there exists a complete Boolean algebra 
B= r.0.(P), and a canonical embedding e: P > B — {0} such that 
(17.23) (i) if p <q, then e(p) < e(q); 
(ii) p and q are compatible iff e(p) - e(q) # 0; 
(iii) {e(p): p € P} is dense in B. 
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Exercise 18.3. For each S © P, let S* = {q € P: q is incompatible with every p € S}. Let 
B= {uc P:u** =u}, and partially ordered by inclusion. Then B = r.o.(P) and: 


(a) e(p) = {p}**; 
(b) —u=u'ju-v=unvutov=(uvy ov). 


[Compare with Exercise 17.2 and Lemma 17.2.] 


The forcing language associated with the notion of forcing (P, <) is the 
language of set theory with additional constants (names), namely the elements 
of the Boolean-valued model V® (where B = r.0.(P)). The forcing relation is 
defined as follows 


(18.26) Pp Ir 9(a1, orp a,) iff e(p) = llo(a,, meee a,)| 


where ¢ is a formula and aj, ..., a, € V® (i.e., p(ay, ..., a,) is a sentence of the 
forcing language). 

The following two lemmas are easy consequences of the definition of || _|| 
and (18.26): 


Lemma 18.7. 


(a) If p forces p and q < p, then q  g. 

(b) No p forces both @ and “e@. 

(c) For every p there is q <p such that q decides 9, i.e., either q + or 
q' 19g. & 


Lemma 18.8. 


(a) p + 1@ iffno q < p forces g. 
(b) pt pAW iff p + p and p Fy. 
p + Yx@ iff p g(a) for every ae V®. 
(c) pt ovw ifYq<pir<qr' gorrt Wp). 
pi ixg iff¥q<pir<qiart g(a). @ 
Exercise 18.4. When does p force g > ¥? When pow? 
Exercise 18.5. If {q: q + } is dense below p, then p forces . 


Proof of the Forcing Theorem 


We are now ready to prove Theorem 40 stated in Section 16. Let us 
recall the background: We are considering a fixed transitive model IM of ZFC 
(the ground model), and in 9, a notion of forcing (P, <). 

To define the forcing relation associated with P, we let (in Mt) B = r.o.(P) 
and construct the Boolean-valued model V¥. Since all this is done inside 9, we 
denote this Boolean-valued model by 98. IM is a class in M, and 
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WM = Jrcora am We, where 
MF, , = {x e M: x is a function, dom(x) S MF, ran(x) S B} 


etc. Still in MN, we define the Boolean values ||g|| and the forcing relation p | 9. 
Just for completeness, let us state explicitly that for any formula g, the relation 


p  p(ay, ..-, an), peP, Qj, .--, & € DE 


is in the model WM. 
Now let G be a filter on P generic over Wt. We shall define a transitive model 
IMG], give the elements of M[G] names in 9°, and prove: 


Forcing Theorem. For any formula , 


(18.27) MG] F p(x,,...,x,) iff (Ape G)p t g(x,,...,x,) 
where x1, ..., X, € M?® are names for X,, ..., Xn- 


To define M[G], we construct, by induction on p(x), a function ig on WM? 
called the G-interpretation of N®: 


(1828) (i) ig(@)= 2: 
(ii) ig(x) = {ic(y) : (Ap € G) e(p) < xv}. 
Here e is the canonical embedding of P in B; in (ii), ig(y) is already defined for 
all y € dom(x). Now we define 
M[G] = {ig(x): x © Mt 


It is clear from (18.28) that IN[G] is a transitive class. For each x € M[G], there 
exists x € MN such that x = ig(x). We call (any such) x a name for x. 
We showed in Lemma 17.4 that if we let 


G’ = {ue B: (Ap € G) e(p) <u} 
then G’ is an Nt-generic ultrafilter on B. Note that for every x € M?, 
(18.29) ig(x) = tig y): x(y) € G} 


Moreover, it follows easily by induction that i¢(x) = i¢(x) for all x € IN?, and 
consequently, IN[G'] = NG]. Similarly, it is easy to verify that the right-hand 
side of (18.27) is equivalent to ||y|| €¢ G’. Thus we can restate the Forcing 
Theorem as follows: 

If G is an M-generic ultrafilter on B, then 


(18.30) MG] F p(x,,...,x,) iff — |lp(x,, ..., x,) |] EG 


where x,,..., X, € I are names for x,,..., Xq- 
We prove the forcing theorem (18.30) in two steps; first for atomic formulas, 
and then for arbitrary ¢. 
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Lemma 18.9. Let G be a generic ultrafilter on B and let i=ig be the G- 
interpretation of N°. Then 


(a) i(x) € ly) if Ix ey eG, 
(b) i(x) = i(y) if |x = yl] € G, 
for all x, y € M?. 


Proof. We prove (a) and (b) simultaneously, by induction on pairs (p(x), p(y)). 
@ holds by the genericity of G, @ by the induction hypothesis. 


(a) |x € yl] € Giff Yc domy (v(t) ° |x = tl) € G 
@ ~~ iff (at e dom(y))[y(t) € G and ||x = t|| € G] 
@ iff  A3ly(t) e G and i(x) = i(t)] 
if — i(x) € {i(t): y(t) € G} 
if — i(x) € ily) 
(b) ||x Syl] € Giff [], caomxy (x(t) = [lt € yl]) € G. 
® (vt € dom(x))[x(t) € G implies ||t € y|| € G] 
@ iff —_-Ve[x(t) € G implies i(t) € i(y)] 


if {i():x(0) € G). <i) 
iff i(x)ci(y) @ 
Exercise 18.6. Let G be a generic ultrafilter on B and let 9®/G be the model defined as 
in (18.4) and (18.5). Then 98/G is isomorphic to MG]. 
[Let M(x]) = iolx)] 
Once we have proved (18.30) for atomic formulas, we finish the proof for 
arbitrary @ by induction on the complexity of g. 


= 


(a) pis TW, Way, Wvy, etc. Assuming (18.30) for y and x, the induction 
step works because G is an ultrafilter. For instance, 
MG] Ewaxy iff MG] F pw and M[G] F x 
iff vl ¢ Gand |x| ¢ G 
if ||| - IxlleG@ 
iff |paxleG 


Similarly for 1, v, ete. 
(b) g is 4x W(x, ...) or Vx W(x, ...). We assume (18.30) for y and use the 


18. FORCING AND BOOLEAN-VALUED MODELS 169 


genericity of G: 

M[G] F Ax W(x,...) iff = (Ax E M[G]) MG] F Y(x, ...) 
iff (ax € MF)M[G] F W(i(x), ...) 
iff (Axe M*)||p(x, ...)|| eG 

® if Y lWu...ee 


xe m8 
iff = | Axp(x, ...)|| eG 


The equivalence (1) holds because if we let A = {||W(x, ...)|] : x © 0%}, then 
Ac¢ Band A e€ Mi, and since G is generic we have 


(lace A)aeG iff YAeEG 
Similarly for Vx p(x, ...). 1 


Proof of the Generic Model Theorem 
Having defined 9%[G], we shall now use the forcing theorem to prove that: 


(a) MG] is a model of ZFC. 

(b) M< MG] and G € MG]. 

(c) Ord™@ = Ord™. 

(d) If M is a transitive model of ZF such that MoM and Ge N, then 
M[G] oN. 


Throughout, G is a fixed M-generic ultrafilter on B, a complete Boolean 
algebra in IN. We first dispose of (d). If Mis a class in N, then the assertion is 
trivial: The function ig is a class in ® and thus M[G] is a class in N. However, 
M need not be a class in N; but the assertion is still true: For each a € Ord™, 
MF e Mc MN, and thus, by induction, ig | M2 € N. Therefore ig(x) € N for all 
x € M? and we have M[G] c N. 

Next we prove (b). To show that IN < M[G], we define canonical names for 
sets in the ground model. We define (in Mt) an embedding of MW in IM’, by 
€-induction: 


(1831) @) B=9; 
(ii) for every x € M, let X e€ M*® be the function whose domain is 
{y: y ex}, and for all y € x, 


X(y) = 1 
It is easy to see that for each x € M, 


vy 


ig(X) = x 
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and so X is a name for x (for any generic G). Thus Wt < WG]. To show that 
G € MG], we define a canonical name for G, the canonical generic ultrafilter: 
Let G « M? be as follows: 
(18.32) dom(G) = {v: ue B},  G(u) =u for every ue B 
If G is any generic ultrafilter, then 
ig(G) = {ig(x) : G(x) € G} = {ig(t): ue G} =G 

Thus G € M[G] and we have proved (b). 
Exercise 18.7. If x, y€ Wt, then ||X = || =1 if x =y and 0 if x # y. Similarly for 
| © FI). 
Exercise 18.8. For every u € B, |i € G|| = u. 

As for (c), this is easy. Since I< MG], we have Ord™ < Ord™ “|. On the 
other hand, note that for every x € M?, 

rank ig(x) < p(x) 


(by induction) and therefore all sets in IR[G] have rank equal to an ordinal in 
M. 

It remains to show that Mt[G] is a model of ZFC: 

A. Extensionality, Regularity, Infinity. These axioms hold in M[G] since 
M[G] is transitive and M[G] > M. 

B. Separation. If y is a formula (we suppress the parameter), 


MG] & VX JY Vx(x €e Yor € X AQ(x)) 
Let X € M[G] and let X € M? be a name for X. We let Y € IM’ be as follows: 
(18.33) dom(Y) = dom(X), Y(t) = X(t) - ||e(t)| 
Now, if Y = ig(Y), it is clear that Y < X. Moreover, for every x € IN® we have 
Ix € Yl] = |x € X]- |e) 
and so for every x € X, WG] satisfies 
xe Yoxe X AQ(x) 


C. Pairing, Union, Power set. Before we verify these axioms in IN[G], let us 
make the following observation: Let S € M be a set of names (i-e., S < Me’). 
Then the set i,[S] = {i¢(t):t € S} is in IM[G]. For, consider this X ¢ M?: 
dom(X) = S, X(t) = 1 for all t € S. Clearly, ig(X) = ig[S]. 

In particular, if x, y € M?, we denote {x, y}? (the Boolean-valued pair), the 
ze 9? such that dom(z) = {x, y}, and z(x)=2z(y)=1. Also, (x, y= 
{x}? {x, yy Clearly, ig({x, y}*) =, {ig(x), ig(y)}. 


Exercise 18.9. If Mt contains all ordinals, then Mt[G] is almost universal. Consequently, 
IM[G] is a model of ZF. 
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Since we are proving Theorem 39 even in the case when IM is only a set, let 
us continue with the proof. We have just shown that IN[G] satisfies the Pairing 
Axiom. To verify Union and Power set, it suffices to show that for every 
X € MG]: 

(18.34) |) X © Y for some Y € M{[G]; 
(18.35) P(X) A M[G] < Y for some Y € MG]. 
Let X € M[G] and let X be a name for X. As for the union, let 


S=\) {dom(y): y e dom X} 


and let Y = ig[S]. If ze |) X, then z€ ig(y) for some y € dom(X) and so ze Y; 
hence (18.34) holds. 


As for the power set, let us first show that every subset of X has a name of a 
certain form. If Z < X and if Z is a name for Z, let Z’ be as follows: 


(18.36) dom(Z’)=dom(X), = Z(t) = X(t): |lte Z|] for allt 
Clearly, i¢(Z') = X 7 ig(Z) = Z and so Z’ is a name for Z. Therefore, if we let 
S = {Z: dom(Z) = dom(X) and Z(t) < X(t) for all t} 


then Y = i,[S] satisfies (18.35). 
D. Replacement. As shown in Section 9, the replacement schema follows 
from the collection principle. Thus we show that N[G] satisfies 


(9.4) WX 4Y(Vu € X)[Jv g(u, v) > (v € Y) ou, v)] 


Let X € M[G] and let X be a name for X. In M, there is for each u € dom(X)a 
set of names S, such that 


(18.37) X lem dl= 2X lot »)l 


veM 


We let S =|) {S,: we dom X}, and Y = ig[S]. Now, if ue X is such that 
M[G]  jvep(u, v), then u = ig(u) where X(u) € G, and by (18.37), MG] satisfies 


dv g(u,v) > (Ave Y) elu, v) 


Therefore IN[G] is a model of ZF. Note that so far we have not used the axiom 
of choice: 


Exercise 18.10. If Mis a model of ZF, then IG] is a model of ZF. 


To show that NG] satisfies the axiom of choice, we prove the following 
lemma: 


Lemma 18.10. Let ig be the interpretation function. If S € M is a set of names, 
then ig|S € M[G]. 


Proof. Let T = {(S, s)®: s € S}. Clearly, ig|S =i,[T]. 
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In fact, in the case that M is a class in M[G], then ig is a class in NG]. In any 
case, if X € MG], then let X be a name for X and let S = dom(X). By Lemma 
18.10, i¢ |S is in M[G], and since S can be well-ordered, it follows that X, an 
image of a well-ordered set, can be well-ordered (in M[G]). 


Generic Models and Independence Proofs 


We shall conclude this section by providing answers to the following 
questions about generic models: Why can we assume that a generic filter 
exists? And how are generic models used to obtain an independence proof ? 

We shall first prove a theorem about the Boolean-valued model V¥. 


Theorem 43 


(a) V® is a Boolean-valued model of ZFC. Every axiom of ZFC has Boolean 
value 1. 

(b) Let 2 = P(B), and let G be the canonical name for a generic ultrafilter on B. 
Then 


(18.38) |G is a D-generic ultrafilter on Bll = 1 


Proof. (a) I am very reluctant to give a detailed proof that for every axiom @ of 
ZFC, ||g|| = 1. The main reason is that the arguments are exactly the same as in 
the proof of the generic model theorem, only less lucid since we are dealing not 
with a transitive class but with a Boolean-valued model. Thus what follows is a 
sketch of the proof, and the incredulous reader is requested to work out the 
details. 

When calculating the Boolean value of a formula, one may find the follow- 
ing observation helpful (cf. Exercise 18.1): 


(18.39) _ ||(2y € x)e(x)]| = os (x()- lel) 


II(¥y € x)o(y)|| = aie (x(y) => |lo()I) 


Now, let us consider the axioms of ZFC one by one: 
Extensionality: Proved in Lemma 18.4. 
Pairing. We prove that for every x, y € V® there is z € V® such that 


|xezayez| =1 


Let z = {x, y}?. 
Separation. We prove that for every X € V® there is Y € V® such that 


|YoxX|=1 and — |\(¥z eX) (e(z)ze€ Y)| =1 
Let Y € V® be as follows (see (18.33)): 
dom(Y)=dom(X), —-¥(t)= X(t) - [lol 
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Union. We prove that for every X € V® there is Y € V® such that 
(Vue X)(Vv Eul(ve Y)| =1 
We let 
dom Y = |) {dom(u):uedom(X)}, Y(t) = 1 for all t ¢ dom(Y) 
Power set. We prove that for every X € V® there is Y € V® such that 
(18.40) |Wu(uc X sue Y)| =1 
Here we let 
dom(Y) = {u € V® : dom(u) = dom(X) and u(t) < X(t) for all t} 
Y(u) = 1 for all u € dom(Y) 


The argument given in (18.36) shows that (18.40) holds. 
Replacement. As in the proof of Theorem 39, we consider the axioms of 
collection; we prove that for every X e V® there is Y € V® such that 


(Vu € X)(Jve(u, v) > (20 € Y)p(u, v)|| = 1 
Here we let 
dom(Y) = (J {S,:uedom(X)}, Y(t) = 1 for all t e dom(Y) 


where S, is defined by the formula (18.37), for each u € dom(X). 
Infinity. Here we recommend the reader to verify that 


|| is an inductive set|| = 1 


(See also Lemma 18.11.) 
Regularity. We prove that for every X € V®, 


(18.41) ||X is nonempty > (3y € X)(Vz € y)z ¢ X|| = 1 
If (18.41) is false, then 
\|Su(u € X)A (Wy € X)(Az € y)ze X|| =b 


is nonzero. Let ye V® be of least p(y) such that ||ye X||-b#0. Then 
lye X||-b<|\(Azey)ze xX], so there exists zedom(y) such that 
|z € X|| - lly € X|| -b #0. Since p(z) < p(y), this is a contradiction. 

Choice. As in the proof of Theorem 39. For every S, we have 


|S can be well ordered|| = 1 


(Either verify or wait for Lemma (18.11): “can be well-ordered ” is Z ,.) Now, as 
in Lemma 18.10, we prove that for every X € V® there is S and there is fe V® 
such that 


(18.42) fis a function on S and ran(f) > X|| = 1 
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Then it follows that the axiom of choice is valid in V®. 
We let S = dom(X) and fe V? as follows: 


dom(f) = {(%, x)?: x €S}, f(t) = 1 for all t € dom(f) 


These f and S satisfy (18.42). 
_ (b) Recall that |G Bl =1 and |ie¢G| =u for every ue B. Thus 
(0 € G|| = 0 and ||u e Gv (—u)” € G|| =u + —u=1, and we shall prove 


(18.43) (VX € Z) if X SG, then [] X eG =1 
If X € J, then 
|X SGI = |(Wwe Xe G| = Diesel = 1A) 


and so . 
|X o@>(] x) eG =1 


Now (18.43) follows. @ 
The Boolean-valued version of absoluteness of Zo-formulas: 
Lemma 18.11. If @(x,, ..., x,) is a Xo-formula, then 
P(X1, -++5 Xn) iff lo(%1, ---, X,)l) = 1 

Proof. By induction on the complexity of g. 
Corollary. If g is Z,, then p(x, ...) implies ||p(X, ...)|| = 1. 
The next lemma states that V and V® “have the same ordinals”: 
Lemma 18.12. For every x € V®, 

|x is an ordinall] = a |x = a 
Proof. Since “x is an ordinal” is Ly, we have, by Lemma 18.11, 

2 |x = &|] < |]x is an ordinal]| 

On the other hand, let ||x is an ordinal|| = u. We first observe that if y is an 


ordinal, then 
|x is an ordinal and x € }| < ¥ |x = dll 
aey 


Also, for every a, we have 
u < |x € &|] + |x = a|| + lla € x} 


However, there is only a set of «’s such that ||é € x|| # 0 (because |é € x] = 
Yr edomx) (|| = tl] - x(t))). Hence there is y such that 


u<|xsiil 


and we haveu<),<, |x=a|. @ 
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As a consequence, since «++ L, is a £,-function, we have 
Corollary 18.13. For every x € V®, 


|x is constructible] = )) ||x = al 
aeL 


Converting Forcing Arguments into Independence Proofs 


I shall use the example from Section 16 to indicate how one uses the method 
of forcing to prove independence of set-theoretical statements. Let us show that 
the statement 


(18.44) wy is countable 
is consistent relative to ZFC. We can use three different ways to do it. 


I. Consistency of a generic ultrafilter 
We let Yt = L be the ground model, and we consider the notion of forcing 
(P, <) defined as follows (see Section 16): 


(18.45) peP iff 
p is a finite sequence <a, ..., %,— 1) of ordinals less than w' 
p<q iff pp>q 


Now, let us assume that there is G ¢ P generic over L. Then, as shown in 
Section 16, if we let f= () G, then fis a function of w onto wi and therefore 


MG] § wy is countable 


Thus all we have to do is to show that it is consistent that P has a filter generic 
over L. 

We let B = (r.o. P)' and consider the Boolean-valued model L”. If G is the 
canonical generic ultrafilter and if 2 = P*(B), then we have, by Theorem 43b, 


|G is a D-generic ultrafilter on Bll = 1 


Now, since constructibility is absolute for Boolean-valued models (cf. Corol- 
lary 18.13), and so is the definition of (this particular) P and B, and since also 


||D is the set of all constructible subsets of Bl| = 1 


we conclude that the following sentence has Boolean value 1 in L’: 


(18.46) There exists a filter on the set P defined in (18.45), generic over the 
constructible universe. 


Therefore, the sentence (18.46) is consistent and hence we may assume that an 
L-generic G & P exists, and construct M[G]. 
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II. The method of Boolean-valued models 
We can prove the consistency of (18.44) directly, by showing that 


(18.47) ||the constructible w, is countable|| = 1 


in L?, where B is defined as in I. To do that, we have to carry out the arguments 
not in L[G] but in 1°. By manipulating the Boolean values, we can show that 


||) G is a function from & onto (wi) || = 1 
Now, since constructibility is absolute for Boolean-valued models, we have 
|(wr)” is the constructible a, || = 1 


and therefore we conclude that (18.47) holds. Hence the statement (18.44) is 
consistent because it holds in L’. 


III. The method of countable transitive models 

We can also use the following argument to show that a statement A is 
consistent with ZFC (in our Example A is “wt is countable”). We have defined 
a notion of forcing P and shown 


(18.48) 
(V model M of ZFC)(VG € P™)[if G is generic over M, then M[G] - A] 


If we analyze our proof of [if G is generic, then WG] F A], we can see that 
although we use the fact that IN and WG] are models of ZFC, we in fact use 
only finitely many axioms of ZFC, say ¢,, ..., ¢,, in either MN or MG]. 

Assume that 1A is provable in ZFC. Then 1A holds in every model of 
ZFC, in particular in every generic model IN[G]. Now, if we look at the proof of 
the generic model theorem, we see that it takes only finitely many axioms 
of ZFC in M, say w,, ..., W,, to show that W[G] is a model of 1A, gy, ..-, Pn 
(and that P™ exists). By the reflection principle, there is a countable transitive 
model M such that M F 9, A°::Ag, AW, °°: AW,, and by Lemma 16.1, there 
exists G © P™ generic over M. 

Then M[G] satisfies 1A, and also gy, A-::A@,,. The latter is then used, as in 
(18.48), to show that M[G] F A, a contradiction. Thus 7A is not provable in 
ZFC. 


19. INDEPENDENCE OF THE CONTINUUM HYPOTHESIS 
AND THE AXIOM OF CHOICE 


In this section we apply the method of forcing to give independence proofs 
of the continuum hypothesis and of the axiom of choice. 


Theorem 44 (Cohen). There is a model of ZFC in which 2°° > &,. Thus the 
continuum hypothesis is independent of the axioms of ZFC. 
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We shall prove Theorem 44 by constructing a generic model of ZFC in 
which the continuum hypothesis is violated. The independence of the contin- 
uum hypothesis then follows by one of the arguments at the end of Section 18. 

Given a ground model M, it is possible to extend it to a model WG] in 
which the continuum is as large as prescribed. The precise statement follows. 


Lemma 19.1. For any cardinal x in M, that satisfies (in WM) x*° = x, there exists 
a notion of forcing (P, <) such that the generic extension I[G] has these 
properties: 


(i) Wt and M[G] have the same cardinals and same cofinalities ; 
(ii) MG] F 2%° = x. 


[Same cofinalities” means: cf™ l(a) = cf™(a) for all limit « € Mt] 
I have more or less started the construction in Section 16; cf. (16.4)-(16.6). 


Adding x Generic Reals 
Let P be the set of all functions p such that 
(19.1) (i) dom(p) is a finite subset of x x a, 
(ii) ran(p) < {0, 1}, 


and let p be stronger than q iff p > q. 

Let G be a generic set of conditions and let f=) G. By a genericity 
argument, f is a function from x x w into {0, 1}. For each a < x, we let f, be the 
function on @ defined by 


(19.2) Sdn) = f (a, n) 
and 
(19.3) a, = {new:f,(n) = 1} 


Each a, is a real (a subset of w); and as shown in Section 16, a, ¢ Wt and if 
a+, then a, #a,. For instance, the latter holds because the set 
D= {pe P: p(a, n) p(B, n) for some n} is dense in P (and is in Mt) and hence 
DOAG#GZ@. 

Thus if we show that Y[G] has the same cardinals as Wt (that (P, <) 
preserves cardinals), then it follows that 2*° in Wt[G] is at least x. This brings us 
to the general problem of preservation of cardinals and the role of the chain 
condition. 

We recall that P is A-saturated (or satisfies the A-chain condition) if there is 
ho incompatible W ¢ P of size A, and that P is A-saturated if and only if 
B=r.0.(P) is. 


Lemma 19.2. Let 4 be a regular uncountable cardinal (in Mt) and assume that 
(P, <) is A-saturated (in M). Then A is a regular cardinal in MG]. 
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Corollary 


1. Every cardinal in MN greater than or equal to sat(P) remains a cardinal in 
MG]. 

2. If P satisfies the countable chain condition, then N[G] and M have the same 
cardinals and same cofinalities. 


Proof. Let B=r.o. P. Assume that cf™¢l(,) < 4. Then there exist v <A, a 
name f € 98 and a condition w € B such that w forces: 


(19.4) (i) fis a function; 7 
(ii) f: }— 4 and the range of fis cofinal in A. 


For each « < v and each B < A, let 
w(a, B) = w- | F(%) = Bl 


It follows from (i) that w(«, B) - w(«, y) = 0 whenever B + y; from (ii) it follows 
that for every B < A there exist « < v and y > B such that w(a, y) # 0. Thus 


(19.5) [{B < A: 3a(w(a, B) #0)}| =A 
and since v < A, there is a < v such that 
(19.6) {8 <A: w(u, B)#0}| =A 


However, the collection in (19.6) is incompatible, contrary to the assumption 
that B is A-saturated. 

Now if v > sat(P), then if v is regular in M, then v is regular in M[G]; and if 
v is a singular cardinal in 9, then v > sat(P) and is a limit of regular cardinals, 
thus a cardinal in N[G]. 

In particular, if sat(P)=,, then all cardinals and confinalities are 
preserved. 


We shall now show that the notion of forcing (P, <) defined in (19.1) 
satisfies the countable chain condition. The following lemma is a slightly more 
general statement: 


Lemma 19.3. Let S be an arbitrary set and let C be at most countable. Let P be 
the set of all functions p whose domain is a finite subset of S, with values in C. Let 
P be partially ordered by inverse inclusion. Then every incompatible subset W of 
P is at most countable. 


Proof. Let W be an incompatible subset of P; that is, if p and q are distinct 
elements of W, then p(x) # q(x) for some x € dom(p) 7 dom(q). We shall show 
that there is a countable subset A < S such that dom(p) € 4 for all p € W. 
Then it follows that |W| < No. 

We construct a sequence Ay © A, © -::C A, © °°: of subsets of S, and a 
sequence Wc W, ©-:-C W,C--: of subsets of W as follows: First we pick 
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q € Wand let Wo = {q} and Ay = dom(q). Given W, and A,,, we choose for each 
p € P with dom(p) € A,, some q € W whose restriction to A, is p (if such q 
exists). Then we let W,,, be W, along with these chosen q’s, and 
An+1 = U {dom(q): q € W,,,}. Finally, we let A = |) Ay. 

It is obvious (by induction) that each W, and each A, is at most countable. 
We complete the proof by showing that W = |_)*_, W,. If q € W, then there is 
n such that dom(q) \ A =dom(q) 4 A,. Thus if p=q|A,, there exists 
q’ € W,4, such that q’| A, = p. Sincedom(q’) S A,, A, it follows that g and 
q are compatible; however, both are elements of W and thus q = q’. Hence 
qeW., @ 


Now the proof of Lemma 19.1 is almost complete. Since P is &,-saturated, 
it preserves cardinals, and IN[G] has at least « subsets of w (namely the generic 
reals a,, « < x). It remains to show that MN[G] F 2*° < x. This is a consequence 
of the following general estimate of the number of subsets of a cardinal / in a 
generic extension. 


Lemma 19.4. Let 4 be a cardinal in M. If G is an M-generic ultrafilter on B, then 
@rymel < (|B 


Proof. Every subset A © A in Mt[G] has a name A € M?; every such A deter- 
mines a function a+ ||¢ € A|| from 4 into B. Different subsets correspond to 
different functions, and thus the number of all subsets of 4 in M[G] is not 
greater than the number of all functions from 4 into Bin MN. & 


In our case, |P| = x; and since P satisfies the countable chain condition, it 
follows that |r.o. P| < «¥*° (see also Exercise 17.22); this is because every 
uer.o. P is the sum of countably many elements of P. Considering that 
x*° = x, we have | B|§° = x, and so (2%°)"6l = x. 

Exercise 19.1, If P is defined as in (19.1) and if « is arbitrary, then (2%°)™41 = (<¥o)™ 

[(2%e me a ((2%0)8o) 161 > (xXo)mtG] > (xX ] 


Adding Subsets of Regular Cardinals 


The proof of independence of the continuum hypothesis (Lemma 19.1) 
consisted of adding a large number of generic subsets of w. This construction is 
easily generalized to arbitrary regular cardinals. (For what happens at singular 
cardinals, see Exercises 19.3 and 19.4.) 

Let « be a regular cardinal (in the ground model MW) and assume that 
2<* =k. (We shall discuss the case 2““ > x in the exercises.) Let (P, <) be 
defined as follows: P is the set of all functions p such that: 


(19.7) (i) dom(p) < x and |dom(p)| < x; 
(ii) ran(p) < {0, 1}. 


A condition p is stronger than q iff p > q. 
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Let G be a set of conditions generic over IN and let f= |) G. As before, 
fis a function from x into {0, 1}, and 


(19.8) X ={a<xK:f(a)=1} 


is a subset of x and X ¢ M. 

We shall show that MN and M[G] have the same cardinals (and cofinalities). 
To start, since |P| = «<" = x, we have sat(P) <|P|* =x*, and by Lemma 
19.2 all regular cardinals 4 > x remain regular cardinals in the extension. We 
shall now show that all the regular cardinals 4 < x are preserved. In fact, we 
shall show that for every « < x, every a-sequence of ordinal numbers in M[G] is 
aset in M. (In particular, P™!“(~) = P™(x) for all « < x.) Then it clearly follows 
that if A < x is a regular cardinal in M, then A is a regular cardinal in IMN[G]. 

Let 4 be an infinite cardinal. We say that a notion of forcing P is A-closed if 
for every « < A, if 


Po2M2 °° >Ppe>' — (E<a) 


is a descending sequence of conditions, then there is p € P stronger than all p;, 
€ <a. Let us call P A-distributive if the intersection of A open dense subsets of P 
is open dense. (If P = B — {0}, B a complete Boolean algebra, then by Lemma 
17.7 this definition is equivalent to A-distributivity of B.) Note that if 
B =r.0.(P), then B is A-distributive if and only if P is A-distributive. 


Lemma 19.5. If P is j-closed, then it is A-distributive. 


Proof. Let {D,:«< A} be a collection of open dense sets. The intersection 
D = (\,<, D, is clearly open; to show that D is dense, let p € P be arbitrary. By 
induction on «<A, we construct a descending A-sequence of conditions 
P>Po =p, =°*:. We let p, be a condition stronger than all p;,¢ < «, and such 
that p, € D,. Finally, we let g be a condition stronger than all p,, « < A. Clearly, 
qéeD. 


Lemma 19.6. Let 4 be an infinite cardinal and assume that (P, <) is A- 
distributive (in Mt). Then if f € MG] is a function from A into M, then f Ee M. In 
particular, P™)(,) = P™(A). 


Proof. Let f: A Mand fe M[G], let f be a name for f. There is A € Mand a 
condition pp € G such that po forces 


(19.9) fis a function from J into A 
For each « < A, the set 
D, = {PS po: (ax € A) pt f(&) = 5} 


is dense below po. (It goes without saying that {D,:a<A}e MN.) Thus 
D = ()\,<, D, is dense below py and therefore there is some p € D 1 G. Now 
we argue in Wt: for each a < A there is x, such that p | f(d) = X,; let g: A> A 
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be the function defined by g(x) = x,. However, it is easy to see that f(a) = x,= 
g(a), for every «<A, and thusfeM. 


The notion of forcing defined in (19.7) is clearly A-closed for all A < x and 
therefore all regular cardinals < x remain regular cardinals. 9G] has no new 
subsets of any A < k, while X is a new subset of x. 


Exercise 19.2. Let P be as in (19.7) and let Q = {pe P: dom(p) is an initial segment 
of x}. Then Q is dense in P and hence r.0.(Q) = r.o.(P). 


Exercise 19.3. Let « be a singular cardinal and let (P, <) be defined as in (19.7). Then P 
collapses x to cf(x): in the generic extension, there is a 1-1 function g from x into cf x. 

[Let k = X,, and let X be the added subset of &.,; cf. (19.8). For each a < Nu, let 
g(a) = the least n such that the order type of X 7 (@q+1 — @nq) is @, + «. Show that for 
every a and every p € P there is q 2 p and some n such that dom(q) 2 w,+; — @, and 
that the set {E € wr+1 — @,: q() = 1} has order-type w, + «. By genericity of G, the 
function g is defined for every a < X,,; it is clearly one-to-one.] 


Exercise 19.4. Again let « be singular, and let P be the set of all 0, 1-functions whose 
domains are a bounded subset of x; as usual, P is ordered by inverse inclusion. Show 
that P collapses to cf x. 


If we want to add a large number of subsets of a regular cardinal x, we 
employ a technique similar to that in Lemma 19.1: 


Lemma 19.7. Let x, A be cardinals (in WM) such that x is regular and 2“" = x, and 
such that AX = A. There exists a notion of forcing (P, <) such that the generic 
extension Wt[G] has these properties: 


(i) Mt and M[G] have the same cardinals and same cofinalities ; 
(ii) MG] & x =2. 


Proof. Let P be the set of all functions p such that: 


(19.10) (i) dom(p) <A x « and |dom(p)| <x, 
(ii) ran(p) < {0, 1}, 


and let p be stronger than q iff p > q. 
Let G be a generic set of conditions and let f= U G. For each « < A, we let 


(19.11) a, ={6<K: f(a C)=h 


Each a, is a subset of x and by what is by now already a standard argument, 
each a, ¢ Mand a, + ag whenever a + B. 

Since P is a-closed for each « < x, it follows that P preserves all cardinals 
and cofinalities below x (including x). We shall show in the lemma below that P 
is x *-saturated, and thus P also preserves cardinals and cofinalities above k. 

Clearly, « has at least 1 subsets in M[G]. On the other hand, we have (in 9) 
|P|=A<* =A, and since P is x*-saturated, we have |B| <|P|* = A (where 
B=r. P), and by Lemma 19.4, (2")"! < (|B|")" = 2. 
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It remains to show that P is x*-saturated. The following lemma is a 
straightforward generalization of Lemma 19.3. 


Lemma 19.8. Let « be a regular cardinal such that 2“* = x. Let S be an arbitrary 
set and let |C| < x. Let P be the set of all functions p whose domains are subsets 
of S of size < x, with values in C. Then sat(P, >) < k*. 


Proof. The proof is as in Lemma 19.3. Let W < P be incompatible. We con- 
struct a sequence 4g © A, ©:**-S A, S-:: (~<k) of subsets of S, and 
WoW, c:::CW,S::: of subsets of W. If « is a limit ordinal, we let 
W, = J eze W,and A, = (elias A,. Given A,and W,, we choose for each p € P 
with dom(p) © A, some q € W (if there is one) such that p = q| A,. Then we let 
ea W, vu {the chosen q’s}, and A,.,= |) {dom(q): q € W,,,}; finally, 
A= a<K A, ‘ 

As in Lemma 19.3 one shows that W = Pek W,: If q € W, then there is 
a <x such that dom(q) 7 A = dom(q) - A,, etc. The proof is completed by 
showing that |A,| <x and |W,| <x for each a < x. This is proved by induc- 
tion on a. If |W,| <x, then |A,| < « because A, = |) {dom(q): q € W,}. If wis 
a limit ordinal and |W,| < x forall B <a, then |W,| = |Up<a We| <x. Thus 
let us assume that | W,| < x and let us show that |W,,,| <x. Theset W,,, is 
obtained by adding to W, at most one q € W for each p € P with dom(p) € A,. 
There are at most x<* subsets X of A, of size < x, and since x is regular and 
2<* = x, we have x<" = x. On each X there are |C |'*! functions with values in 
C, and therefore there are at most x elements of p with dom(p) ¢ A,. Hence 
|W,.1| <x. Then it follows that |W| <x. 


Collapsing Cardinals 


In Section 16 we introduced a notion of forcing which collapses w,: The 
cardinal wi" becomes a countable ordinal in WN[G]. This simple method of 
collapsing a cardinal is described in the following lemma. We shall present a 
slightly more subtle way of collapsing in the next section (namely, how to make 
an inaccessible cardinal accessible). 


Lemma 19.9. Let « be a regular cardinal and let 1 > « be a cardinal. There is a 
notion of forcing (P, <) that collapses A onto x, i.e., A has cardinality xk in the 
generic extension. Moreover, 


(a) every cardinal « < k in M remains a cardinal in M[G]; and 
(b) if A<* =A, then every cardinal « > 4 remains a cardinal in the extension. 


[The condition in (b) is satisfied, e.g., if GCH holds and cf 2 > x.] 


Proof. Let P be the set of all functions p such that: 
(19.12) (i) dom(p) ¢ x and |dom(p)| <x, 

(ii) ran(p) ¢ 4, 
and let p< q iff p>q. 
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Let G be a generic set of conditions and let f= |) G. Clearly, fis a function, 
and it maps x onto A; this is because for all « < x and all B < A, the sets 


D,={p:a€dom(p)}, Es = {p: B € ran(p)} 


are dense. 

(P, <) is a-closed for every «<x and therefore all cardinals <x are 
preserved. If A“" = A, then |P| = A and hence sat(P) < 4*; it follows that all 
cardinals > A* are preserved. @ 


If A<* > Ain Lemma 19.9, then not only / is collapsed but 1<* as well. For 
instance: 


Exercise 19.5. In (19.12), let k = &%, and A = &q. Then in M[G] there is a one-to-one 
function g: X¥° > &. 

[If X is a countable subset of &,,, let g(X) = the least « such that f[(« + w) — a] = X 
(where f = |) G is the collapsing function). Use the fact that X e Mt] 


If « is singular in (19.12), then (as was the case in adding a subset of k) x is 
collapsed to cf x. One of many ways to verify it: 


Exercise 19.6. In (19.12), let k = &,. Then in M[G], there is a one-to-one function g 
from A into w. 

[Let f= J G, and let g(x) = the least n such that the function f |(@,+1 — @,) is 
eventually constantly equal to «.] 


In the above examples of forcing, either when adding a subset of x or 
collapsing a cardinal to x, we assumed that 2*“ = x. This is because if 2“* > x, 
then either notion of forcing collapses 2“* to x. For instance: 


Exercise 19.7. Let (P, <) be the notion of forcing adding a subset of w, via (19.7), and 
let (Q, <) be the notion of forcing that adds a mapping of N, onto 2° via (19.12). 
Then r.o.(P) = r.o.(Q). 

[Let Q’ = {q € Q: dom(aq) is an initial segment of w,; Q' is dense in Q. Show that P 
has a dense set P’ isomorphic to Q’: use the fact that every p € P has 2*° mutually 
incompatible extensions.] [Another way to show that (P, <) from (19.7) adjoins a 
one-to-one mapping of 2*° into &,: Let f= J G, and for every g € “{0, 1}, let F(g) = 
least a such that f(a + n) = g(n) for all n.] 


Thus adding a subset of w, via (19.7) makes the continuum hypothesis true, 
and we have a forcing proof of the consistency of 2%° = &. 


Independence of the Axiom of Choice 


If the ground model satisfies the axiom of choice, then so does the generic 
extension. However, we can still use the method of forcing to construct a model 
in which AC fails; namely, we find a suitable submodel of the generic model, a 
model MN such that M@ < RN < MIG]. 

I shall describe a general method of construction of models without choice 
in Section 21. In the present section I shall only prove the basic result. 
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Theorem 45 (Cohen). There is a model of ZF in which the real numbers cannot 
be well-ordered. Thus the axiom of choice is independent of the axioms of ZF. 


Before we construct a model without choice, we shall prove an easy but 
useful lemma on automorphisms of Boolean-valued models. Let B be a com- 
plete Boolean algebra and let x be an automorphism of B. We define, by 
induction on p(x), an automorphism of the Boolean-valued universe V8, and 
denote it also by z: 

(19.13) (i) x(O)= 2; 
(ii) if 2(y) has been defined for all y € dom(x), let 
dom(nx) = x[dom(x)], and 
(xx)(xy) = n(x(y)) for all x(y) € dom(xx). 


Clearly, 2 is a one-to-one function of V® onto itself, and 2(X) = X for every x. 


Lemma 19.10. Let p(x,, ..., X,) be a formula. If x is an automorphism of B, then 
for all x1, ..., X, € V?, 


(19.14) |o(xx,, S99 7X,)|| me n(|e(1, sekey Xn) ||) 


Proof. (a) If g is an atomic formula, (19.14) is proved by induction (as in the 
definition of ||x € y||, |x = y||). For instance, 


zx € zy|| = Zz = (||zx = el] - (xy)(¢)) 


t e dom( 
= Elle = nal - (y(n) 
=2( 5. Ue=al-s€) 
z € dom(y) 
= a(x € yl) 


(b) For other formulas, the proof is by induction on the complexity of 
9g. 


In practice, (19.14) is used as follows: Let (P, <) be a separative partially 
ordered set. If 2 is an automorphism of P, then 7 extends to a unique automor- 
phism of the complete Boolean algebra B = r.o. P: 


(19.15) nu) =) {n(p): p <u} 

Then (19.14) takes this form: 

(19.16) Pp p(xy,..., Xn) iff ap I @(mxy, ..., 2X,) 
where x,,..., x, € V?. 


Exercise 19.8. If G is an M-generic ultrafilter on B and x an automorphism of B (in M), 
then H = x[G] is M-generic and M[H] = VG]. 


19. INDEPENDENCE OF THE CONTINUUM HYPOTHESIS AND AC 185 


Now, let the ground model Wt be the constructible universe: Vt = L. We 
first extend Nt by adding countably many Cohen generic reals: Let P be the set 
of all functions p such that: 


(19.17) (i) dom(p) is a finite subset of w x a, 
(ii) ran(p) < {0, 1}, 
and let p< q iff p> q. 

[Note that any one-to-one mapping between w x w and w induces an 
isomorphism between this notion of forcing and the one that adds one Cohen 
generic real (when the conditions are functions with dom(p) & «).] 

Let G be a generic set of conditions. For each i € a, let 


(19.18) a, = {n€ w: (3p EG) p(i, n) = 1} 
and let 
(19.19) A = {a;:i € w} 
Let a;, i € w, and A be the canonical names for a; and A: 
(19.20) dom(a;) = {ri: n € a} 
a(i)= > {pe P:pli,n)= 1} (nea) 
(19.21) dom(A) = {a;:i€ w} 


A(a)=1 (i €a) 
Lemma 19.11. If i # j, then every p forces a; # a;: 
lla; = a,|| = 0 


Proof. For every p there exists g > p and new such that q(i,n)=1 and 
qij,n)=0. @ 


From now on, let us work in M[G]. Let N be the class of all sets hereditarily 
ordinal-definable over A: 
N = HOD(A) 


As we have shown in Section 15, ® is a transitive model of ZF. Since the 
elements of A are sets of integers, it is clear that A € 9. We shall show that the 
set of all real numbers cannot be well-ordered in the model ® (in fact that A 
cannot be well-ordered). 

If R®™ is well-orderable in §, then there is a one-to-one mapping f € Nt of 
P*(w) into the ordinals. The following lemma shows that this is not true: 


Lemma 19.12. (In W[G]) There is no one-to-one function f: A > Ord, ordinal- 
definable over A. 


Proof. Assume that f: A Ord is one-to-one and ordinal-definable over A. 
Then there is a finite sequence s = (Xo, ..., X,> in A such that f is ordinal- 
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definable from s and A. Since f is one-to-one, it is easy to see that every a € A is 
ordinal-definable from s and A. In particular, pick some ae A that is not 
among the x;, i <k. 

Since a € OD[s, A] (in W[G]), there is a formula g such that 


(19.22) M[G] F ais the unique set such that (a, a1, ..., %,, 8, A) 


for some ordinals a,,..., %,. We shall show that (19.22) is impossible. 

Let a be the canonical name for a, and let xo, ..., x, be the canonical names 
for Xo, ..., X, (see 19.20); let s be the obvious canonical name for the sequence 
<X9,--+, X,>. We shall show the following: 


(19.23) For every po that forces g(a, &,..., %, 


..,%,, 8, A) there exists b and q < po 
that forces a # b and —(b, &,..., &,, 8, A). 


Let po | p(a, &,..., &, 8, A). Let i, ig,..., i, be such that a=a,, 
Xo = 4;,,..., X, = a;,. Let us pick j € w such that j # i, and that for all m € a, 
(j, m) ¢ dom(po). See Fig. 19.1. 


FIGURE 19.1 


Now let 2 be the permutation of w that interchanges i and j, and 1x = x 
otherwise. This permutation induces an automorphism of P: for every p € P, 


(19.24) dom(zp) = {(ax, m): (x, m) € dom(p)} 
(np)(nx, m) = p(x,m) (x €dom(p)) _ 


In turn, m induces an automorphism of B, and of I. It is easy to see (cf. 19.20, 
19.21) that 


(19.25) na;))=a; na)=a;, n(a,)=a, (all x 4 i,j) 
m(A)=A and = n(s)=s 


Since (j, m) ¢ dom(po), for all m, it follows that (i, m) ¢ dom(zpo), for all m, and 
thus po and app are compatible. Let q = po U mpg. 
Now, on the one hand we have 


Po IF p(a;, dy, eles: On > s, A) 
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and on the other hand, since na = &, ms = s and nA = A, we have 
TPo + P(a;, &,.-., &, S, A) 


Hence 


q tt p(a;, ...) and e(a;, ...) 


and by Lemma 19.11, q | a; # a;. Thus we have proved (19.23), which contra- 
dicts (19.22) 
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Products of Partially Ordered Sets 


Let (P;, <) and (P2, <) be two partially ordered sets. The product (P, <) 
of (P,, <) and (P,, <) is defined as follows: 


(P1, P2) < (41, 42) iff Pi<qi and p,<4q) 


Note that (p;, p2) and (q;, q2) are compatible iff p, is compatible with q,, and 
P2 is compatible with q,; they are incompatible if either p, is incompatible with 
41, OF pz is incompatible with q,. 

We shall investigate generic models obtained via products of notions of 
forcing. The first thing worth noticing is the following: 


Exercise 20.1. If r.o.P;=r.0.Q, and ro. P,;=ro.Q,, then r.o(P, x P2)= 
r.0.(Q; x Q2) (up to isomorphism). 


Thus one can define a corresponding operation © on complete Boolean 
algebras: If B, and B, are complete Boolean algebras, let 


B, © B, = 1.0.(P, x P32) 


where P,, P, are partially ordered sets, dense in B, and B,. We call B, © B, 
the direct sum of B, and B,. (In fact B, ® B, is the direct sum of Boolean 
algebras B,, B,, defined algebraically.) 


Exercise 20.2. The Stone space of B,; ® B, is the topological product of the Stone 
spaces of B, and B,. 


While direct sum of complete Boolean algebras is important in the theory of 
forcing, its dual notion, the direct product of algebras is uninteresting. The 
direct product of B, and B, corresponds to the disjoint union of their Stone 
spaces (see also Figure 17.1). If B is the direct product of B,, B,, then there is 
a € Bsuch that B, is isomorphic to B, and B, is isomorphic to B _,. Clearly, if 
G is a generic ultrafilter on B, then either a € Gand MG] = M[G - B,] or the 
same thing for —a. 
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If G is a generic filter on P, x P,, let G, and G, be the projections of G: 
(20.2) G, = {p, € P; : (p1, po) € G for some p, € P,} 
G2 = {P2 € Pz: (Py, p2) € G for some p, € P,} 


It is fairly easy to show that G, is generic on P, and G, is generic on P,, and 
G = G, x G, (see the forthcoming lemma). On the other hand, to obtain a 
generic filter on the product, we cannot just take any two generic filters G , and 
G, on P, and P,: 


Exercise 20.3. Show that except in trivial cases, G x G is never generic on P x P. 


The characterization of generic filters on products is given in the following 
lemma. 


Lemma 20.1. (Product Lemma). Let P, and P, be two notions of forcing in M. 
In order that G & P, x P, be generic over M, it is necessary and sufficient that 
G=G, x G, where G, < P, is generic over IW and G, & P, is generic over 
M[G,]. Moreover, M[G] = M[G, ][G,]. 


As a corollary, if G, is generic over Mt and G, is generic over M[G,], then 
due to symmetry G, is generic over WG], and we have 
MG, ][G2] = M[G,][G,]. 


Proof. First let G be an Wt-generic filter on P, x P,. We let G, and G, be the 
projections of G (20.2). Clearly G, and G, are filters, and G&G, x G). If 
(P1, P2) € Gy x G2, then there are p’, € G, and p’, € G, such that (p', p2) € G 
and (p;, p2) € G. Since G is a filter, there exist g, < p,, p; and q, < p>, p2 such 
that (q;, 92) € G. Hence (p,, p.) € G and we have G= G, x G). 

It is easy to see that G, is generic over Wt: If D, € Mis dense in P,, then 
D, xP, is dense in P, x P,; and since (D, x P;) 1\G#Q, we have 
D, 1 G, # S. To show that G, is generic over M[G,], let D, € M[G,] be 
dense in P,. Let It be the forcing relation corresponding to P,. Let D, be a 
name for D, and let p, € G, be such that p, forces “ D, is dense in P,.” Let 
P2 € G, be arbitrary. For every q, < p; and every q, < p, there exist r; <q, 
and r, <q, such that r, t+ F, e D,; thus 


D={(r,, 72): 7; <p, andr, 7, € Dy} 


is dense in P, x P, below (p;, p2) and so there are r,, r. such that r,; € G, and 
r, t F, € D,. Hence r, € D, 1 G3. 

On the other hand, let G,;SP, be M-generic and let G,&P, be 
MG, ]-generic. We let G = G, x G. Clearly G isa filteron P, x P,. Toshow 
that G is M-generic, let D € Wt be dense in P, x P,. We let 


D, = {P2: (P1, P2) € D for some p, € G,} 


The set D, is in Mt[{G,]; we shall show that D, is dense in P, and thus 
Da(G, x G,)#@. 
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Let q, € P, be arbitrary. Since D is dense in P, x P, , it follows that the set 


D, = {pi : (3P2 < q2)(P1, P2) € D} 


is dense in P,. Hence there is p, € G, 7 D, and so D, is dense in P. Since 
G, x Gz € M[G,][G,], it is obvious that M[G, x G,] = M[G,][G,]. w 


Products and x-Products of a Collection of Partial Orders 


Let P;,i € I, be a collection of partially ordered sets. We define the product 
of P;,i € I, as a generalization of the product of two partially ordered sets. The 
product of partially ordered sets is closely related to the product of topological 
spaces. 

To simplify the definition, we shall assume that all the P,; have a greatest 
element 1. For every p = (p,;:i€ 1) € | ]ics Pi, we let 


(203) s(p) = fie Ts #1} 

(the support of p) and we let 

(20.4) P={pe]|] P;:s(p) is finite} 
iel 


psq iff P; < q; for alli 


In practice, we consider finite functions p with dom(p) ¢ J, and assume that 
p(i) = 1 whenever i ¢ dom(p). 


Exercise 20.4. Compare the product of P;, i € J, with the topological product of the 
spaces P; whose topology is given by the basic open sets U,, = {q; € P;: qi < pi}- 


Exercise 20.5. If r.0.(P;) = t.0.(Q;) for each i € J, then r.o.(P) = r.o.(Q), where P and Q 
are the respective products. 


Exercise 20.6. If P is the product of P;, i € I, and if S is the topological product of the 
Stone spaces of r.o.(P;), i € I, then r.o.(P) is (isomorphic to) the algebra of regular open 
sets of S. 


If G is a generic filter on the product of P,, ie I, then the projections G,, i € I, 
are generic filters on P;. 

An example of a product of notions of forcing is the notion of forcing (19.1), 
adding x subsets of w. There is an obvious isomorphism between this and the 
product of « copies of the notion of forcing that produces a single Cohen- 
generic real. 

The notion of forcing adding subsets of a regular cardinal « can also be 
considered a product; however, since the conditions are not finite, we have to 
generalize the notion of product: We define the x-product of P;, ie I, as 
follows: 


(20.5) Paipe TEs |s(p)| <«} 


p<q_ iff = p,<q;,for alli 
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Chain Condition in Products and x-Products 


Since we want to use products and x-products of notions of forcing, let us 
investigate the properties of products that are of significance in the theory of 
forcing. To start, let us make the following trivial observation: 


Lemma 20.2. Let « be a regular cardinal, and let P be the x-product of P;,i € I. 
Let « < x be an infinite cardinal. If each P; is a-closed, then so is P. 


Proof. Let « < « and let p* = <p}: i € ID, € < a, be a descending «-sequence of 
conditions in P. If we let s = |); <, s(p°), then |s| <x, and since each P; is 
a-closed, it is easy to find p = <p; : i € I) such that s(p) = s and that p; < p} for 
eachie lI andeachE<a 


It is more interesting to determine the chain condition of a product (or a 
k-product). It turns out that sat(P) does not depend on the number of factors in 
the product; it depends (a) on x, and (b) on sizes of the factors. 

The chain condition of a product (or a x-product) can be evaluated by using 
the method of Lemmas 19.3 and 19.8. The following lemma gives an estimate of 
sat(P) in the most important cases of the x-product. 


Lemma 20.3. Let « be a regular cardinal, and let P be the x-product of P;,i € I. 
Let W be an incompatible subset of P. 


(a) If each |P;| <x, then |W| <2°*. (In particular, if k = Xo then W is at 
most countable.) 

(b) If A =x and if each |P;| <A, then |W| < A=". 

(c) If A> x is inaccessible and each |P;| <A, then |W| <A. 


Proof. If p= <p;:i€ I> and q = <q;:i € ID are incompatible in P, then for 
some i € s(p) > s(q), p; and q; are incompatible in P;, and in particular p; + q;. 
Thus we can regard elements of W as functions whose domain is a subset of I of 
size < x, with values in the P;, and show that if W consists of pairwise incom- 
patible functions then |W| has the required bound. 

This we do precisely as in Lemma 19.8 (or 19.3): We construct 


Ay GAYS SALVE and WwewWws::SWse-: (a < k) 


where each W, is a subset of W and A, = |) {dom(p): p € W,}. Construction of 
the W, is described in Lemma 19.8, and it is shown there that W = (Ja<x Wy. 

The bound on | W| is verified by induction on « < x. For example, let us 
prove (b); then (a) holds because «<*“ = 2°" if « is regular, and (c) is proved 
similarly. 

If |W,| < 4<*, then obviously |A,| < «-A“" = AS". Ifa <x is a limit and if 
|W, | < A<* for each B < a, then |W,| < |w|-A** = A“*. Thus let us assume that 
|W,| < AS<* and let us show that |W,,,|<4<*. The set W,,, is obtained by 
adding to W, at most one q for each pe P with dom(p) < A,. However, since 
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|A,| < A<*, there are at most A<* functions p with dom(p) ¢ A,, |dom(p)| < x, 
and A possible values for each i ¢ dom(p). Thus |W,,,| < 4<*. It follows that 
|Wl<a* @ 


The relationship between the chain condition of a product and the chain 
conditions of the factors, even in the case of a product of two factors P x Q, is 
more complicated. The statement that the product of two c.c.c. partial order- 
ings satisfies the c.c.c. is independent of ZFC; see Exercise 22.4 and Theorem 53 
(Section 23). One can prove only that if P and Q satisfy the c.c.c., then 
sat(P x Q) < (2%°)* (see Exercise 29.2), and the bound is best possible. 


The Levy Collapse 


In Lemma 19.9 we have described a notion of forcing that collapses a 
cardinal J onto a smaller regular cardinal x. We shall now present a technique 
(due to Levy) of collapsing all cardinals below an inaccessible cardinal A while 
preserving A, thus making / a successor cardinal in the generic extension. 


Lemma 20.4. Let « be a regular cardinal and let 1 > be an inaccessible 
cardinal. There is a notion of forcing (P, <) such that: 


(a) every a such that k <a <A has cardinality x in WG]; and 
(b) every cardinal < x and every cardinal > A remains a cardinal in IN[G]. 


In particular, M[G] F A= K*. 
Proof. For each « < A, let P, be the set of all functions p, such that 


(20.6) dom(p,)&« and |dom(p,)|<«, — ran(p,) ca 


and let p, < q, iff p, > q,. 
Let (P, <) be the x-product of P,, « <A. Note that we can regard the 
conditions p € P as functions on subsets of A x « such that 


(20.7) (i) |dom(p)| <x; 
(ii) p(a, €) <a for each (a, €) € dom(p). 


Let G be a generic set of conditions; and for each « < A, let G, be the 
projection of G on P,. Then G, is a generic filter on P,; and as in Lemma 19.9, 
the set f, = (|) G,is a function that maps x onto a. Thus M[G] F |a| < |x|, for 
every a <A. 

The notion of forcing (P, <) is y-closed for every y <x, and hence it 
preserves all cardinals and cofinalities <x. In particular, « is a cardinal in 
MG]. 

By Lemma 20.3, (P, <) satisfies the A-chain condition. Hence 4 remains a 
cardinal in IN[G], and so do all cardinals greater than A. It follows that in M[G], 
A is the cardinal successor of x. @ 
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The Continuum Function 2” for Regular Cardinals x 


In Section 19 we have presented a method of adjoining a large number of 
subsets of a regular cardinal x, thus making 2” as large as prescribed. We shall 
now describe a construction that does this simultaneously for a collection of 
regular cardinals. This method completely solves the problem-of the behavior 
of the continuum function at regular cardinals. We recall that for each x, 
cf(2") > k. 


Theorem 46 (Easton). Let Wt be a transitive model of ZFC and assume that the 
generalized continuum hypothesis holds in M. Let F be a function (in WM) whose 
arguments are regular cardinals and whose values are cardinals, such that for all 
regular k and A: 


(208) (i) F(k)>k; 
(ii) F(x) < F(A) whenever k < 1; 
(iii) cf F(x) > k. 


Then there is a generic extension N[G] of M such that M and M[G] have the 
same cardinals and cofinalities, and for every regular x, 

MG] F 2% = F(xK) 
Remark 1. We have to point out that the generic extension is obtained by 
forcing with a class of conditions. By Lemma 19.4, a notion of forcing can only 


increase the size of 2" for x < |r.o.(P)|; thus we have to use a class of condi- 
tions. We shall describe the appropriate generalization of the forcing method. 


Remark 2. Theorem 46 leaves open the problem of the behavior of 2" at singu- 
lar cardinals. As I have remarked in Section 8, unless a certain large cardinal 
hypothesis holds, cardinal exponentiation is completely determined by the 
continuum function on regular cardinals (see Lemma 8.1). Besides, although 
some conditions on the continuum function are known (see Sections 6 and 8), 
no “necessary and sufficient ” description has been formulated. The problem of 
adding subsets of singular cardinals is considerably more difficult (and of 
necessity involves large cardinals), and although substantial progress has been 
made recently, there are still many open questions and no analog of Easton’s 
theorem for singular cardinals seems to be within reach. 


Since the proof of Easton’s theorem involves forcing with a class of condi- 
tions, we shall first give a proof of the special case, when the “continuum 
function” F is prescribed for only a set of regular cardinals. Thus let us work in 
a ground model Mt that satisfies the GCH and let F be a function defined on a 
set A of regular cardinals and having the properties (20.8)(i}-(iii). 

For each x € dom(F), let (P,,, >) be the notion of forcing that adjoins F(x) 
subsets of x (cf. (19.10)): 


(20.9) dom(p,)¢« x F(x) and |dom(p,)|<«, — ran(p,) < {0, 1} 
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We let (P, <) be the Easton product of P,, x € A: A condition p is a 
function p=<p,:KE€ADE]]xca P, such that if we denote s(p)= 
{k € A: p, # O} (cf. 20.3), then 


(20.10) for every regular cardinal y, |s(p) n y| <y 


We can regard the conditions as functions with values 0 and 1, whose domain 
consists of triples (x, «, 8) where k € A, a < x, and B < F(x), and such that for 
every regular cardinal y, 


(20.11) |{(«, «, B) € dom(p): « <y}| <y 


(and p is stronger than q iff p > q). Note that (20.11) implies that for each 
x € A, |\dom(p,)| < «, where p, is defined by 


Px (at, B) = p(x, a, B) 


Let G be a generic set of conditions, and let for each x € A, G,, be the 
projection of G on P,,. Each G, is a generic filter on P,,and thus produces F(x) 
new subsets of x: 


ay = {a <x: (Ape G)p(, «, B)= 1} — (B< F(x)) 


We shall show that (P, <) preserves cardinals, and that each x € A has exactly 
F(x) subsets in Y[G]. The condition (20.11) is instrumental in the proof. 

Given a regular cardinal 2, we can break each condition p € P into two 
parts: 


(20.12) pS*=p|{(k, a, B):k <A}, = p?* =p {(k, a, B): Kk > A} 

Clearly p = p** u p”?. We let 

(20.13) P<*={p%*:peP}, P**={p?*:pe P} 

Obviously, P<* is the Easton product of P,, « € A and x <A, and P” “is the 
Easton product of P,, « € A and x > A. Moreover, P is (isomorphic to) the 
product P<* x P”?. 

First we notice that P*? is A-closed: If C < P*? consists of pairwise compat- 
ible conditions and |C| <A, then p= |) C is a condition in P**; (20.11) 
holds for all regular y> A, and holds trivially for y <A because if 
(x, «, B) € dom(p), then k > A. 

Furthermore, P*? satisfies the A* -chain condition: If W < P*? is incompat- 
ible, then |W| < A. The proof given in Lemma 19.8 works in this case as well 
because |dom(p)| <A for each p € P<* (and because the GCH holds). Thus 
P = P** x P<* where P”* is A-closed and sat(P<*) < A*. 


Lemma 20.5. Let G x H be an M-generic filter on P x Q, where P is A-closed 
and sat(Q) < A*. Then every function f: 4+ Mt in MG x H] is in WH]. In 


particular, 
pwc ~ #()) = P@lAN()) 
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Proof. Let f be a name for f; let_us assume, without loss of generality, that for 
some A, || fis a function from A into Al] = 1. For each a < A, let D, S P be 
defined (in I) as follows: 


p € D, iff there is a maximal incompatible W ¢ Q and a family 
{a\”),: q € W} such that for each q € W, 


(20.14) (p, 4) * f (&) = a9, 


We claim that each D, is open dense in P. Clearly, D, is open; thus let 
Po € P be arbitrary and let us find p € D, such that p < po. There exist p; < po, 
qi € Q and a, € A such that (p,, q,) + f(a) = d,. By induction on y < 1*, we 
construct p, € P, q, € Q, and a, € Asuch that po > p, >-*: > p, >---, that the 
qy are pairwise incompatible and that (p,, q,) forces f() = a,. If {qz: € < y} is 
not maximal incompatible, we can find such p,, q,, and a, since P is A-closed. 
By the 4*-chain condition, there is B < A* such that W = {q,: y < B} is maxi- 
mal incompatible; then we find p € P stronger than all p,, y < B. Thus D, is 
open dense in P. 

Since P is A-closed, it follows that (|<, D,is open dense, and so there exists 
p € Gsuch that p € D, for all a < 4. We pick (in IN) for each a < 2 a maximal 
incompatible W, < Q and a family {a‘?,: q € W,} such that (20.14) holds for 
each q € W,. By genericity of H, for every « there is a unique q € W, such that 
q € H, and we have, for every a < A, 
(20.15) f(«) = a” where q is the unique q € W, 0 H 


P49? 


However, (20.15) defines the function fin IR[H]. Wi 


Now we can finish the proof of Easton’s theorem, that is, at least in the case 
when F is defined on a set A of regular cardinals. 

Let x be a regular cardinal in 9; we shall show that « is a regular cardinal 
in IN[G]. If « fails to be a regular cardinal, then there exists a function f that 
maps some / < x, regular in IM, cofinally into x. We consider P as a product: 
P=P”’~x P**. Then G=G?*xG** and MG] = N[G**][G<?] = 
M[G<*][G*7]. By Lemma 20.5, f is in IN[G<*] and so x is not a regular 
cardinal in IN[G<*]. However, this is a contradiction since sat(P<*) <4* <xk 
and hence x is regular in N[G<"]. 

It remains to prove that (2*)"°! = F(A), for each A A. Again, we regard 
P as a product P** x P<“ and G = G”* x G**. By Lemma 20.5, every subset 
of 2 in MN[G] is in M[G<7] and we have (2*)™4 = (2*)™*"1 However, an easy 
computation shows that |P<*|= F(A); and since sat(P<*)=4A*, we have 
|r.o.(P<*)| = F(A) and hence (27)™ < F(A). On the other hand, we have 
exhibited F(A) subsets of A for each A € A, and so [G] - 2* = F(A). @ 
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Exercise 20.7. The singular cardinals hypothesis holds in Easton’s model. 
[If « is singular then every f: cf(k) > x is in N = M[G<'*], and so if F(cf x) <K 
then (xF* HV = (icf ¥)" < (2*)" < |r.0.(PS *)|* = (F(cf X= K*] 


Forcing with a Class of Conditions 


We shall now show how to generalize the preceding construetion to prove 
Theorem 46 in full generality, when the function F is defined for all regular 
cardinals (in Wt). This generalization involves forcing with a proper class of 
conditions. Although it is possible to give a general method of forcing with a 
class, we shall concentrate only on the particular example. 

Thus let Mt be a transitive model of ZFC + GCH. Moreover, we assume 
that IN has a well-ordering of the universe (e.g., if M satisfies V = L). Let F bea 
function (in %t) defined on all regular cardinals and having the properties 
(20.8)(i)-(iii). We define a class P of forcing conditions as follows: P is the class 
of all functions p with values 0 and 1, whose domain consists of triples (x, a, B) 
where x is a regular cardinal, « < x and B < F(x), and such that for every 
regular cardinal y, 


(20.11) [{(x, «, B) €dom(p):« <y}| <y 
(and p is stronger than q iff p > q). 

As before, we define P<* and P”? for every regular cardinal 4. Note that 
P*? is a set. To define the Boolean-valued model IN® and the forcing relation, 
we use the fact that P is the Easton product of P,, x a regular cardinal. For 
each regular A, we let B, = r.o.(P<’). If 4 <u then the inclusion P<* ¢ P<" 
defines an obvious embedding of B, into B,,; thus we arrange the definition of 
the B, so that B, is a complete subalgebra of B, whenever A < yu. Then we let 
B = |), B,. Bis a proper class; otherwise it fas all the features of a complete 
Boolean algebra. In particular, }’ X exists for every set X < B. Also, P is dense 
in B. 

To define M*, we cannot quite use the inductive definition (18.8) since B is 
not a set. However, we simply let 9® = (_}, 9+; the formal definition of I® 
does not present any problem. Similarly, to define ||x € yl| and ||x = yl], we first 
notice that if x, y ¢ M** and A < yp, then ||x € yllg, = ||x € yz, and so we let 
|x € yl] = |x © yllp, where A is such that x, y € M®. The same for ||x = yl]. 

As for the forcing relation in general, we cannot define ||g|| unless ¢ is 
restricted; this is because )’ X does not generally exist if X ¢ B is a class. 
However, we can still define p + @ using the formulas from Lemma 18.8. 

Now, we call G € P generic over M if (i) p < q and p € G implies q € G, (ii) 
p, q € G implies p U qé G, and (iii) if D is a class in M and D is dense in P, 
then DON GF @. 

The question of existence of a generic filter can be settled in a more or less 
the same way as in case when P is a set. One possible way is to assume that Wt is 
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a countable transitive model. Then there are only countably many classes in I 
and G exists. Another possible way is to use the canonical generic ultrafilter. It 
is the class G in M® defined by G(p) = p for all pe P (here we need the 
assumption that WM is a class in Mt). 

Thus let G be an M-generic filter on P. For every regular 4,G,= G 7 P** 
is generic on P*’. If x € M** and A < y, then ig,(x) = ig,(x), and so we define 
ig(x) = ig,(x) where A is such that x € WM, Then we let M[G] = if W*]; it 
follows that M[G] = (), M[G,]. 

Using genericity of G and properties of the forcing relation, we get 


Forcing Theorem: 
(20.16) WM[G]t p(x,,...,x,) iff (ape G)pt o(xy,..., x.) 
where X4, ..., X, € W® are names for x4, ..., Xp- 


The formula (20.16) is proved first for atomic formulas and then by induc- 
tion on g; in the induction step involving the quantifiers, we use the fact that G 
intersects every dense class of WM. 

We shall now show that IN[G] is a model of ZFC. The proofs of all axioms 
of ZFC except power set and replacement go through as when we forced with a 
set. It is no surprise that the power set and replacement axioms present prob- 
lems. It is easy to generalize the constructions of Section 19 either to get a class 
of forcing conditions adding a proper class of Cohen reals, or a class of condi- 
tions collapsing Ord onto w. The present proof of the power set and replace- 
ment axioms uses the fact that for every regular A (or at least for arbitrarily 
large regular 4), P=P, x P, where P, is A-closed and P, is a set and 
sat(P,) < A*. (Here P = P** x P<“) 

Power set. Let A be a regular cardinal. Lemma 20.5 remains true even when 
applied to P”* x P<? It does not matter that each D, in (20.14) is a class. The 
“sequence” of classes (D,: «<A> can be defined (e.g., as a class of pairs 
{(p, «): p € D,}) and since P”? is A-closed, the intersection (\,<, D, is dense, 
and there exists p€ G ~ P”* such that p € D, for all « < A. The rest of the 
proof of Lemma 20.5 remains unchanged, and thus we have proved that every 
subset of A in M[G] is in M[G,]. Since P<" is a set, it follows that the power set 
axiom holds in IN[G]. 

Replacement. To show that the axioms of replacement hold in I[G], we 
combine the proof for ordinary generic extension with Lemma 20.5. It suffices 
to prove that if in N[G], ~(a, v) defines a function K: Ord > 9{G], then K[A] is 
a set in M[G] for every regular cardinal A. Without loss of generality, let us 
assume that for every p € P, 


(20.17) p + for every « there is a unique v such that ¢(q, v). 


Let A be a regular cardinal, and let us consider again P = P** x P<’, and 
G = (Gn P”’) x G,. As in Lemma 20.5, let us define, for each a < A, a class 
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D,< P*?: 


péD, iff there is a maximal incompatible W ¢ P** and a family 
{a : q € W} such that for each q € W, 


(20.18) pu gq o(, ayy) 


As in Lemma 20.5, each D,, «<A, is open dense; since P”* is A-closed, 
(\a<a D, is dense and there exists p€ G 4 P”* such that p € D, for all a < A. 
We pick (in IM) for each « < A a maximal incompatible W, ¢ P** and a family 
{a:q € W,} such that (20.18) holds for each qe W,. Now if we let 
S = {a :a< A and q € W,}, then it follows that 


K[4] < ig[S] 


However, i¢[S] is a set in IN[G]: there is y such that S < Mt, and we have 
ic{S] = ic,{S] € M{G,} 

Thus M[G] is a model of ZFC and it remains to show that Wt{G] has the 
same cardinals and cofinalities as IM, and that in M[G], 2" = F(x) for every 
regular cardinal x. However, this is proved in exactly the same way as when we 
forced with a set of Easton conditions. @ 


Exercise 20.8.* Let Mt be a transitive model of ZFC. There is a generic extension Vt[G] 
such that N[G] satisfies the GCH. 

[For each a, let P, be the notion of forcing which collapses A = 3,,, onto x = (2,)* 
(see 19.12). P, is 3,-closed and sat(P,) = 1*. Let P be an Easton product of P,,« € Ord; 
namely, we require that |s(p) > y| < y for every inaccessible y = 2,. Show that for each 
a, K = (3,)* is a cardinal in MG], « = RPS), and M[G] F 2% = &,.,. Apply Lemma 
20.5 in two ways: (a) for each «, consider P** x P**: sat(P**) = 37,, and P”* is 
J, +1-Closed; (b) if « is inaccessible and « = 3,, consider P<* x P?*: sat(P<*) = 3; and 
P?* is 3,-closed.] 


We conclude the section with a remark on the Bernays—Gédel axiomatic set 
theory. At the end of Chapter 1, I made a remark to the effect that if a sentence 
involving only set variables is provable in BGC = BG + Axiom E, then it is 
provable in BG + AC. This is a consequence of the following: If Nt is a transi- 
tive model of BG + AC, then there is a generic extension M[G] that has the 
same sets and has a choice function F defined for all nonempty sets. The forcing 
conditions p € P used in the proof are choice functions whose domain is a set of 
nonempty sets (and p < q iff p > q). The proof that MG] is a model of BG is 
rather easy since no new sets are added (P is x-closed for all x). The generic 
filter on P defines a choice function F = \) G, and F is defined for all non- 
empty sets X € NG]. 
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In Section 19, we constructed a model of set theory in which the reals 
cannot be well-ordered, thus showing that the axiom of choice is independent 
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of the axioms of ZF. What follows is a more systematic study of models in 
which the axiom of choice fails. I shall present a general method of construction 
of submodels of generic extensions. The construction uses symmetry arguments 
similar to those used in Theorem 45, and the models obtained are generally 
models of ZF and do not satisfy the axiom of choice. This method has been 
widely used to obtain a number of results about the relative strength of various 
weaker versions and consequences of the axiom of choice. 

The main idea of the construction of symmetric models is the use of auto- 
morphisms of the Boolean-valued model V? and the “symmetry lemma” 19.10. 
In fact, the idea of using automorphisms of the universe to show that the axiom 
of choice is unprovable dates back into the preforcing era of set theory. I shall 
describe this older construction first. To do it, we have to modify somewhat the 
axioms of set theory. 


Set Theory with Atoms (ZFA) 


In this modified set theory we have not only sets, but also additional 
objects, atoms. These atoms do not have any elements themselves but can be 
collected into sets. Obviously, we have to modify the axiom of extensionality, 
for any two atoms have the same elements—none. 

The language of ZFA has, in addition to the predicate €, a constant A. The 
elements of A are called atoms; all other objects are sets. 


Axiom A. If a é A, then there is no x such that x € a. 
The axiom of extensionality takes this form: 
(21.1) If two sets X and Y have the same elements, then X = Y. 


All the other axioms of ZF remain unchanged. In particular, the axiom of 
regularity states that every nonempty set has an €-minimal element. This 
minimal element may be an atom. 

The effect of atoms is that the universe is no longer obtained by iterated 
power set operation from the empty set. In ZFA, the universe is built up from 
atoms. 

‘Ordinal numbers are defined as usual except that one has to add that an 
ordinal does not contain any atom. For any set, let us define the following 
cummulative hierarchy: 

(21.2) P°(S)=S,  P*(S)= \) P&S) if wis a limit 


B<a 
P**1(5) = P*(S) U P(P*(S)) 
p*(s)= UPS) 


ae Ord 
It follows that 


(21.3) V = P(A) 
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and that the kernel, the class P”(@) of “ hereditary ” sets, is a model of ZF. If A 
is empty, then we have just ZF; right now we are more interested in the case 
when A is infinite. 


Exercise 21.1. The theory ZFA + AC + “A is infinite” is consistent relative to ZFC. 

(Construct a model of ZFA. Let C be an infinite set of sets of the same rank (so that 
X¢TC(Y) for any X, YeC). Consider one XgeC as the empty set, and all 
other X eC as atoms. Build up the model from C by iterating the operation 
P*(Z) = P(Z) - 


Permutation Models of ZFA 


While in ZF, the universe does not admit nontrivial automorphisms, the 
important feature of ZFA is that every permutation of atoms induces an auto- 
morphism of V: If x is a one-to-one mapping of A onto A (a permutation of A), 
then we define for every x (by €-induction): 

(21.4) n(x) = n[x] = {n(t): t € x} 
Clearly, x is an €-automorphism, and we have n(x) = x for every x in the kernel 
P*(). 

We use these automorphisms to construct transitive models of ZFA. First 
we point out that the analog of Theorem 31 in Section 11 is true in ZFA: If Mis 
a transitive, closed, almost universal class and if Ae M (or at least 
An Me M), then M is a model of ZFA. 

Let Y be a group of permutations of a set S. A set ¥ of subgroups of Y is a 
normal filter on Y, if for all subgroups H, K of Y: 

(21.5) (i) GEF; 
(ii) if He F and HC K, then Ke F; 
(iii) ifHe FandKeF,thnHnKeF; 
(iv) ifme Gand He F then nHn ‘ce F. 


For a given group of permutations ¢ of the set A of atoms and a normal filter 
F¥ on Y, we say that x is symmetric if the group 


(21.6) symg(x) = {x € Y: n(x) = x} 
belongs to ¥. 
Let us further assume that 


(21.7) symg(a)e F _— forall ae A 


that is, that all atoms are symmetric (w.r.t. Y and F) and let B be the class of 
all hereditarily symmetric objects: 


(21.8) B = {x : every z € TC({x}) is symmetric} 


The class B (a permutation model) is a transitive class and obviously includes 
the kernel (because sym(x) = F for all x € P®(@)), moreover, all atoms are in 
Band Ac &. 
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Lemma 21.1. & is a transitive model of ZFA. 


Proof. We have to show that 8 is closed under Godel operations and almost 
universal. It is easy to see that §(xx, my) = n(G;(x, y)) for i= 1,..., 10, and 
therefore 


(21.9) sym(§;,(x, y)) 2 sym(x) a sym(y) = (i= 1, ..., 10) 
It follows that if x and y are hereditarily symmetric, then so is §;(x, y). 

To show that 8% is almost universal, it suffices to verify that for each a, 
Bm P*(A) is symmetric. For all x and all x € Y we have rank(zx) = rank x. 
Also, 

(21.10) sym(nx) = 1° sym(x) + 2 


1 


and hence, by property (iv) in (21.5), if x is symmetric and 7 € Y, then x(x) is 
symmetric. Thus for all 2 € we have x[B m P*(A)] = Bo P*(A) and there- 
fore, sym(B m P*(A))=9. @ 


In the following examples we construct permutation models as follows: For 
every finite E < A, we let 


(21.11) fixg(E) = {xn € Y: na =a for all ae E} 


and let F be the filter on Y generated by {fix(E): E < A is finite}. F is a normal 
filter since x - fix(E) - x” 1 = fix(x[E]), and satisfies (21.7). Thus x is symmetric 
if and only if there exists a finite set of atoms E, a support for x, such that 
n(x) = x whenever 2 € Y and na = a for all ae E. 

We shall now give two examples of permutation models. 


Example I. Let A be infinite, and let Y be the group of all permutations of A. 
Let F be generated by {fix(E): E < A is finite}, and let B be the permutation 
model. 


Lemma 21.2. In the model & from Example I, the set A, although infinite, has no 
countable subset. Hence the axiom of choice fails in B. 


Proof. Assume that there exists f € & which is a one-to-one mapping of w into 
A. Let E be a finite subset of A such that af = f for every 7 € fix(E). Since E is 
finite, there exists a € A — E such that a = f (n) for some n; also, let b € A — E 
be arbitrary such that b # a. Now, let 2 be a permutation of A such that 2a = b 
but mx = x for all x € E. Then nf=f, and since n is in the kernel, we have 
mn =n. It follows that 


m(f(n)) = (af (xn) = f(n); 
however, f (n) = a while x(f(n)) = 2a # a. A contradiction. Mf 


Example II. Let A be a disjoint countable union of pairs: 


(21.12) A=) Py, Py = {dy, by} 
n=0 
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and let Y be the group of all permutations of A such that n({a,, b,}) = {a,, 5,}, 
for all n. Let ¥ be generated by {fix(E): E < A is finite}, and let B be the 
permutation model. 


Lemma 21.3. In the model B from Example II, {P,,:n € @} is a countable set of 
pairs and has no choice function. 


Proof. Each P,, is a symmetric set since x(P,,) = P,, for all x € Y. For the same 
reason, 1(P,:n € w> = n({(n, P,):n € w}) = <P,:n € w), for all 7 € GY, and 
so (P,:n€w) € B. Hence S = {P,,: n € w} is a countable set in B. 

We show that there is no function fe B such that dom(f)=S and 
S(P,) € P, for all n. Assume that fis such a function and let E be a support of f. 
There exists n such that neither a, nor b, is in E, and we let x € G be such that 
ta, = b, but mx = x for all x € E. Then nf =f, xP, = P,,, and so 


nf (P,)) = (nf )(nP,) =F (Pa) 
but x(f(P,,)) = b, while f(P,) = a,; a contradiction. 


Exercise 21.2. We recall that a set is called D-finite if it has no countable subset. Show 
that in Example II A is D-finite. 


Exercise 21.3. Show that in either Example I or II, A cannot be linearly ordered. 


The method of permutation models gives numerous examples of violation 
of the axiom of choice. One usually uses the set of atoms to produce a counter- 
example (in the permutation model) to some consequence of the axiom of 
choice, thus showing the limitations of proofs not using the axiom of choice. (A 
typical example is a vector space that has no basis, a set that cannot be linearly 
ordered, etc.) However, these examples do not give any information about the 
“true” sets, like real numbers, sets of real numbers, etc., since those sets are in 
the kernel. It is clear that a different method has to be used to investigate the 
role of the axiom of choice in ZF. We shall now describe such a method and 
exploit the similarities between it and permutation models. 


Symmetric Models 


Although in ZF, transitive classes have no nontrivial automorphisms, we 
can still use automorphisms (symmetries) to construct submodels of generic 
extensions. As shown in Section 19, every automorphism z of a complete 
Boolean algebra B induces an automorphism of the Boolean-valued model V? 
(see (19.13)). The important property of such an automorphism is the “sym- 
metry lemma” 19.10: 


(19.14) \|p(mx,, ..., mX_)l] = a(l]p(x1, ---, Xn)I) 


for all names x,,..., X,. 
Let Y be a group of automorphisms of B. A set ¥ of subgroups of ¢ is a 
normal filter on G if it has the properties (21.5). For each name x € V® we define 
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its symmetry group 
(21.13) syMg(x) = {x € GY: n(x) = x} 


If x is an automorphism of B, then 

(21.14) sym(mx) = m-sym(x)- 27! 

This is because o(zx) = xx if and only if (x7 ‘om)(x) = x. Given a normal filter 
F on Y, we call x symmetric if sym(x)¢ ¥. The class HS of hereditarily 
symmetric names is defined oy induction on p(x): 


if dom(x) ¢ HS and if x is symmetric, then x € HS. 


Note that 2(X) = X for all x and all 7, and so all X are in HS. If a name x is 
symmetric, and if me Y, then by (21.14) and since ¥ is normal, zx is also 
symmetric. It follows that zx e HS whenever x € HS and z € . 

The class HS constitutes a submodel of the Boolean-valued model V8, and 
satisfies all axioms of ZF. We shall prove this in the context of generic 
extensions. 

Thus let M be the ground model, let B be a complete Boolean algebra in M, 
and let Y and F be respectively (in Nt), a group of automorphisms of B and a 
normal filter on Y. Let G be an Mt-generic ultrafilter on B. We let 


(21.15) MN = {ig(x) : x e HS} 


be the class of all elements of N[G] that have a hereditarily symmetric name. N 
is called a symmetric submodel of IN[G]. We will prove that N is a transitive 
model of ZF. Before we do so, we notice that HS is a Boolean-valued model 
(with the same ||x € y|| and ||x = y|| as 9). Thus we can define ||¢|| 4s for every 
formula gy. Note that 

(21.16) |x e&)Ius= 2 lle) 


xeHS 


and that ||g||ys = ||g|| whenever 9 is a restricted formula. We also have a 
forcing theorem for the model %: 


(21.17) ME p(xy,...,X,) iff |o(x1, .--, Xnllus € G 

where x,,..., X, € HS are names for x,, ..., X,- Finally, since n[HS] = HS for 
all x € Y, we have the symmetry lemma for || || ys: If 7 € Y and x,, ...,.x,, € HS, 
then 

(21.18) |p(mx,, ..., m,)|lus = 2(|0(*1, ---. *n)llns) 


Lemma 21.4. A symmetric submodel N of I{Y] is a transitive model of ZF, and 
M < Rc MG]. 


Proof. Since X € HS for every x € Wt, we have Wtc N. The heredity of HS 
implies that ® is transitive. To verify that the axioms of ZF hold in R, we 
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follow closely the proof of the generic model theorem. As there, we have to 
show that certain sets exist in the model by exhibiting names for the sets; here 
we have to find such names in HS. 

A. Extensionality, Regularity, Infinity. These axioms hold in Mt since N is 
transitive and NR D> M. 

B. Separation. Let g be a formula and let 


(21.19) Y={xeX: NE E(x, p)} 
where X, p € Nt. Let X, p € HS be names for X, p. We let Y € M? as follows: 
(2120) dom(¥)=dom(X),— ¥(e) = X(t)- Jolt. Pus 


A routine argument shows that Y is a name for Y; it remains to show that Y is 
symmetric. 

We shall show that sym(Y) > sym(X) - sym(p). Thus let x € 9 be such 
that 7X = X and nap=p. For every te dom(X) we have xt € dom(zx) = 
dom x and 


X(nt) = (nX)(xt) = x(X(2))—_|le(a#, p)llus = zlo(4, p)llus 


and so ¥(xt) = n(Y¥(t)). Therefore, xY = Y. 
C. Pairing, Union, Power set. Let X € Nand let X e HS be a name for X. 
For the union, we let 


S =) {dom(y) : y € dom(X)} 
If x € sym(X) then x[S] = S and so the set Y = ig[S] has a hereditarily symmet- 
ric name Y: Y(t) = 1 for all te S. Moreover, Y > U X. 
Pairing and Power set are handled similarly. 
D. Replacement. We show that if X € ®t, then there exists Y € N such that 
for all u € X, N satisfies 


Jv o(u, v) > (av € Y) elu, v) 


We proceed as in (18.37) except that (we deal with || || 4s instead of || || and that) 
we look for S < HS such that x[S] = S for all x € Y (for then Y = i,[S] has a 
name in HS). This is accomplished by taking for S the set HS > Mt? for large 
enough «a. Since every 7 preserves the rank and since each x € Y preserves HS, 
we have 2[S] = S forallneY. @ 


In general, the set G is not a member of &, and M does not satisfy the axiom 
of choice. We shall use symmetry arguments to show that AC fails in the 
forthcoming examples. The models in Examples I and II are due to Cohen. 


Example I. This example is an analog of the first example of a permutation 
model and in fact, describes the same model that was used in Chapter 19 in the 
proof of Theorem 45. We let W[G] be the generic extension adjoining 
countably many Cohen reals: P is the set of all finite 0-1-functions p with 
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domain dom(p)cwxa@ (cf. (19.18)). We define a,, new, and 
A = {a, : n € w}, as well as their canonical names as in (19.18)-(19.21). 

Every permutation z of w induces an automorphism of P (and in turn an 
automorphism of B) via (19.24). We can view such permutations as permuta- 
tions of the set {a, : n € w}. Let G be the group of all such automorphisms of B 
that are induced by permutations of w. For every finite E < a, let 


(21.21) fix(E) = {xn € GY : mn =n for each ne€ E} 


Let F be the filter on generated by {fix(E): E € w is finite}; F is a normal 
filter. 

Now let HS be the class of all hereditarily symmetric names, and let 2 be 
the corresponding symmetric submodel of W[G]. It is easy to see that all a, are 
in HS and so is A. Moreover, the a, are distinct subsets of w (see Lemma 19.11), 
and so A is an infinite set of reals in 2. 

We claim that 


(21.22) NF A is D-finite 


To prove (21.22), let us show that there is no fe ®N that maps w onto A. 
Assuming that there is such f, let fe HS and let pp € G be such that 


Po + f maps @ onto A 


The contradiction is obtained as in Lemma 19.12. We let E be a support of f, 
i.e., a finite subset of w such that sym(f) = fix(E). We pick i € w such that 
i ¢ E, and find p < pp and n € w such that 
pi f(r) =a; 

Then we find a permutation 1 € G (see Fig. 19.1) such that: 
(21.23) (i) mp and p are compatible; 

(ii) 7 € fix(E); 

(iii) mi=j#i. 
Then nf = f, x(t) = vi, and we have 

punmpt f(r) =a; and pu mpt f(t) =a; 

a contradiction. 


Exercise 21.4. Show that if there is an infinite, D-finite set of reals, then the statements 
in Exercises 5.5 and 5.6 are false. 


The similarity between the model HOD(A) used in Theorem 45 and the 
above symmetric model 9 is no accident: If the ground model is L, then these 
models are the same. (If Mis arbitrary, then MN is (in W[G]), the class of all sets 
hereditarily M-definable over A.) 
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Example II. This example is an analog of the second example of a permutation 
model. We construct a symmetric model 2 such that 


(21.24) NF there exists a countable set {P,,: n € w} of pairs without a choice 
function. 


Unlike Example I, where we used generic reals to play the role of the atoms in 
the corresponding permutation model, here we use sets of reals to be the 
indistinguishable objects. The reason for this is that the natural ordering of real 
numbers implies existence of a choice function on any family of pairs of reals. 
We first construct a generic model Nt[G] that has countably many pairs 


(21.25) P, = {a,,b,}  (néo) 

where each a, and each b, is an infinite set of generic reals: 
(21.26) Qa, = (dam: MEWS, — Dam = {Dam 2 m Ew} 
Thus we let (P, =) consist of all finite 0-1-functions p such that 
(21.27) dom(p) € ({0, 1} x w x w) x w 

Let G be a generic filter on P. For each n and each m, let 
(21.28) = {ie @: p(0, n, m; i) = 1 for some p € G} 


a 
bam = {i € w: p(1, n, m; i) = 1 for some p € G} 


Then we define a,, b,, and P,, for each n by (21.26) and (21.25). The sets a,,,, 
bam> 4n> Dn, P, have obvious canonical names @,,,, Bim, @n> 5,5 Pn: 
Gun (i) = Y, {p : p(O, n, m; i) = 1} 


4,(@im)=1  (allmeo) 


etc. See Fig. 21.1. 


ws Af 2 @ 
O Of O 


FIGURE 21.1 
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A familiar argument (see Lemma 19.11) shows that every condition p € P 
forces @,, # bj, for any n,m,k, 1, and Qin # Gyms 9am F Onin Whenever (n, m) # 
(n’, m’). It follows that every condition forces 
(21.29) a4,#b,, G@,#Q,, b,4#b, (alln,mn#n') 


To construct the symmetric model, we want to consider automorphisms x 
which have the property 


(21.30) n(P,)=P, (allnea) 
Thus we consider all permutations x of {0, 1} x xq such that if 
n(é, n, m) = (e*, n*, m*), then: 


(21.31) (i) n* =n for all n; 
(ii) for every n, either n(¢, n, m) = (¢, n, m*) for all m 
or x(é, n, m) = (1 — €, n, m*) for all m. 


Every permutation of this kind induces an automorphism of P (and in turn, an 
automorphism of r.o.P): 


(21.32) (xp)(x(e, n, m); i) = p(e, n, m; i) 


Let Y be the group of all such automorphisms. Note that for every x € Y, we 
have 


(21.33) T(@am) = Qnme OT Dime 
n(a,)= 4, or b, 
n(P,) = P, 


For every finite E < {0, 1} x w x a, let 
(21.34) fix(E) = {x € Y: n(e, n, m) = (¢, n, m) for all (€, n, m) € E} 


Let F be the filter on Y generated by {fix(E): E < {0, 1} x w x w finite}; F isa 
normal filter. 

Now let HS be the class of all hereditarily symmetric names, and let Jt be 
the symmetric submodel of IN[G]. It is easy to see that all ayn, Dam, @n, 5, P, are 
symmetric. Moreover, the set {P, :n € w} is countable in N. 

We let f be the following name (for the function f: nt P,,) 


(21.35) dom f= {(", P,)?: ne wh, f((i, P,)?)=1 (all n) 


It follows from (21.30) that x(f) = f for alla e¢ Y and so fe HS. Hence f: n> P,, 
is in 2. 
The following lemma completes the proof of (21.24): 


Lemma 21.5. There is no function f € N such that f(n) € P, for alln € w. 
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Proof. Assuming that there is such f, let fe HS and let po € G be such that 
Pot for every neo, f(n)e P, 


We let E < {0, 1} x w x @ be a support of f: sym(f) 2 fix(E). Let n be such 
that (c, n, m) ¢ E for any ¢, m. There exists p < po such that (for instance) 


D lk f (i) — a, 
We shall find x € such that: 


(21.36) (i) 2p and p are compatible; 
(ii) 7 € fix(E); 
(iii) 2(a,) = 5,. 
Then x(f) =f, 2(%) = i, and we shall have 
punt f(i)=a,, punt f(t) =, 
a contradiction. 


To find x with properties (21.36), let mp be large enough so that (¢, n, m, i) 
¢ dom(p) for any m > mo and any ¢, i. See Fig. 21.2. 


nm Dam 
a, Mo b 


FIGURE 21.2 


Mo n 


We let x be the permutation of {0, 1} x w x w defined as follows: 


(21.37) x(e, n’, m) = (¢, n', m) if n’#n 
(1, n, m + mo) if m<m 
n(0,n,m)= {(1,n,m—mo) if mp <m< 2m 
(1, n, m) if m>2mo 


n(1, n,m)... correspondingly 


The permutation z is in Y, and na, = b,. Since n does not occur in E, we have 
n € fix(E). It follows from (21.37) that p and zp are compatible. Thus z satisfies 
(21.36). 


Exercise 21.5. The set ro P, cannot be linearly ordered in the model N of 
Example II. 
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On the other hand, Lévy has shown that every set can be linearly ordered in 
the symmetric model of Example I. In fact, Halpern and Lévy proved that the 
model even satisfies the prime ideal theorem, thus establishing the indepen- 
dence of the axiom of choice from the prime ideal theorem. We note that 
numerous consequences of the axiom of choice in mathematics can be proved 
using the prime ideal theorem instead—among others the Hahn-Banach 
theorem, compactification theorems, the completeness theorem, the Tychonoff 
theorem for Hausdorff spaces, etc. 


The Jech-Sochor Embedding Theorem 


The above examples suggest that there is a similarity between permutation 
models and the symmetric submodels of generic models. We shall present a 
general theorem which shows that any permutation model can be embedded in 
a symmetric model of ZF, “with a prescribed degree of accuracy.” 


Theorem 47 (Jech-Sochor Embedding Theorem). Let 8 be a permutation model, 
let A be its set of atoms, and let « be an ordinal (in B). There exists a symmetric 
model R of ZF and an embedding x++ X of B in N such that 


(P*(A))® is &isomorphic to (P*(A))™. 


Proof. See Fig. 21.3. We work in the set theory with atoms, ZFA, plus the 
axiom of choice. We denote by A the set of all atoms, and let Mt be the kernel, 
M = P~(S). We consider a group Y of permutations of A, and a normal filter 
F on &, and let B be the permutation model given by and F¥. Let a be an 
ordinal number. 


FIGURE 213 


We shall construct a generic extension t[G] of the kernel, and then the 
model Jt as a symmetric submodel of WG]. We construct M[G] by adjoining 
to Ma number of subsets of a regular cardinal x, x of them for each a € A. We 
use these to embed B in M[G]. 

Let x be a regular cardinal such that x > |P*(A)|. The set P of forcing 
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conditions consists of functions p with values 0, 1 such that |dom(p)| < x and 
dom(p) ¢ (A x k) x xk; as usual, p < q iff p > q. 
Let G be an Wt-generic filter on P. For each a € A and each € < x, we let 


(21.38) Xae = {n Ek: p(a, €; n) = 1 for some p € G} 
Each x,,¢ has a canonical name x,;: 

(21.39) Xa(i) = Y {pe P: pla, ésn)=1} (nex) 
Then we define, for every a € A, 

(21.40) & = {xqe:6 < k} 


and let A = {@: a € A} (see Fig, 21.4). The sets @ and A have obvious canonical 
names. 


*« 
Qe 


az 


FIGURE 21.4 


Having defined a for each a € A, we can define x (and its canonical name x) 
for each x by € induction: 


(21.41) xX={P:yex}, xy~)=1 (ally ex) 
We shall show that the function xt X is an €-isomorphism. 


Lemma 21.6. For all x, y, 
xey if key, x=y if ¥=5 

Proof. First we note (cf. Lemma 19.11) that ||x,,=x,z||=0 whenever 
(a, €) # (a@’, &'), and that ||x,.= || = 0 for all z € Yt. Consequently, we have 
a + b whenever a + b are atoms. We claim that for all x, x # Xq¢for any a, ¢. If 
x € M, then xX = x and so X # x,,. If x ¢ Mt, then x is of higher rank than any 
Xqg: Xqz iS a Subset of x, while the transitive closure of X contains some of the 
Xaeé . 

Now we can prove the lemma, simultaneously for € and =, by induction on 
rank: 


(a) If x € y, then x € ¥ follows from the definition (21.41). If x € y, then y 
cannot be an atom because then we would have x = x, for some a, ¢, which is 
impossible. Hence x = z for some z € y and we have x = z by the induction 
hypothesis; thus x € y. 

(b) If x = y, then x = y. Conversely, if x # y, then either both x and y are 
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atoms and then x # J; or, e.g., x contains some z that is not in y, and then, by 
the induction hypothesis, z¢ x andz¢y;thuyx7y. Hf 


Note that the proof of Lemma 21.6 does not depend on the particular G and 
so in fact we have proved 


(2142) x%x=y iff |#=p) #0 iff Jx=y]=1 


and similarly for eé. 

Now we shall construct a symmetric submodel ® of IN[G]. We construct N 
so that for every x € B, X is in N and that (P*(A))® is isomorphic to (P*(A))*. 
For every permutation o of A, let be the group of all permutations x of A x k 
such that for all a, €, 


(21.43) n(a, €) = (ca, €') for some €’ 
(x permutes the blocks in Fig. 21.4 as prescribed by a). We let 
(21.44) H={G:0¢eH} 


for every subgroup H of Y. Since every permutation 2 of A x x induces an 
automorphism of P (and hence of r.o.P) via 


(np)(x(a, ¢),) = p(a,c.n) (alla, ¢, 0) 


we consider Y as a group of automorphisms of B = r.0.P. For every finite 
ECA x k we let 


(21.45) fix(E) = {n € Y : x(a, €) = (a, €) for all (a, €) € E} 
and we let ¥ be the filter on generated by the set 
(21.46) {H: He F} uv {fix(E): ESA x x finite} 


It is easy to verify that ¥ is a normal filter. 

Let HS be the class of all hereditarily symmetric names and let ® be the 
corresponding symmetric submodel of IN[G]. It is an immediate consequence 
of the definition of F (21.46) that all x,,, all @ (a € A), and A are symmetric, 
and so A is in 2. The following two lemmas show that for any x, X is in N 
if and only if xe B. 


Lemma 21.7. For all x, 
xeB iff xeHS 


Proof. It suffices to show that sym, (x) € F iff sym,(x)e€ F. If oe GY and 
nm €G, then mx is the canonical name for (x)~, and so sym (x) = sym, (x); 
thus if sym, (x) € F, then sym, (x) € ¥. On the other hand, if sym, (x) € F, 
then sym,(x) 2H - fix(E) for some He ¥ and a finite ECA xx. If 
e={aeA:(a,€)CE for some €}, then sym,(x) > H o- fix(e), and since 
fix(e) € F by (21.7), we have sym, (x) € F. 
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Lemma 21.8. For all x, 
xeB iff xen 


Proof. By Lemma 21.7, it suffices to show that if x e MN, then x e B. Assume 
otherwise, and let x be of least rank such that X e N and x ¢ B. Thus x c &, 
and since X € ®, there exists ze HS and pe G such that p t z= x. Since 
sym,(z)€ ¥#, we have sym(z) => H 1 fix(E) for some H € ¥. and a finite 
ECA x kx. We shall find o € Y and z € a such that: 
(21.47) (i) ap and p are compatible; 

(ii) ae H 2 fix(E); 

(iti) ox # x. 
Then we shall have nz = z by (ii), 7x = X|| = 0 by (iii) and (21.42); and since 
mp \t nz = 2x, we Shall have 
(21.48) mpuphz=xX mpuphz=nx 
a contradiction. 

To find x, note that x is not symmetric, so that there is o € Y such that 

ox #x and oe Hn fix(e), where e= {ae A: (a, &) € E for some €}. Since 


|p| <x, there exists y < x such that (a, €) ¢ dom(p) for any a € A and € > y. 
Thus we define x € G as follows: 


(21.49) ifaee, then x(a,é)=(a,é) (all €) 
if a ¢ e, then x(a, €) = (ca, y + €) 
n(a, y + €) = (ca, €) 
n(a, €) = (aa, &) if €>y-2 
It follows that x € H - fix(E) and that p and zp are compatible. 


if E<y 


We complete the proof of Theorem 47 by showing that 


((P*(A))")~ = (P*(A))™ 
The left-hand side is clearly included in the right-hand side; we prove the 
converse by induction. Thus let x € P*(A) 7 Band let y € N be a subset of x; 
we Shall show that y = Z for some ze &. Let y be a name for y. The notion of 
forcing that we are using here is x-closed; and since we have chosen x large, it 
follows (see Lemmas 19.5 and 19.6) that there is p € G that decides f € y for all 


t € x. Hence y = 2, where z= {te x:p I fey}, and by Lemma 21.8 we have 
ze%. Of 


As for applications of Theorem 47, consider a formula g(X, y) such that the 
only quantifiers in @ are Ju € P(X) and Wu € P’(X). Let 8 be a permutation 
model such that 


(21.50) Bk 3X @(X,y) 
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Let X € B be such that BF (X, y); let w be such that (in B) P’(X) & P*(A). 
By the embedding theorem, &% can be embedded in a model % of ZF such that 
(P*(A)) is isomorphic to (P*(A))*. Since the quantifiers in @ are restricted to 
P”(X), it follows that NF o(X, y), and so 


(21.51) Ne AX 9X, ») 


Therefore, if we wish to prove consistency (with ZF) of an existential statement 
of the kind just described, it suffices to construct a permutation model (of 
ZFA). 

Note that “ X cannot be well-ordered,” “ X cannot be linearly ordered ” are 
formulas of the above type, and so is “ X is a countable set of pairs without a 
choice function.” 


Exercise 21.6. Show that the set A of atoms in the first example of a permutation model 
has the following properties, and by Theorem 47 it is consistent with ZF that such A 
exists: 

(i) A is infinite; 

(ii) A is not the union of two disjoint infinite sets; 
(iii) P(A) is D-finite. 


The embedding theorem, in conjunction with the construction of permutation 
models, has interesting applications in algebra. One can construct various 
abstract counterexamples to theorems whose proofs use the axiom of choice. 
For example, one can construct a vector space that has no basis, etc. 

We shall give one example of an application of Theorem 47: Without the 
axiom of choice, the partial ordering by cardinality is quite arbitrary: 


Example III. Let M be a transitive model of ZFC and let (J, X) be a partially 
ordered set in Mt. There exists a model M > M of ZFC that contains a family of 
sets {S;: i € I} such that 


(21.52) i<j iff [Si] < |S,| 
for all i, j € I. 


It suffices to construct a permutation model B with kernel Yt such that 
(21.52) holds in B for some {S; : i € I}. Then one can embed & in a model % of 
ZF such that ® will satisfy (21.52). 

Since (I, <) is embedded in (P(I), <) by the mapping ir {je 1: j Xi, it 
suffices to find in B a family {S, : p S I} such that 


(21.53) peq_ iff BF |S,| <|S,| 


Let A be the set of all atoms; let us assume that |A|=|J|-No and 
let {a,,:i€1,n€q@} be an enumeration of A. For each pc], let S,= 
{ai,: i€ p,neé w}. We shall construct a permutation model % such that the 
mapping h: p++ S, is in ¥, and that (21.53) holds. 
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Let Y be the group of all permutations 2 of A such that 2(S,,) = Sj for 
every i € I; i.e., n(a;,) = aj, for some m. Let F be the filter on generated by 
{fix(E): E ¢ A finite}, and let 8 be the permutation model. 

Clearly, each S, (p ¢ I) as well as the function h: pr S, are preserved by all 
permutations x € Y and thus belong to &. Also, if p Sq, then S, < S, and so 
|S,| < |S,|; it remains to show that if p ¢ q, then BF |S,| ¢ |S,|. 

Let p ¢ q, let i € p — q and assume that g € Bis a one-to-one function of S, 
into S,; let E be a finite support of g. Let n, m be such that a;,, a;, ¢ E and let x 
be a permutation of A such that 2(a;,) = Gim, ™(Gim) = Gin, and (a) = a other- 
wise. Clearly 1 € fix(E) and so (g) = g. Since i ¢ q, we have g(a;,) = a, where 
j #i; hence n(a,,) = aj,, and we have 


(Gin) = Aj, = T(Ajx) = T(G(Gin)) = (79)(Tin) = 9(4im) 
Hence g is not one-to-one, a contradiction. Mf 


Two More Examples of Symmetric Models 


We conclude this section by sketching two examples of models of ZF in 
which the axiom of choice fails. The first model was constructed by Feferman 
and Lévy, the other by Feferman. 


Example IV. Let M be a transitive model of ZFC. There is a model N > M 
such that (%,)" = (X,,)"5 hence &, is singular in N. 


First we construct a generic extension Wt[G] by adjoining collapsing maps 

fal © > @,, for all n € w: We let (P, 2) consist of finite functions with domain 

< w x w, such that p(n, i) < , for all (n, i) € dom(p). If G is a generic filter on 

P, then f = |) Gis a function on w x a, and for every n, the function f, defined 

on w by f,(i) =f (n, i) maps w onto w,. We shall construct a symmetric model 
MN < MG] such that each f, is in N but &,, is a cardinal in N. 

Let G be the group of all permutations x of w x w such that for every n, 
n(n, i) = (n, j), for some j. Every x induces an automorphism of P via 
(21.54) dom(zp) = {x(n, i): (n, i)€dom p}, — (ap)(x(n, i)) = p(x(n, i)) 

Let F be the (normal) filter on Y generated by {H,,: n € w}, where H, consists 
of all x such that x(k, i) = (k, i) for all k <n, alli € w. Let HS be the class of all 
hereditarily symmetric names and let Jt be the symmetric model. 

It is easy to verify that for each n, the canonical name f, of f, is symmetric 
and so f, € %. To show that &, remains a cardinal in 9, we shall use the 
following lemma: 

Lemma 21.9. If sym(x) > H,, and p | ¢(x), then p:n  o(x), where p:n is the 
restriction of p to {(k, i): k <n}. 

Proof. Let us assume that p:n does not force p(x) and let q > p:n be such that 
q + (x). It is easy to find x € H, such that zp and q are compatible; since 
mp | (xx), and nx = x, we get a contradiction. 
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Now let us assume that g € 9 is a function of w onto N,, and let g be a 
symmetric name for g. Let po € G be such that po forces “g is a function from & 
onto &,,.” Let n be such that po:n = po and that sym(g) > H,. Since g takes %,, 
values, it follows that for some k € w, there exists an incompatible set W of 
conditions p > po such that |W| >N,4,, and distinct ordinals «,, p ¢ W, such 
that for each p € W, p I g(k) = &,. By Lemma 21.9, we have p:n It g(k) = &,, 
for each p € W, which is a contradiction: On the one hand, the conditions p:n, 
p €W, must be mutually incompatible, and on the other hand, the set 
{(p:n): p € P} has size only &,. @ 


If the ground model WM in the above example satisfies GCH, then one can 
show that in §, the set of all reals is the countable union of countable sets. 

To show that a successor cardinal &,., is regular, one uses the axiom of 
choice. It is an open problem to construct a model of ZF in which every infinite 
cardinal has cofinality w. Somewhat surprisingly, this problem is related to 
large cardinal axioms: It follows from a recent result of Jensen that if both &, 
and &, are singular, then 0* exists (see Exercise 30.7). 


Example V. Let Mibe a transitive model of ZFC. There is a model N > Wt such 
that in ®, there is no nonprincipal ultrafilter over w. 


The model ® is obtained by adjoining to WM infinitely many generic reals a,,, 
n<w, without putting in ® the set {a,:n € w} (unlike in Example I where 
{a,:n € w} is in N). First we construct N[G] as in Example I: (P, =) is the set 
of all finite 0-1-functions with domain © w x w. Let G be generic and let 
a, = {m: p(n, m) = 1 for some p € G}, for each n € w. 

Now let % be as follows. Every X < w x w induces a symmetry oy, an 
automorphism of P defined by 
_ |p(n, m) if (n,m)¢X 
2199) (oxP\n, m) = 1—p(n,m) if (n,m)eX 
Let G be the group of all o,, X © w x w, and let ¥ be the normal filter on 
generated by {fix(E): E cw finite}, where fix(E) = {o,: X A(E x w) = Q}. 
Let % be the symmetric model. 

Let D € ® be an ultrafilter over w; we shall show that D is principal. Let 
De HS be a name for D and let p € G be such that p forces “ Dis an ultrafilter 
over w.” Let E cw be finite, such that sym(D) 2 fix(E), and let n ¢ E. Then 
there is q < p, q € G, which decides a, € D (where a, is the canonical name for 
a,). For example, assume that q | a, € D (the proof is similar if q | a, ¢ D). 

Let m) be such that for all m2>=mpy, (n,m)¢dom(q), and let 
X = {(n, m): m= mo}. Let b, = ox(a,), and b,, = ig(b,). Since for each m > mo, 
me, || = —||mea,||, it follows that a,b, is a finite set. However, 
oyqtoya, € 6yD; it is fairly obvious that oyq = q and since cy € fix(E), we 
have o,D = D. Thus q'b, € D and hence a, 4 b, € D. Consequently, D is 
principal. @ 
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A modification of the construction in Example V gives a model St in which 
all ultrafilters are principal. 

It can be shown that Feferman’s model (Example V) and Cohen’s model 
(Example I), although different, have the same sets of ordinals. Compare this 
fact with Lemma 15.1. 

Finally, let me mention the following open problem. We have used the 
axiom of choice to show that there exist disjoint stationary subsets of w, (see 
Lemma 7.6). Is there a model of ZF which satisfies the following? 


(21.56) The closed unbounded filter over &, is an ultrafilter. 


It is known that (21.56) implies (assuming the countable axiom of choice) that 
there exists a model of ZFC that has a measurable cardinal; thus this problem 
is related to large cardinal axioms. The problem is particularly interesting 
because (21.56) is a consequence of the axiom of determinacy. 


CHAPTER 4 
SOME APPLICATIONS OF FORCING 


22. SUSLIN’S PROBLEM 


The real line is, up to isomorphism, the unique linearly ordered set that is 
dense, unbounded, complete, and separable. In 1920 Suslin raised the question 
as to whether “separable” can be replaced by a weaker condition: Each collec- 
tion of disjoint open intervals is at most countable (the countable chain condi- 
tion, C.C.C.). 

Suslin’s Problem. Let S be a linearly ordered set such that: 


(i) Sis dense and unbounded ; 
(ii) S is complete ; 
(iii) S satisfies the countable chain condition. 


Is S isomorphic to the real line? 


This problem cannot be decided in the axiomatic set theory. In this and the 
following section, we shall show that Suslin’s problem is independent of the 
axioms of ZFC. 

A simple argument using Dedekind completions and embedding of count- 
able ordered sets in the rationals shows that Suslin’s problem can be for- 
mulated as follows (see Section 4): Is there a dense linearly ordered set S that 
satisfies the countable chain condition and is not separable? 

We shall call such an ordered set S a Suslin line. Upon completion and 
removal of endpoints if necessary, a Suslin line provides a counterexample to 
the problem of Suslin. We shall therefore investigate whether Suslin lines 
exist. 

The first step toward solution of Suslin’s problem is its reformulation in 
terms of trees. Trees (which can be considered a generalization of ordinal 
numbers) are often useful in point set topology and infinitary combinatorics 
and make an interesting object of investigation in combinatorial set theory. 

A tree is a partially ordered set (T, <) with the property that for each 
x € T, the set {y: y < x} of all predecessors of x is well-ordered by <. See Fig. 

216 


22. SUSLIN’S PROBLEM 217 


22.1. The ath level of T consists ofall x € T such that {y : y < x} has order-type a. 
The height of T is the least « such that the ath level of T is empty; in other 
words, it is the length of the well-founded relation <: 


(22.1) o(x) = order-type of {y: y < x} 
ath level = {x : o(x) = a} 
height(T) = sup{o(x) + 1: x € T} 


A branch in T is a maximal linearly ordered subset of T. The length of a 
branch b is the order-type of b. An a-branch is a branch of length a. 


FIGURE 22.1 Example of a (finite) tree. 


Exercise 22.1. If T is a tree of height w such that each level of T is finite, then T has an 
infinite branch. 

[To construct a branch {xo, x1,..., X,,---} in T, pick xo at level 0 such that 
{y: y > Xo} is infinite. Then pick x,, x2, ... similarly.] 


An antichain in T is a set A € T such that any two distinct elements x, y of 
A are incomparable, i.e., neither x < y nor y < x. Let us call a tree T a Suslin 
tree if: 


(22.2) (i) the height of T is w,; 
(ii) every branch in T is at most countable; 
(iii) every antichain in T is at most countable. 


Lemma 22.1. There exists a Suslin line if and only if there exists a Suslin tree. 


Proof. (a) Let S be a Suslin line. We shall construct a Suslin tree. The tree will 
consist of closed (nondegenerate) intervals on the Suslin line S. The partial 
ordering of T is by inverse inclusion: If I,J € T, then I < J ifand only if] 2 J. 


218 4. SOME APPLICATIONS OF FORCING 


The collection T of intervals is constructed by induction on a < w,. We let 
Io = [ao, bo] be arbitrary (such that ay < bo). Having constructed Iz, B < a, we 
consider the countable set C = {ag : B < a} U {bg : B < a} of endpoints of the 
intervals I,, B < «. Since S is a Suslin line, C is not dense in S and so there exists 
an interval [a, b] disjoint from C; we pick some such [a,, b,] = 1,. The set 
T = {I,: & <@,} is uncountable and partially ordered by 2. If « < B, then 
either 1, > I, or I, is disjoint from I. It follows that for each «, {I € T: I > I,} 
is well-ordered by 2 and thus T is a tree. 

We shall show that T has no uncountable branches and no uncountable 
antichains. Then it is immediate that the height of T is at most w,; and since 
every level is an antichain and T is uncountable, we have height(T) = @,. 

If I, J € T are incomparable, then they are disjoint intervals of S; and since 
S satisfies the countable chain condition, every antichain in T is at most count- 
able. To show that T has no uncountable branch, we note first that if b is a 
branch of length @,, then the left endpoints of the intervals J € b form an 
increasing sequence {x,: a <w,} of points of S. It is clear that the intervals 
(Xa, Xa+1)) & <@y, form a disjoint uncountable collection of open intervals in 
S, contrary to the assumption that S satisfies the c.c.c. 

(b) We shall now assume that there exists a Suslin tree and construct a 
Suslin line. The idea is to let S consist of branches of the tree. However, since 
the set S so constructed might not generally be dense, we shall first normalize 
the tree. 

Let a be an ordinal number, « < w,. A normal a-tree is a tree T with the 
following properties: 


(22.3) (i) height(T) = «; 

(ii) T has a unique least point (the root); 

(iii) each level of T is at most countable; 

(iv) if x is not maximal in T, then there are infinitely many y > x at 
the next level (immediate successors of x); 

(v) for each x € T there is some y > x at each greater level (less than 
a); 

(vi) if B <a is a limit ordinal and x, y are both at level B and if 
{z:z2<x}={z:z< y}, then x = y. 


See the following exercise for justification of conditions (ii) and (vi): 


Exercise 22.2. If T is a normal «-tree, then T is isomorphic to a tree T whose elements 
are B-sequences (f < «), ordered by extension; ift © sands € T, thent € T, and the fth 
level of T is the set {t € T: dom(t) = f}. 


A normal Suslin tree is a Suslin tree that satisfies the normality conditions 
(22.3). We shall show that given a Suslin tree, we can obtain a normal Suslin 
tree. Let T be a Suslin tree. T has height w,, and each level of T is countable. 
We first discard all points x € T such that T, = {y € T : y > x} is at most count- 


22. SUSLIN’S PROBLEM 219 


able, and let T, = {x € T: T, is uncountable}. Note that if x ¢ T, and « > o(x), 
then |7,| = \, for some y > x at level «. Hence T, satisfies condition (v). Next, 
we consider only branching points of the tree, ie., points that have at least 
two immediate successors. For each xe 7;, there are uncountably many 
branching points z > x in T, (otherwise, all branching points z > x would be 
below a certain level and then there would exist an uncountable branch). 
Thus T, = {the branching points of 7} is a Suslin tree with properties (i), (iii), 
(v), and (iv*), where (iv*) stands for: each x has at least two immediate 
successors. Next we satisfy property (vi): We consider all chains C in T> with 
the property that C = {z:z <x} = {z: z < y} for some x # y. For every such C 
we add to T, an extra node ac and stipulate that z < ac for all ze C, and 
ac < x for each x such that x > z for all ze C. The resulting tree T; satisfies 
(i), (iii), (iv*), (v), and (vi). To get property (iv), let T, consist of all x € T, 
at limit levels of T,. The tree T, satisfies (i), (iii), (iv), and (v); and then 
T; < T, satisfying (ii) as well is easily obtained. 

Now we can finish the proof of Lemma 22.1. Let T be a normal Suslin tree. 
The line S will consist of all branches of T (which are all countable). Each 
x € T has countably many immediate successors, and we order these successors 
as rational numbers. Then we order the elements of S lexicographically: If « is 
the least level where two branches a, b € S differ, then « is a successor ordinal 
and the points a, € a and b, € b at level « are both successors of the same point 
at level a — 1; we let a < b or b <a according to whether a, < b, or b, < a,. 

It is easy to see that S is linearly ordered and dense. If (a, b) is an interval in 
S, then one can find x € T such that I, < (a, b), where I, is the interval 
I, ={c € S: x ec}. And if I, and J, are disjoint, then x and y are incomparable 
points of T. Thus every disjoint collection of open intervals of S must be at 
most countable, and so S satisfies the countable chain condition. 

The line S is not separable: If C is a countable set of branches of T, let « be a 
countable ordinal bigger than the length of any branch b € C. Then if x is any 
point at level a, the interval J, does not contain any b € C, and so C is not dense 
inS. @ 


Before going further, let me make the following observation: If T is a 
normal w,-tree and if T has a branch of length w,, then T has an uncountable 
antichain. For, if b is an uncountable branch, pick for each x € ba successor z, 
of x such that z, ¢ b. Then A = {z, : x € b} is an antichain. Thus in order that a 
normal qw,-tree T be Suslin, it suffices that T has no uncountable antichain. 

Suslin lines have often been used in point set topology, mostly to construct 
nonseparable examples of various types of spaces; it turns out that since exist- 
ence of Suslin lines cannot be proved in ZFC, the same is true for many of these 
topological examples: Their existence cannot be proved in ZFC. 

If T is a tree, let P; denote the partially ordered set that is obtained from 
(T, <) by reversing the order. Note that any two elements of P; are either 
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comparable or incompatible; they are incompatible just in case they are incom- 
parable as points of the tree T. Thus if T is a Suslin tree, then P satisfies the 
countable chain condition. 


Lemma 22.2. If T is a normal Suslin tree, then Py is Xo-distributive. 


Corollary. If T is a normal Suslin tree, then B = 1.0. Py is an No-distributive, 
c.c.c., atomless, complete Boolean algebra. 


Proof. Let D,, n = 0, 1, 2, ..., be open dense subsets of P;. We shall prove that 
(\x-0 D, is dense in P;. First I claim that if D < P, is open dense, then there is 
a& <q, such that D contains all levels of T above a. To prove this, let A be a 
maximal incompatible subset of D. A is an antichain in T and hence countable. 
Thus pick « < w, such that all a € A are below level a. Now if x € T is at level 
>a, there is d € D such that a <; d (by density), and by maximality of A, d is 
comparable with some a € A. Hence a < ; d (draw a picture), and consequently 
a<,x<,d. Since D is open, we have x € D. End of claim. 

Now if D,,, n = 0, 1, ..., are open dense, we pick countable ordinals «, such 
that D,, contains all levels above «,, and let « = sup, «,. The intersection 

~_» D, contains all levels of T above «; and since T is normal (cf. 22.3.v), this 

implies that ()7_» D, is dense in P-. 

Finally, it is an easy consequence of normality of T that the algebra 
B=r.0. P; is atomless. 


A complete Boolean algebra that is atomless, No-distributive, and satisfies 
the countable chain condition is called a Suslin algebra. Thus if there exists a 
Suslin tree, there exists a Suslin algebra. 


Exercise 22.3. If there exists a Suslin algebra, then there exists a Suslin tree. 

{If (B, <) is a Suslin algebra, construct a Suslin tree T < B — {0}, ordered by >, by 
induction on levels. To get successors of t € T, pick an infinite partition of t. At limit 
levels take all possible nonzero Boolean products along branches of the tree constructed 
so far. By Xo-distributivity, each level of T is nonempty (and is a partition of B).] 


As I mentioned earlier, it is independent of ZFC whether the countable 
chain condition of partially ordered sets is preserved under products. A Suslin 
tree provides an easy counterexample. 


Exercise 22.4. If T is a normal Suslin tree then P; x Pr is not c.c.c. 
{For each x e T, pick two immediate successors p, and q, of x. The set 
{(Pxs Ix): X € T} < Py x Py is pairwise incompatible.] 


So far, we have reduced the original problem of Suslin to an equivalent 
problem on trees. It is worth mentioning—and an interesting result on its 
own—that if the definition of Suslin tree is somewhat weakened, then trees with 
the weaker properties exist. An Aronszajn tree is a tree of height w, all of whose 
levels are at most countable and which has no uncountable branches. 
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Lemma 22.3. There exists an Aronszajn tree. 


Proof. We construct a tree T whose elements are some bounded increasing 
transfinite sequences of rational numbers. If x, y € T are two such sequences, 
then we let x < y just in case y extends x, i.e., x € y. Also, if y € T and x is an 
initial segment of y, then we let x € T; thus the ath level of T will consist of all 
those x € T whose length is a. 

Whatever the construction is, it is clear that an uncountable branch in T 
yields an increasing w,-sequence of rational numbers, which is impossible. 
Thus T will be an Aronszajn tree, provided we arrange that T has &, levels, all 
of them at most countable. We construct T by induction on levels. For each 
a < w,, we construct a set U, of increasing «-sequences of rationals; U, will be 
the ath level of T. We construct the U, so that for each a, |U,| < No, and that: 


(22.4) For each B <a, each x € U, and each g > sup(x) there is y € U,, such 
that x < y and q > sup(y). 


Condition (22.4) enables us to continue the construction at limit steps. 

To start, we let Up = {@}. The successor steps of the construction are also 
fairly easy. Given U,, we let U,, , be the set of all extensions x °r of sequences in 
U, such that r > sup(x). It is clear that since U, satisfies the condition (22.4), 
U,+, satisfies it also (for « + 1), and it is equally clear that U,,, is at most 
countable. 

Thus let « be a limit ordinal (« < w,) and assume that we have constructed 
all levels U,, y < a, of T below «, and that all the U, satisfy (22.4); we shall 
construct U,. The points x € T below level « form a (normal) tree T, of length a. 
I claim that T, has the following property: 


(22.5) For each x € T, and each q > sup(x) there is an increasing a-sequence 
of rationals y such that x < y and q > sup(y) and that y|£ € T, for all 
B<«a. 


The last condition means that {y|#: B <a} is a branch in T,. To prove the 
claim, we let a,,n = 0, 1, ..., be an increasing sequence of ordinals such that 
xeéU, and lim «, =a, and let {q,}"> be an increasing sequence of rational 
numbers such that go > sup(x) and lim q, < q. Using repeatedly condition 
(22.4), for all «, (n =0, 1,...), we can construct a sequence yop C yy CC 
yn <*** Such that yo = x, y, € U,,, and sup(y,) <q, for each n. Then we let 
y = Yo yn; Clearly, y satisfies (22.5). 

Now we construct U, as follows: For each x € T, and each rational number 
q such that q > sup(x), we choose a branch y in T, that satisfies (22.5), and let 
U, consist of all these y: «+ Q. The set U, so constructed is countable and 
satisfies the condition (22.4). 

Then T = \),<, U, is an Aronszajn tree. 


We shall now show that existence of a Suslin line is consistent with ZFC. 
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Theorem 48 (Tennenbaum, Jech). There is a model of ZFC in which a Suslin 
tree exists. Thus existence of Suslin trees is consistent with the axioms of ZFC. 


The forcing construction given below uses countable trees as forcing condi- 
tions. An alternative forcing construction, using finite trees, is described in 
Exercises 9 and 10. And Theorem 49 to be proved later in this section shows 
that Suslin trees exist in the constructible universe L. 

Let P be the collection of all T of the following form: 


(22.6) There is « < w, such that: 

(i) each t € T is a function t: B > w for some B < a; 

(ii) if te T and s is an initial segment of t (i.e., s = t|y for some y), 
then se T; 

(iii) if B+ 1<a and t: Bw is in T, then t°ne T for all nea; 

(iv) if B <a and t: B > q is in T, then for every y such that B <y <a 
there exists s: yw in T such that t¢ s; 

(v) T 7 %@ is at most countable for all B < a. 


Note that each T € P is a normal a-tree (for some « < w,) under partial order- 
ing by C, and in fact every normal «-tree is isomorphic to some T ¢€ P. 

We shall construct a generic model of ZFC in which there is a Suslin tree. 
Given a ground model IR, we extend it toa model IN[G] such that oS! = w*, 
and I[G] contains a normal Suslin tree. 

Let P be the set of all countable normal trees defined in (22.6), and let T, be 
stronger than T, if T, is an extension of Ty, i.e., 


(22.7) T,<T, iff Ia<height(7T,) such that T, = {t|a:te Tj} 


(in other words, T, is obtained from T, by adding more levels on top of T,). 

Let G be an M-generic set of conditions and let 7 = |) {T: T € G}. We 
shall show that in N[G], 7 is a normal Suslin tree. 

First we note that if T, and T, are two conditions, then either one is an 
extension of the other, or T, and T, are incompatible. Thus G consists of 
pairwise comparable trees and one can easily verify that 7 is a normal tree (of 
height <@,). 

If Ty, T,, ..., T,, ... is a sequence of conditions such that for each n, T,,, , is 
an extension of T,, then |_)°-9 T, is a normal countable tree (and extends each 
T,). Hence P is Xo-closed, and consequently, the cardinal &, is preserved (and 
IM[G] has the same countable sequences in IM as M). 

To show that the height of 7 is w,, we verify that for every «<@,, G 
contains a condition T of height at least a We show that the set 
{T € P: height(T) > a} is dense in P, for any « < w,. In other words, we show 
that for each Ty € P and each « <q, there is an extension T € P of To, of 
height at least «. It suffices to show that each Ty € P has an extension T € P 
that has one more level; for then we can proceed by induction and take unions 
at limit steps. 
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If height(T) is a successor ordinal, then an extension of Tp is easily ob- 
tained. If height(7)) is a limit ordinal, then we first observe that for each t € Ty 
there exists a branch b of length a in Tp such that t € b: Using an increasing 
sequence & <a, <<a, <°-*: with limit «, we use the normality condition 
(22.6.iv) (or 22.3.v) to obtain such a branch. Now we construct an extension T 
of Ty, of height « + 1, as follows: For each t € Ty, we pick a branch 5, of length 
a in Ty such that t € b, and let T= Ty vu {s:s =|) b, for some t € T}; we 
“extend all the branches b,, t € Ty, of Ty.” Since Ty is countable, the added 
level is countable, and one can verify that T € P. 

It remains to show that 7 has no uncountable antichain. If T is a tree and 
A is an antichain in T, then A is called a maximal antichain if there is no 
antichain A’ in T such that A’ > A: Each t € T is comparable with some ae A. 
If A a maximal antichain in T and if T’ is an extension of T, then A is not 
necessarily maximal in T’. Let us call a set S<& T bounded in T if there is 
a < height(T) such that all elements of S are at levels <«. (If the height of Tis a 
successor ordinal, then every S € T is bounded.) 


Lemma 22.4. If A is a maximal antichain in a normal tree T and if A is bounded 
in T (in particular, if the height of T is a successor ordinal), then A is maximal in 
every extension of T. 


Proof. Let T’ be an extension of T. Let « < height(T) be such that each a € A is 
at level <a. If t' e T’— T, then there exists t € T at level a such that t ct’; in 
turn, there exists a€ A such that ac t. Hence t' is comparable with some 
acA. @ 


The key element of the proof is the following lemma: 


Lemma 22.5. Let « be a countable limit ordinal, let T € P be anormal «-tree and 
let A be a maximal antichain in T. Then there exists an extension T' € P of T of 
height « + 1 such that A is a maximal antichain in T’ (and hence A is a bounded 
maximal antichain in T'). 


Proof. For each t € T there exists ae A such that either ta oracCt.In 
either case, there exists a branch b = 5, of length « in T such that t € b and 
ae b. Let T’ be the extension of T obtained by extending the branches b,, for 
allte T: T’=T vu {\) b,: t € T}. The tree T’ is a normal (a + 1)-tree and 
extends T; moreover, since every s € T’ is comparable with some a € A, A is 
maximal inT’. @ 


Now I can finish the proof of Theorem 48 by showing that 
(22.8) IM[G] F every antichain in 7 is countable 


Since every antichain can be extended to a maximal antichain, it suffices to 
show that every maximal antichain is countable. Thus let A be a maximal 
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antichain in 7. There is a name 4 for A and a condition T € G such that 
(22.9) T + A is a maximal antichain in 7 


(here I use 7 rather than its canonical name). We intend to show that the 
following set of conditions is dense below T: 


(22.10) D={T'< T: there is a bounded maximal antichain A’ in T’ 
such that T’ A’ < A} 


Then some T’ € D is in G and there is a bounded maximal antichain A’ in T’ 
such that A’ ¢ A. However, 7 is an extension of T’, and by Lemma 22.4, A’ is 
maximal in 7. Consequently, A = A’, and since A’ is countable, we are done. 

To show that D is dense below T let Ty < T be arbitrary. We shall construct 
T' < Ty such that T’ € D. Since Ty | (A is a maximal antichain in 7 and 7 is 
an extension of Ta), there exists for each s € Ty an extension T’ of To, and some 
t, € To such that 


(22.11) sand t, are comparable = and Ty) tt,eA 


Since Ty is countable, we repeat this countably many times and obtain an 
extension Ty < Ty such that (22.11) holds for every s € Ty. Let T, = To. Then 
we proceed by induction and construct a sequence of trees Ty > T; > °°: > 
T, >-*: such that for each n, T,,, extends T, and 


(22.12) (Ws € T,) (3t, € T,41) [s and t, are comparable and T,,,  t, € A] 
We let T,, = | J? T,, and let 


(22.13) A’ = {t,:s € T,,} 
By (22.12), A’ is a maximal antichain in T,, , and 
T, t A'S A 


Now we apply Lemma 22.5 and get an extension T’ of T such that A’ is a 
bounded maximal antichain in T’. Clearly, T’ t A’ A,andhenceT’e D. Wf 


Exercise 22.5. The notion of forcing (P, <) used in the proof of Theorem 48 is isomor- 
phic to the partially ordered set (Q’, <) used in Exercise 19.7. Thus (a) the model M[G] 
is obtained by adjoining a generic subset of w, via (19.7), and (b) the continuum 
hypothesis holds in NG]. 


If T, and T, are trees, then an isomorphism x: T, ~ T, between T, and T, is a 
one-to-one mapping of T, onto T, such that x < y ifand only if x(x) < a(y). An 
isomorphism maps level « of T; onto level « of T; (for all «); and if b is a branch 
in T,, then x[b] is a branch in T,. An automorphism of T is an isomorphism of 
T, onto T,. A tree T is rigid if it has no nontrivial automorphism, i.e., the only 
automorphism of T is the identity mapping. T is homogeneous if for any x, y at 
the same level of T, there exists an automorphism x of T such that x(x) = y. 
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Exercise 22.6. If T is a normal «-tree where « <q, is a limit ordinal and if 2 is a 
nontrivial automorphism of T, then T has an extension T’ € P of height « + 1 such that 
m cannot be extended to an automorphism of T’. 

(Construct T’ so that for some branch b in T, b is extended while z[b] is not.] 


Exercise 22.7.* The generic Suslin tree constructed above is rigid. 

[If T + p is a nontrivial automorphism of 7, then the set {T’ < T : automorphism 
n of an initial segment of T’ that cannot be extended to an automorphism of T’ and 
T + x 9} is dense below T; a contradiction.] 


If s: a+ q@ and t: «>a, let s ~ t just in case s(€) = t(€) for all but finitely 
many € <a. 


Exercise 22.8.* There is a generic model W[G] in which there exists a homogeneous 
Suslin tree. 

{Let the forcing conditions be normal countable trees satisfying (22.6) with the 
additional properties: (vi) ift ¢ T and s ~ t, then s € T; and (vii) ifs € T and t € T are 
at the same level, then s ~ t.] 


Similar, albeit somewhat more complicated constructions give examples of 
rigid or homogeneous Suslin lines. 

Suslin trees can also be obtained by forcing with finite conditions. The 
construction is described below ((22.14) and Exercises 22.9 and 22.10). In the 
proof one uses the following lemma that is often used in topology and combi- 
natorics. The collection Z in Lemma 22.6 is called a A-system by combinatorists. 


Lemma 22.6 (A-lemma). Let W be an uncountable collection of finite sets. Then 
there exists an uncountable Z < W, and a finite set S such that X ~ Y = S for 
any distinct elements X, Y € Z. 


Proof. Since W is uncountable, it is clear that uncountably many X € W have 
the same size; thus we may assume that for some n, | X | = n for all X « W. We 
prove the lemma by induction on n. If n = 1, the lemma is trivial. Thus assume 
that the lemma holds for n, and let W be such that |X | = n+ 1 forall X € W. 

If there is some element a that belongs to uncountably many X e€ W, we 
apply the induction hypothesis to the collection {X — {a}: X € Wand ae X}, 
and obtain Z c W with the required properties. 

Otherwise, each a belongs to at most countably many X e W, and we 
construct a disjoint collection Z = {X,: « < w,} as follows, by induction on a. 
Given X,, € <a, we find X = X, € W that is disjoint from all X,,¢<a. Mf 


Let (P, <) be the following notion of forcing: 
(22.14) A condition is a finite tree (T, <) such that T < w,, and 
ifa<, B, then a < B; 


T,, <,,) is stronger than (T), <;,) if 
1 2 
T, 2 T, and <7, =<y7,(T, x T)). 
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If G is a generic set of conditions, then 7 = |) {T: T € G} is a Suslin tree. The 
crucial properties to verify are: (a) (P, <) satisfies the countable chain condi- 
tion, and (b) 7 has no uncountable antichain. 


Exercise 22.9.* (P, <) satisfies the c.c.c. 
[Given an uncountable set W of conditions, use the A-lemma to find an uncountable 
Z < W such that any X, Y € Z are compatible.] 


Exercise 22.10.* Z has no uncountable antichain. 

[If To + A is uncountable, we first find an uncountable set W of pairs (T, a7) such 
that T < Ty and T t &; € A. By the A-lemma, find an uncountable Z < W with the 
property that if T,;, T, € Z, then there is T stronger than both 7, and T> such that 
T | &y, is comparable with &7,. Then some T < Tp forces that A is not an antichain.] 


Since the notion of forcing (P, <) satisfies the c.c.c., the cardinals of I remain 
cardinals in 9[G]. In particular, if the continuum hypothesis fails in IN, then it 
fails in IN[G]. Thus existence of Suslin trees is consistent with 2*° > &,. 


We shall now turn our attention to the constructible universe. 
Theorem 49 (Jensen). The axiom of constructibility implies that Suslin trees 


exist. 


We break the proof into two parts. First we formulate an important com- 
binatorial principle and use it to construct a Suslin tree. Then we prove that the 
principle holds in L. 


(22.15) Jensen’s Principle (<)). There exists a sequence of sets S,, «<,, 
such that for every X © q@,, the set 


{a<@,:X na=S,} 
is a stationary subset of w. 


Notice that the diamond principle implies the continuum hypothesis: If 
X Sa, then X = S, for some « < w,; thus 2°° = Xj. 


Exercise 22.11. If © holds, then there exists a family F of stationary subsets of w, such 
that | F%| = 2! and |S; ~ Sz| < No whenever S, and S, are distinct elements of F. 
[Let ¥ = {S,: X © w}, where Sy = (a: X Nn a=S,}.] 


We shall prove that © implies existence of Suslin trees. 
First we make a useful observation. If T is a normal w,-tree, let T,, for each 
a < @,, consist of all x € T at levels below «: T, = {x € T: 0(x) < a}. 


Lemma 22.7. If A is a maximal antichain in T, then the set 


C = {a: A 2 T, is a maximal antichain in T,} 
is closed unbounded. 


Proof. It is easy to see that C is closed. To show that C is unbounded, let 
& < @, be arbitrary. Since T,, is countable, there exists a countable ordinal 
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&%, >, such that every t € T,, is comparable with some ae A - T,,. Then 
there is «, >a, such that each t € TJ,, is comparable with some ae A 2 T,,, 
etc. If ay <a, <a, <-**' a, <-*: is constructed in this way and if « = lim, a,,, 
then A - T, is a maximal antichain in T,. @ 


Now we are ready to construct a Suslin tree, using ©. Again, the key 
element (besides ©) is Lemma 22.5. : 


Lemma 22.8. If © holds, then there exists a Susin tree. 


Proof. We construct a normal Suslin tree (T, <_) by induction on levels. To 
facilitate the use of ©, we let points of T be countable ordinals, T = w,, and in 
fact each T, (the first a levels of T) is an initial segment of @,. 

We construct T,, « < w,, such that each T, is a normal a-tree and such that 
T, extends T, whenever B > a. T, consists of one point. If a is a limit ordinal, 
then (T,, <7) is the union of the trees (T;, <7), B <«. If a is a successor 
ordinal, then (T,,,, <7) is an extension of (T,, <7) obtained by adjoining 
infinitely many immediate successors to each x at the top level of T,. 

It remains to describe the construction of T,, , if a is a limit ordinal. By ©, 
we are given a sequence S,, % < @,, with property (22.15). If S, happens to be a 
maximal antichain in (T,, <,), then we use Lemma 22.5 and find an extension 
(Ty41, <1) of T, such that S, is maximal in T, , ,. Otherwise, we let T,, , be any 
extension of T, that is a normal (a + 1)-tree. (In either case, we let the set T,,, 
be an initial segment of countable ordinals.) 

We shall now show that the tree T = |), <., T, is a normal Suslin tree. It 
suffices to verify that T has no uncountable antichain. If AS T (=@,) is a 
maximal antichain in T, then by Lemma 22.7, A 1 T, is a maximal antichain in 
T,, for a closed unbounded set of a’s. It follows easily from the construction 
that for a closed unbounded set of «’s, T, = a. Thus using the diamond princi- 
ple, we find a limit ordinal « such that A a a =S, and A oa is a maximal 
antichain in T,. However, we constructed T,,, in such a way that An @ is 
maximal in T,,,, and therefore in T. It follows that A = A 1 «@ and so A is 
countable. 


Consistency of © is easily obtained by forcing. In fact, if [G] is obtained 
by adjoining a generic subset of w, via (19.7), then WG] F ©: 

Let P consist of all countable sequences p = (S;: & < a) (a < w,) where 
S,& € for all € <a; let p <q just in case p extends q. P is clearly Xo-closed. 


Exercise 22.12.* Let G be P-generic. Then M[G] F ©. 
[If plt(C is a closed unbounded set and X<w,), find q<p such that 
q= (S;:& <a) and qit(xeC and Xn a=S,).] 


Exercise 22.13. (P, <) is isomorphic to the partially ordered set (Q’, <) in Exercise 
19.7. Thus M[G] is obtained by adjoining a generic subset of w, via (19.7). 


Lemma 22.9. Assume that V = L. Then & holds. 
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Proof. The proof uses an argument very similar to the proof of the continuum 
hypothesis (Lemma 13.1). I shall use the notation and terminology of Section 
13. 

By induction on « < w,, we define a sequence of pairs (S,, C,), @ < @,, such 
that S, © wand C, is a closed unbounded subset of « (in the obvious meaning of 
“closed unbounded”). We let Sp = Co = @ and S,,,=C,4, =a + I forall«. 
If « is a limit ordinal, we define: 


(22.16) (S,, C,) is the <,-least pair (in the canonical well ordering of L) such 
that S, S a, C, is a closed unbounded subset of «, and S, 9 ¢ # S,for 
all € € C,; if no such pair exists, let S, = C, = a. 


We are going to show that the sequence S,, a < w,, defined above satisfies 
(22.15). Thus assume that the sequence does not satisfy (22.15); then for some 
X © a,, the set {a : X > a = S,} is thin, and hence there is a closed unbounded 
set C such that 


(22.17) Xoa#¢S, forall aeC 


Let (X, C) be the <,-least pair such that X € a, C is a closed unbounded 
subset of w,, and such that (22.17) holds. 

Since ((S,, C,): 0 <@,) is a w,-sequence of pairs of subsets of @,, it 
belongs to L,,,, and moreover, it satisfies the same definition (22.16) in the 
model <L,,,, €) (since L,,, is a model of ZF~ ). Also, (X, C) € L,,,, and (X, C) 
is, in <L,,,, €>, the <,-least pair such that X € w,, C is a closed unbounded 
subset of w,, and such that (22.17) holds. 

Let (N, €) be an elementary submodel of (L,,,, €) such that: 


(22.18) (i) N is countable; 
(ii) if€<n<w,andneN, then €eN; 
(iii) if € € N, then (S,, C.)e N; 
(iv) <(Sz, C.): & <1) € N, and (X, C)e N. 


In fact, since (N,€)<<L,,,€), and ((S,,C,):a<@,) and (X,C) are 
definable elements of L,,,, conditions (iii) and (iv) are satisfied automatically; 
and the argument in Exercise 13.15 shows that (ii) holds also automatically. 

There exists an isomorphism z of N onto a transitive set M = n[N]; in fact, 
M = L, for some B < @,. Because of condition (ii), if « is the least ordinal not 
in N, then a = n(w,) and n(é) = € for all & <a. Consequently, x(S;, C,) = 
(S:,C,) for all E<a, and n((Sz, C,): € < 1) = (Sz, C,): € <a). Also, 
n(X) = X \ aand n(C) = C oa, and by the definition of X and C, the model 
M satisfies: 


(22.19) (X aa, C 7 a) is the <,-least pair (Z, D)s.t. ZS «a, D & « is closed 
unbounded and Z 1 ¢ # S; for all ¢ € D. 


By our choice of the model N, the definition (22.16) is absolute for M and 
therefore (22.19) holds (in the universe L); comparing (22.19) with (22.16), we 
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have X \ a=S, (and C mn « =C,). Since C - a is unbounded in «, and C is 
closed, it follows that « € C. Thus we have X - a = S, for some a € C, con- 
trary to the assumption (22.17). 


A purely combinatorial argument can be used to show that © is equivalent 
to the following statement: 


(22.20) There exists a sequence of functions h,, a < w,, such that for every f: 
@, > @y, the set 


{a<w,:f|a=h,} 
is stationary. 
Exercise 22.14. Show that the version (22.20) of © holds in L. 


Exercise 22.15.* Use (22.20) and © to construct a rigid Suslin tree in L. 
[Use Exercise 22.6.] 


Exercise 22.16.* If © holds, then there exists a homogeneous Suslin tree. 
[Modify the construction in Lemma 22.8., as in Exercise 22.8.] 


It should be noted that the construction of a Suslin tree in L given above is 
A, over L,,,: 


Exercise 22.17.* (V = L) There is a function a+ S, (a < @), A; over L,,,, such that the 
S, satisfy the diamond principle. 


Exercise 22.18.* (V = L) There is a normal Suslin tree T such that the function «> T, 
(where T, = {x € T : 0(x) < a}) is A; over L,,,. 


I shall conclude this section with the statement of the following theorem, 
which will be proved in the next section. Together with Theorem 48, the 
theorem establishes the independence of Suslin’s problem on the axioms of 
ZFC: By Theorem 48, there are Suslin trees in some models; and by Theorem 
50, there are none in other models. 


Theorem 50 (Solovay-Tennenbaum). There is a model of ZFC in which there 
are no Suslin trees. Thus existence of Suslin trees is independent of ZFC. 
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Martin’s Axiom 


Rather than giving a direct forcing proof of Theorem S50, we shall formulate 
an axiom that easily implies nonexistence of Suslin trees, and then give a 
consistency proof of the axiom. The axiom, known as Martin's axiom, is an 
interesting alternative to the continuum hypothesis, and is an important tool in 
point set topology and combinatorics. 

In Section 16 I proved the following lemma (Lemma 16.1): If (P, <) is a 
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partially ordered set and @ is a countable collection of dense subsets in P, then 
there exists a D-generic filter on P. (Lemma 17.5 gives a Boolean algebraic 
version: If & is a countable family of subsets of a Boolean algebra B, then there 
exists an #-complete ultrafilter on B.) 

The generalization of Lemma 16.1 for uncountable @ is false: 


Exercise 23.1. Let (P, <) be the notion of forcing that collapses w, (see (18.45)). There 
is an uncountable collection J of dense subsets of P such that there is no Z-generic filter 
on P. 

{For each « < ay, let D, = {p € P: a € ran(p)}.] 


Thus consider the following generalization of Lemma 16.1. Let « be an 
infinite cardinal: 


(23.1) MA,: If (P, <) is a partially ordered set that satisfies the countable 
chain condition, and if 9 is a collection of at most x dense subsets of P, 
then there exists a Y-generic filter on P. 


MA,, is just Lemma 16.1 and is provable in ZFC. Note that MA, implies 
that x < 2°: 


Exercise 23.2. Let (P, <) be the notion of forcing used to obtain a Cohen-generic real. 
There is a collection @ of size 2*° of dense subsets of P such that there is no 9-generic 
filter on P. 


[For each g: w > {0, 1}, let D, = {pe P: p ¢ g}.] 
Martin’s Axiom states that MA, holds for every k < 2*°: 


Martin’s Axiom (MA). If (P, <) is partially ordered set that satisfies the count- 
able chain condition and if 9 is a collection of less than 2° dense subsets of P, 
then there exists a D-generic filter on P. 


Since MA,, is always true, it follows that Martin’s axiom is a consequence of 
the continuum hypothesis. We shall see later that MA can replace the contin- 
uum hypothesis in numerous proofs that use CH; this is important since the 
axiom can hold even when CH fails. 

Martin’s axiom plus 2*° > &, settles Suslin’s problem, rather easily in fact: 


Lemma 23.1. If MA,, holds, then there is no Suslin tree. 


Proof. Let us assume that T is a normal Suslin tree and let P; be the partially 
ordered set obtained from T by reversing the order. P satisfies the countable 
chain condition. For each « < @,, let D, be the union of all levels above a: 
D, = {x € T: o(x) > a}. Each D, is dense in P;; if we let 9 = {D,: « < w,} and 
if G is a Q-generic filter on P, then G is a branch in T of length w,. A 
contradiction. @ 


There are several, more or less natural, ways of reformulating Martin’s 
axiom. The most obvious reformulation is in terms of Boolean algebras (just as 
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Lemma 17.5 is a reformulation of Lemma 16.1 and just as Lemma 17.4 relates 
the two definitions of genericity). The formulation (ii) below will be useful in 
the forthcoming consistency proof. 


Lemma 23.2. The following are equivalent, for any infinite cardinal x: 


(i) MA, 

(ii) If (P, <) is a partially ordered set satisfying the c.c.c. such that |P| <x 
and if 2 is a collection of at most x dense subsets of x, then there is a 
Q-generic filter on P. 

(iii) If B is a complete, c.c.c. Boolean algebra and if ¥ is a family of at most k 
subsets of B, then there exists an X-complete ultrafilter on B. 


Proof. (i) > (iii): We follow the proof of Lemma 17.4b. Let us assume MA, and 
let B be a complete Boolean algebra satisfying the c.c.c. Let ¥ be a collection of 
at most x subsets of B. Let P=B-— {0}, and let for each X EQ, 
Dy = {u#0: either u < |] X, or for some x € X, u- x = 0}. Each Dy is dense 
and by MA, there is a filter F on B that meets each Dy. It is easy to see that any 
ultrafilter G that extends F is an 2-complete ultrafilter on B. 

(iii) (ii): We follow the proof of Lemma 17.4a. Let us assume (iii) and let 
P be a c.cc. partially ordered set of size at most x. Let B=r.o. P and let 
e: P > Bbe the canonical embedding. First we notice that if (iii) holds, then for 
any collection J of at most x dense subsets of B there is an ultrafilter on B that 
meets all D € & (for each D consider Xp = {—u: u € D}). If Misa collection of 
dense sets in P, || < x, we consider the following dense sets in B: (a) all e[D], 
De 9; and (b) all e[E,,,] for p, qe P, where E,, = {r € P: either r < p and 
r <q, or r is incompatible with p, or r is incompatible with q}. Since | P| < x, 
(iii) gives an ultrafilter G on B that meets all e[D] and all e[E,,,], and then 
G' = {pe P: e(p) € G} is a D-generic filter on P. 

(ii) > (i): Let P be a c.c.c. partially ordered set and let us assume that (ii) 
holds. Let 9 be a family of at most x dense subsets of P. For each D € J, we let 
W, be a maximal incompatible subset of D. Since each W, is countable, there 
exists a set Q & P of size at most x such that (a) Wp € Q for all D € Q, and (b) if 
P, g€Q are compatible, then there exists re Q such that r < p and r <q. 
(Condition (b) guarantees that p, q € Q are compatible in (Q, <) if and only if 
they are compatible in (P, <).) Each W, is a maximal incompatible subset of 
Q; let Ep = {q € Q: q < w for some w € W,}. Each Ep is dense in Q. 

The partially ordered set Q has size at most x and satisfies the c.c.c. By (ii), 
there is a filter G on Q that meets every Ep. It is easily seen that G generates a 
Q-generic filter on P. @ 


Let me state (without proof) another equivalent of Martin’s axiom in terms 
of point set topology: 

In every compact Hausdorff c.c.c. space, the intersection of fewer than 2*° 
dense open sets is dense. 
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Theorem 51 (Solovay-Tennenbaum). There is a model of ZFC in which 
Martin’s axiom holds and 2®° > &,. 


By Lemma 23.1, there are no Suslin trees in this model. Hence Suslin’s 
problem is independent of the axioms of ZFC (Theorem 50). Since the contin- 
uum hypothesis fails in the model too, one could still ask whether existence of 
Suslin trees follows just from 2*° = &,. This has been resolved too: R. Jensen 
constructed a model that satisfies GCH and in which there are no Suslin trees. 

The proof of Theorem 51 consists in construction of the model in stages: 
One successively destroys counterexamples (or potential counterexamples) to 
Martin’s axiom. The method, known as iterated forcing, deserves a detailed 
exposition. 


Iterated Forcing: Two-Step Iteration 


Let P be a notion of forcing in the ground model IM, and let G, < P be 
generic over IN. In M[G,], let Q be a partially ordered set and let G, < Q be 
M[G,]-generic. Then M[G,][G,] is a model of ZFC extending IM and the 
natural question to ask is whether N[G ,][G,] is a generic extension of I, and 
what is the corresponding notion of forcing in WW. The answer to the first 
question is yes, and the two-step generic extension can be described uniformly 
for all generic filters on P. That is, if Q is a name for Q, then there is a notion of 
forcing P * Q in IM that gives the same model IM[G,][G,] as the two step 
iteration of forcing: first P and then ig,(Q). 

We shall first describe the two-step iteration in terms of complete Boolean 
algebras. Let B be a complete Boolean algebra in M, and let C € W® be such 
that 
(23.2) ||C is a complete Boolean algebral|, = 1 
We shall define a complete Boolean algebra D = B * C in IM such that the 
D-valued model I? “represents” the C-valued model (I®)¢ (“constructed in 
mM? ”). 

Let us consider the class of all c € 9° such that ||c € C|| = 1 and the equiv- 
alence relation c, ~ c, defined by ||c, = c, || = 1. There is a set D that contains 
exactly one element c in each ~-equivalence class; thus D is a maximal subset 
of IN? such that: 


(23.3) (i) |le € Cl = 1 for each ce D; 

(ii) lle, = cz || < 1 whenever c,, c, € Dand ¢, #¢. 
We make D a Boolean algebra as follows: If c,, ¢, € D, then there is a unique 
c € D such that 


je =e, +¢e,|]=1 


we let c = c; + p c. The operations -, and — p are defined similarly. 
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It is easily verified that D is a Boolean algebra; I leave this to the reader. 
Note that the partial ordering <p of D induced by the Boolean operations 
relates naturally to the partial ordering <, of C (in M’): 


(23.4) C:Spe, iff ley <ee2|=1 


Also, we see that if c,, c, € D — {Op} then c,, c, are incompatible (in D) if and 
only if 

(23.5) le, -¢2 =O] =1 

Let me show that D is a complete Boolean algebra. Let X be a subset of D; we 
show that )'p X exists. Let X e M? be as follows: dom(X) = X, and X(c) = 1 


for all c € X. We have ||X < C|| = 1, and since C is a complete Boolean algebra 
in WM? and since M? is full (Lemma 18.6), there exists c such that 


(236) Je= eX} =1 


Therefore there is c € D that satisfies (23.6), and clearly c = )'p X. 
For each b € B, there is a unique c € D such that 


(23.7) le=1c]=b and e= 0, = -6 
Let c = e(b). 


Lemma 23.3. The mapping e: B— D is an embedding (a complete one-to-one 
homomorphism) of B in D. 
Proof. By easy calculation. 


Thus we can assume, for all practical purposes, that B is a complete sub- 
algebra of the algebra D = B + C. 


Remark. If C, and C, are complete Boolean algebras in 9° and if ||C, is a 
complete subalgebra of C, ||; = 1, then B « C, is a complete subalgebra of 
B «C,. In fact, if he IM is such that 


(23.8) \|4: C, + C, is an embedding||; = 1 


then there is an embedding k: B « C, > B * C,, such that k(b) = b for allb € B. 
Namely, if c, € B * C,, we let 
(23.9)  k(c,) = the unique c, € B « C, such that ||A(c,) = c, || = 1 


We recall that if G is a generic ultrafilter on B, then ig is the G-interpretation 
of Wt (see (18.28)). 


Lemma 23.4. Let B be a complete Boolean algebra in M, let C ¢ Wt be such that 
|C is a complete Boolean algebra||, = 1, and let D = B * C be such that Bisa 
complete subalgebra of D. 
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(a) If G, is an M-generic ultrafilter on B, if C =ig,(C), and if G, is an 
MG ,]-generic ultrafilter on C, then there is an M-generic ultrafilter G on 
B * C such that 


MLG] = MG, ][G2] 


(b) If G is an Wt-generic ultrafilter on B * C, if Gy =G - Band C =ig,(C), 
then there is an IN[G,]-generic ultrafilter G, on C such that 


MG iI[G2] = MG] 


Proof. (a) Let D = B * C, and let G,, Cand G, be as assumed and let us define 
GC B « C as follows: for each c € D, 


(23.10) ceG iff  ig(c)EeG, 


I claim that G is an Mt-generic ultrafilter on D. I shall show that if Ae Misa 
dense subset of D, then A ~ G # @, and leave verification of the other proper- 
ties to the reader. If A is dense in D and A € MN, then 


(23.11) A, = ig,[A] = {ig,(c): ¢ € A} 


is a dense subset of C = ig [C] (here we use (23.4)), and A, € IN[G,]. Since G, is 
MG ,]-generic, there is c € D such that ig (c)e Ay 7 G2. By (23.11) we may 
assume that ce A and hence ce ANG. 

The definition (23.10) of G can be done in M[G,][G.]; thus G e M[G ,][G »] 
and M[G] < M[G,][G,]. On the other hand, it follows from (23.10) (and the 
embedding (23.7) of Bin D) thatG, = G - B,andsoG, € ING]; furthermore, 
G, satisfies in IN[G] the formula (23.10) and we have G,e€ M[G]. Thus 
MLG,]G.] < NIG}. 

(b) If G, G, and C are as assumed, then we define G, € C by the formula 
(23.10). I claim that G, is M[G,]-generic, and again verify only the following 
property: If A, € M[G,] is dense in C, then A, 1 G, # G. Let 4, e M® bea 
name for A, and let by € G, be such that 


(23.12) bo |r A, is dense in C — {0 
We let 
(23.13) A= {ee D— {0p}: ¢ < le € A, |} 


and show that A is dense in D below by. Thus let d € D — {0p} be arbitrary such 
that d <b). There is some (nonzero) b < by such that b t d#0,, and by 
(23.12) we have 


(23.14) b it (Ax EA) x <cd 


Since M? is full, there is x such that b (x € A, and x <,d). We may assume 
that x e D. Now we let c=x-pb. Note that by (23.7), b t b= 1, and so 
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b t x =e; hence b ce A,. Thus we have c < |lc € A, ||; ie, ce A. Since 
—b it c=0, we have ||e <_ d|| = 1 and so ¢ <p d. We have proved that A is 
dense in D below by. 

Therefore, there exists c € A such that c € G. By (23.13), ||c € 4, || is in G 
and hence in G; = G - B. Thus ig,(c) € A,, and by the definition of G2, ig,(c) 
also belongs toG,. Ml 


Let B, C, D, G,, G,, and G have the same meaning as above. Let P be a 
dense subset of B and let Q@ € IM® be such that ||Q is a dense subset of C|| = 1. 
Let us define a subset P * Q of D as follows: 


(23.15) ceP*Q _ iff c=p-pq where pe P and |qeQ| =1 
Clearly, P « Q is a dense subset of B + C. 


Lemma 23.5. If p,;:q, and p.°q, are elements of P*Q, then 
Pi 41 Sp P2* 4 if and only if py < pz and py t qy <Q. 


Proof. Routine. @ 


If P € Mis a notion of forcing and Q is a notion of forcing in IN'-° ”, then 
Lemma 23.5 gives an alternative definition of the two-step forcing P »* Q. (If P 
is not separative, then the p’s have to be replaced by their images under the 
natural embedding of P into r.o. P; similarly for Q.) Then we have 
r.0.(P * Q) = (r.o. P) * (r.o. Q)™"”. 

The two-step iteration is a generalization of the product P x Q: 


y 


Exercise 23.3. If P, Q € M, then P x Q is densely embedded in P * Q. 
[Consider the elements p - @ where (p, q) € P x Q.] 


In this sense, Lemma 23.4 is a generalization of the product Lemma 20.1. 


Lemma 23.6. Let D = B * C. (a) If B satisfies the c.c.c. and if ||C satisfies the 
c.c.c.|| = 1, then D satisfies the c.c.c. (b) On the other hand, if D satisfies the c.c.c., 
then B satisfies the c.c.c. and ||C satisfies the c.c.c.|| = 1. 


Proof. (a) Let B and C satisfy the c.c.c. and let W be a pairwise disjoint set of 
nonzero elements of D. Let W € I® be such that dom(W) = W and W(c) = 1 
for all c € W; clearly, || W < C|| = 1. It follows from (23.5) that 


for any distinct x, ye W,x- y=0||=1 
Since C satisfies the c.c.c., we have 


||W is countable|| = 1 


Now we use the countable chain condition in B, in a manner similar to the 
proof of Lemma 19.2. There is fe 9N® such that 


|| f is a function of & onto W|| = 1 


236 4. SOME APPLICATIONS OF FORCING 


For every n, there is a partition U, of B and a set Z, = {c,: u € U,} © W such 
that for every ue U,, 


| FH) = cyl] =u 


Since B satisfies the c.c.c., each U, is countable, and so there is a countable set 
Z < W such that for every c € W, 


(23.16) Y {le= zl]: ze Z}=1 


Now we use the fact that the elements of W are pairwise disjoint in D. If c, d 
are distinct elements of W, then ||c-d=0||=1, and since ||c=dl| < 
lc -d=cll, we have 


(23.17) lc = dl| < |e = 0]| 


Thus if ce W— Z, we have by (23.16) and (23.17): ||e = 0|| = 1. Since we 
assumed that c #0, for each c € W, we conclude that W = Z. Thus W is 
countable. 

(b) Let D satisfy the c.c.c. Since B is a complete subalgebra of D, B also 
satisfies the c.c.c. To show that ||C satisfies the c.c.c.|| = 1, let We M®, and let 
bo € B — {0} be such that 


(23.18) bo Wis an uncountable set of nonzero elements of C 
We shall show that there exists a nonzero b < by such that 
(23.19) b t W is not pairwise incompatible 
There is fe M? such that 

by + fis a one-to-one function of @, into W 


For every a <@,, bo t (3x € W) x = f(d); and since M? is full, there exists 
c,€D such that bp t(c,eW and c,=f(d)). Let d,=bo-c,. Since 
bo + cy # g, for all « # B, the set {d, : « < w,} is an uncountable subset of D. 
Since D satisfies the c.c.c., there exist « and B such that d, and d, are compat- 
ible. Hence there exists a nonzero de D such that d < d,-d,; moreover, we 
can find d such that d = b - c, where 0 # b < byandb I (ec # Oandc <c, : cg). 
Now (23.19) follows. @ 


As a consequence of the above lemma, we observe that if P and Q are two 
c.c.c. notions of forcing, then P x Q satisfies the c.c.c. if and only if Q is c.c.c. in 
gre? if and only if P is c.c.c. in Mt 2. 


Exercise 23.4. Let T be a Suslin tree in Mand let P be the notion of forcing that adjoins 
k generic reals (19.1). Let G c P be Mt-generic. Then T is a Suslin tree in MG]. 

[Let P7 be the notion of forcing associated with the Suslin tree T. P satisfies the c.c.c. 
in any model N > WM, in particular in any M[G,] where G, is a generic filter on P;. Thus 
P; x P is c.c.c., and so Pr is c.c.c. in M[G].] 
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The above argument gives another consistency proof for “there exists a 
Suslin tree and 2*° > &,.” 


Exercise 23.5, If P is A-closed and ||Q is i-closed||,.o. p = 1, then P « Q is A-closed. 


One can define the inverse operation to the operation B+ C. If B is a 
complete subalgebra of the complete Boolean algebra D (in M), let C ¢ M® be 
the Boolean algebra that is (in ®) the quotient of D modulo the filter gen- 
erated by the canonical generic ultrafilter on B. In other words, C = D/= 
where the (B-valued) equivalence relation = is defined as follows: 


|d, =d,|| = ¥ {b € B: b is disjoint from d, Ad,} 
(where d, Ad, = (d, — dz) + (d, — d,). Let us denote C = D: B. 


Exercise 23.6. ||D: B is a complete Boolean algebral|, = 1, and D is isomorphic to 
B « (D:B). 


It follows that if (in M) B is a complete subalgebra of a complete Boolean 
algebra D and if G is a generic ultrafilter on D, and G, = G 1 B, then N[G] isa 
generic extension of MG, ]. 


Exercise 23.7.* Let B, D, G, G, be as above and let P be a dense subset of D. There exists 
Q € M[G,], Qc P, such that Gn Q=G- P is an M[G,]-generic filter on (Q, <). 
[For each p € P, let h(p) = |] {b € B: b = p}, and let Q = {pe P: h(p) € G,}.] 


Direct Limits of Sequences of Complete Boolean Algebras 


Let « be a limit ordinal number, and let for each i < «, B; be a complete 
Boolean algebra such that if i < j, then B; is a complete subalgebra of B;. Then 
Cc = 'U) B; 
is a Boolean algebra (not necessarily complete), and we call the completion B of 

C the direct limit of {B,: i < a}: 


(23.20) B= lim dir B; 

The direct limit of {B;:i< a} is the unique (up to isomorphism) complete 
Boolean algebra B such that |_);<, B; is dense in B. More generally, if B;, i < a, 
are complete Boolean algebras and if for each i, j < a, e;; is a complete em- 
bedding of B; into B; such that the e,;; commute (i.e. eo e;; = ex), then there 
is a unique (up to isomorphism) complete Boolean algebra B and complete 
embeddings e;, of B; into B such that the e;, commute with the e;; and that 
Ji<a Gal B;] is dense in B. [Even more generally, if I is a directed partially 
ordered set, i.e., for any i,, i, ¢ J there is j e J such that i, <j andi, <j, and if 
{B;, €;;}:;¢1 is a directed system of complete Boolean algebras and complete 
embeddings, then there is a unique complete Boolean algebra B, and em- 
beddings e;,,, ie I, etc.; B = lim dir; .; B;.] 
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We shall prove that direct limits of sequences of complete Boolean algebras 
preserve the chain condition. 

Before giving the proof, let me state a few facts about canonical projections 
of complete Boolean algebras. Let B be a complete subalgebra of a complete 
Boolean algebra D. For each d € D, let us define 


(23.21) h(d) =[] {be B:d <b} 


h(d) is the least b € B such that d < b. The function h maps D onto B and it is 
easy to see that h has the following properties: 


(23.22) (i) Ald) >; 
(ii) h(b) = b for all be B; 
(iii) h(d, + d,) = h(d,) + h(d2); 
(iv) h(d, - dz) < h(d,) - h(a). 


Regarding (iv), we might have d, - d, = 0 while h(d,) - h(d,) # 0. However, the 
following follows easily from the definition of h(d): 


(23.23) if be Band b-d=0, then b-h(d)=0 


Lemma 23.7. Let « be a regular uncountable cardinal. Let « be a limit ordinal, 
and let 
Bo SB, SSB: (i< a) 


be a sequence of complete Boolean algebras such that for any i<j, B; is a 
complete subalgebra of B; and such that for each limit ordinal y <a, 
B, = lim dir,<, B;. Let B be the direct limit of B;,i < «. If each B; is k-saturated, 
then B is also x-saturated. In particular, if each B; satisfies the c.c.c., then B 
satisfies the c.c.c. 


Proof. Let us assume that B is not x-saturated. Let C = |); <, Bj; C is dense in 
B. Let W be a maximal pairwise incompatible subset of C, and assume that 
|W| >«. Ifcf « # x, then some B; contains a subset Z < W of size x, a contra- 
diction. Thus cf a = kx. If (iat € <x) is any normal x-sequence with limit a, 
then B = lim dir,_,, B;,. Hence we may assume that a = x. 

For each & < k, let h; be the canonical projection of B onto Bz; h{x) = 
[] {ue Be: u = x}. Since Y W = 1, we have for each €, 


Y {h.(w): we W}= 1 
Each B, is x-saturated and so there exists a set W, < W of size <x such that 
(23.24) > {he(w): we W} = 1 


For each €, let n(&) be an ordinal 4 < x such that W, c B, (such an n exists 
because | W,| < x). 

Now, there exists a limit ordinal y < x such that for every € < y, n(€) < y. 
I claim that W ¢ B, and therefore |W| <x, contrary to our assumption. 
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Let w € W be arbitrary and consider h,(w) € B,. Since |) .<, Bz is dense in 
B,, there exists € < y and be B, such that 0 # b <h,(w). By (23.24), there 
exists u € W, such that b and hu) are compatible. By the choice of y, we have 
u € B,. By (23.23) (applied to h,), we have that b and u are compatible. Since 
b <h,(w), u and h,(w) are compatible. By (23.23) again (applied to h,), u and w 
are compatible. Since u and w are both in W, it follows that w = u, and we have 
we B,,as claimed. @ 


Exercise 23.8. In Lemma 23.7 let a = x and assume that B, = lim dir;.., B; for a sta- 
tionary set of y’s (rather than for all y < x). The conclusion of Lemma 23.7 remains 
valid. 


Proof of Theorem 51 


Let M be a transitive model of ZFC + GCH. We shall construct (in I) a 
complete Boolean algebra B such that if G ¢ B is generic, then NG] satisfies 
280 <&, and MA,,. Thus 9G] will be a model of MA + 2*° = &). 

The algebra B will satisfy the countable chain condition and so cardinals 
will be preserved. Also, we shall have |B| =, and so (2%°)™¢l = x, will 
follow by Lemma 19.4. 

We shall construct a sequence B,, a < w,, of complete Boolean algebras 
such that: 


(23.25) (i) B,is a complete subalgebra of B, whenever a < ; 
(ii) if a is a limit ordinal, then B, = lim dir,., B;; 
(iii) each B, satisfies the c.c.c.; 
(iv) |B,| <2 for alla <ap. 


Then we let B = lim dir, .,,, B,. By Lemma 23.7, B satisfies the c.c.c., and since 
it has a dense subset |_),<., B, of size <2, it follows that |B| <N¥° =. 

At successor stages, each B,,, will be constructed by two-step forcing: 
B,+, = B, * C, where C € M* is such that 


(23.26) ||C is a complete Boolean algebra, satisfies the c.c.c. and 
has a dense subset of size < &, ||p, = 1 


Then by Lemmas 23.6a and 23.7, each B, satisfies the countable chain condi- 
tion. Let me show, by induction on a, that the condition (23.26) also guarantees 
that |B,| <2, for each a <p). If « is a limit ordinal, then B, has a dense 
subset of size <,and so |B,| < %.If |B,| < &2and C satisfies (23.26), then 
let Q € M* be such that |||Q@| <&, and Q is dense in C|| = 1. Then the 
following set is dense in the algebra B, * C: 


(23.27) B,*Q={b-q:0#beB,,qeB,*C, and ||q € Ql = 1} 


The number of B,-valued elements of Q is at most equal to the number of 
functions from &, to B,; since |B,| <2, this number is <X3! = &,. Thus 
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there are at most &, q’s in (23.27) and so the set B, * Q has size <N,. Since 
B,,1 satisfies the c.c.c. and has a dense subset of size <N,, we have 
| Brat | <NP= Np. 

One more preliminary step before the construction of the B, starts. If D is 
any complete Boolean algebra of size <N, that satisfies the c.c.c., then the 
number of D-valued binary relations on @, is 8, (the number of functions from 
@, X @, into D, which is 8}! = &,). That is, there are %, names R,, « < @3, 
such that whenever R is a name for a binary relation on @,, then ||R = R, || = 1 
for some «. For each such complete Boolean algebra D, let us fix this sequence 
R?, « < w,, of D-valued relations on @,. 

Now let me describe the construction of the sequence B,, « <@,. We 
construct B, by induction on a such that the conditions (23.25) are satisfied. Let 
at++(B,, Y,) be the canonical mapping of w, onto w, x w,; in fact, any onto 
mapping will do, provided B, < « for all «. We let Bo be the trivial algebra 
{0, 1}; and if « is a limit ordinal, we let B, be the direct limit of B;, i < a. 

The crucial step is the construction of B,, , from B,. We look at the algebra 
D = B,,, and in D we consider the y,th D-valued relation R = RP. on @,. Since 
D is a complete subalgebra of B,, we have R € Wt®. Let 


(23.28) b= |R is a partial ordering of &, and (c,, R) satisfies the c.c.c.||5, 


Let C € M®: be the (B,-valued) complete Boolean algebra defined in IM: as 
follows: 


(23.29) |C = 1.0.(a,, R)|| =b 
|C is the trivial algebra {0, 1} = —b 


Let Busi = B, * C. 

It follows from the definition of C that C has property (23.26), and hence 
B, +, satisfies the c.c.c. and has size at most &). 

Finally, we let B = lim dir,..,,, B,. 

Let G be a generic ultrafilter on B. Since B satisfies the countable chain 
condition, M[G] has the same cardinals as MW. Since |B| =, we have 
M[G] F 28° < &,. We shall show that M{[G] satisfies MA,,. By Exercise 23.2, 
MAy, implies 2*° > &,, and it follows that Martin’s Axiom holds in I[G]. 

For each a < w., let G, = Gor B,. 


Lemma 23.8. If X € WG] is a subset of w,, then X € M[G,] for some a < wy . 


Proof. Let X € M be a name for X. The set X is determined by the B-values 
bz = ||€ € X||, € < a. Since |),<, B, is dense in B, and B satisfies the c.c.c., 
there exist, for each  < w,, countably many bz, € ().<», Bz, n < @, such that 
bz = )-9 bg,. It follows that there is a < w, such that all the b, belong to B,, 
and so X has a B,-valued name. 


To prove that MA,, holds in MG], let (P, <) be a partially ordered set in 
MG] such that WMG] F (P, <) satisfies the c.c.c., and let D € WG] be a collec- 
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tion of at most &, dense subsets of P. By Lemma 23.2(ii), we may assume that 
|P| =,; there is a binary relation R on w, isomorphic to (P, <), and so we 
may as well assume that (P, <) = (a, R). 

Now we use Lemma 23.8, which of course applies also to each 
X SQ, X @,. Disa set of at most &, subsets of w, and as such can be encoded 
by a subset of w, x w,; therefore Lemma 23.8 applies to 9 as well. Thus there 
is B < w, such that both R and J belong to M[G,]. Let R € WM? be a By-valued 
name for R. Because of the preparations we made before the construction, 
there is y < w, such that R is in fact the yth B,-valued relation on @. 

Let a > B be such that (8, y) = (B,, y.). Since M[G,] is a submodel of M[G], 
and IN[G] F (w,, R) satisfies the c.c.c., it follows that M[G,] § (w,, R) satisfies 
the c.c.c. 

Thus 


(23.30) = ||(@,, R) satisfies the c.c.c.||p, € G, 


We have constructed B,,, to be B, * C where |C =r.0.(@,, R|| = b (see 
(23.29)). Hence (by Lemma 23.4b), N[G,,,] = M[G,][H] where H is an 
M[G,]-generic filter on (w,, R). Now because J € M[G,], we have H 1 D4 GB 
for each D € 9. Hence H is 9-generic. Therefore MAx, holds in IN[G], and the 
proof of Theorem 51 is complete. 


Exercise 23.9.* If M is a model of ZFC + GCH, and if x is a regular uncountable 
cardinal in M, then there is a generic extension WG] that satisfies MA and 2” = x. 
[Iterate to x instead to w, and make sure that MA, holds for all A < x.] 


More about Martin’s Axiom 


I shall prove two more consequences of Martin’s axiom. One is that 
2" = 2° for every x < 2%°, and the other is that if MA,,, then products of 
partially ordered sets (or topological spaces) preserve the countable chain 
condition. There will be more applications of Martin’s axiom in Section 24, and 
more in Chapter 7 (concerning real numbers, particularly Lebesgue measure). 
Let me also mention that MA,, has a number of consequences in point set 
topology, usually involving separability and the countable chain condition. A 
typical theorem using MA,, is, e.g.: Every compact first countable c.c.c. Haus- 
dorff space is separable (while a Suslin line can be used to produce a 
counterexample). 


Theorem 52 (Martin-Solovay). Martin’s axiom implies that 2" = 2*° for all 
Ka 


Corollary. 2*° is a regular cardinal. 


[Proof of Corollary: cf 28° = cf 2" > x, for all x < 2*°] 
The proof uses almost disjoint subsets of w. If A,, A, are subsets of w then 
we say that A, and A, are almost disjoint if A, © A, is finite. 
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Lemma 23.9. There exists a family of 2®° pairwise almost disjoint subsets of w. 


Proof. Let S be the set of all finite {0, 1}-sequences: S = |_)%_o "{0, 1}. For every 
f: w— {0, 1}, let A, S S be the set A, = {se S:s cf} ={f |n: ne o}. Clearly, 
A, 71 A, is finite if f # g; thus {A,: fe °{0, 1}} is a family of 2®° almost disjoint 
subsets of the countable set S, and the lemma follows. 


Let x < 2*° and let us assume that MA, holds. We fix a family {A,: « < x} 
of almost disjoint subsets of w. 


Lemma 23.10. For every X © k there exists A © w such that for all a < k, 
(23.31) aeX iff A, A is infinite 


Granted Lemma 23.10, the mapping that sends each X¥ € k to some AS w 
such that (23.31) holds is one-to-one, and maps P(x) into P(w). Hence 2" < 2%°. 


Proof. Let X & x. We let (P, <) be the following notion of forcing: A condi- 
tion is a function p from a subset of w into {0, 1} such that: 


(23.32) (i) dom(p) - A, is finite for every a € X; 
(ii) {n: p(n) = 1} is finite. 


The set P is partially ordered by inverse inclusion: p < q iff p extends q. 

We first show that P satisfies the countable chain condition. If p and q are 
incompatible, then {n: p(n) = 1} # {n: q(n) = 1} and since there are only 
countably many finite subsets of w, it follows that P satisfies the c.c.c. 

For each B € x — X, let Dy = {p € P: Ay S dom(p)}. Any q € P can be ex- 
tended to some p € D,: Simply let p(n) = 0 for all n € Ag — dom(p). Since Ag is 
almost disjoint from all A,, « € X, p has property (i) in (23.32) and hence is a 
condition. Thus each Dg is dense. 

For each a € X and each k € a, let 


E,, = {pé€ P: {ne A,: p(n) = 1} has size at least k} 


It is easy to see that each E,, is dense in P. 

Let @ be the collection of all Ds (B € x — X) and all E,,(a € X, k € ). By 
MA,, there exists a J-generic filter G on P. Note that f = () G is a function on 
a subset of w. We let 


A= {n:f(n) = 1} = {n: p(n) = 1 for some p € G} 


Ifa e X, then A - A, is infinite because for each k there is some p € G 7 E,,. 
If Be x — X, then A 1 Ag is finite because for some p € G, A, < dom(p) and 
{n: p(n) = 1} is finite. 


Theorem 53. MA,, implies that if P;, i € I, are partially ordered sets, all satisfy- 
ing the countable chain condition, then | |i. P; also satisfies the countable chain 
condition. 
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We first observe that it is enough to show that (assuming MA,,), the 
product of two partially ordered sets preserves the c.c.c. 


Lemma 23.11. If [];<; P; does not satisfy the c.c.c. then there is a finite SSI 
such that [ies P; does not satisfy the c.c.c. 


Proof. Let W be an uncountable pairwise incompatible subset of the product 
P. For each pe P, the support of p, s(p) = {ie 1: p; # 1} is finite. By the 
A-lemma (Lemma 22.6), there exists an uncountable Z < W, and a finite set 
ScI such that s(p) 7 s(q)=S for any distinct elements p, qe€ Z. Then 
{p |S: pe Z} is an uncountable incompatible subset of [];.<5 P;. @ 


If (P, <) is a partially ordered set, we say that P satisfies the strong count- 
able chain condition if every uncountable W ¢ P has an uncountable subset Z 
such that the elements of Z are pairwise compatible. 


Lemma 23.12. If P and Q are partially ordered sets such that P satisfies the 
strong c.c.c. and Q satisfies the c.c.c., then P x Q satisfies the c.c.c. 


Proof. Let W be an uncountable subset of P x Q. If the set 
W, = {p € P: (p, q) € W for some q € Q} 


is at most countable, then there exists some p such that 
W, = {ge Q: (p,q) € W} 


is uncountable. Since Q satisfies the c.c.c., there are q,, q2 € W, that are compat- 
ible. Then (p, q;), (p, q2) are compatible elements of W. 

If Wo is uncountable, then since P satisfies the strong c.c.c., there exists an 
uncountable Z © Wo such that any two elements of Z are compatible. For each 
p € Z pick q, € Q such that (p, q,) € W. If q,, = 4p, for some p,, p2 € Z, then 
(P1, 4p,)s (P2, 4p,) are compatible elements of W. Otherwise, the set {q, : p € Z} 
is uncountable, and hence some q,, and q,, are compatible. Then (p,, q,,); 
(P2, qp,) are compatible. 


Exercise 23.10. If P and Q satisfy the strong c.c.c., then P x Q satisfies the strong c.c.c. 


Exercise 23.11. If P = |], P, and ifall P;, ie I, satisfy the strong c.c.c., then P satisfies 
the strong c.c.c. 


In particular, if P is the notion of forcing that adjoins x generic reals (19.1), 
then P satisfies the strong c.c.c. (compare with Exercise 23.4). 


Theorem 53 will now follow from this lemma: 


Lemma 23.13. MA,, implies that every partially ordered set that satisfies the 
c.c.c. satisfies the strong c.c.c. 


Proof. Let P be a partially ordered set that satisfies the c.c.c. and let 
W = {w, : a < w,} be an uncountable subset of P. We will use MAy, to find a 
filter G such that Z = G m W is uncountable. 
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First I claim that there is some py € W such that every p < po is compatible 
with uncountably many w,. Otherwise, for each « < w, there is B > « and some 
UV, < Ww, which is incompatible with all w,, y > 8; then we can construct an 
w,-sequence {v,,: i < w,} of pairwise incompatible elements. 

For each a < a, let 


D, = {P < Po: p < w, for some y > a} 


By the above claim, each D, is dense below py. By MA,,, there exists a filter G 
on P such that pp € Gand G 1 D, # @ for all « < w,. It follows that G 7 W 
is uncountable. 
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In this section I shall discuss various combinatorial problems that are 
related to the topics covered in the two preceding sections. I shall prove several 
theorems dealing with trees, almost disjoint sets and functions, and ultrafilters, 
and state several related results without proof. 


Trees 


First let us consider Aronszajn trees (see Section 22), that is, trees of height 
@, such that each level is at most countable. The Aronszajn tree constructed in 
Lemma 22.3 has the following property: Its nodes (elements of T) are one-to- 
one functions from some countable ordinal into a fixed countable set, and 
x < y just in case x € y. Let us call an Aronszajn tree that can be represented 
this way a special Aronszajn tree. [Special Aronszajn trees (and their general- 
ization to greater heights) have application in model theory; this is because 
“there is a special Aronszajn tree” can be expressed as: “a certain sentence has 
a model of type (&, No).”] 

Now let us consider a stronger property: An Aronszajn tree T is regular if 
there exists a function f: T— w such that 


(24.1) f(x) #f(y) whenever x and y are comparable 
Exercise 24.1. A regular Aronszajn tree is special. 


[If x € T is at level a, represent x by the (w+ 1)-sequence ¢f(xo), f(x1), ..-, 
Sf (xz), ---,£(x)), where x9 <x, <-*+ <xz<-+: are the predecessors of x.] 


Exercise 24.2. If T is a special Aronszajn tree, then the set of all successor nodes of T is a 
regular Aronszajn tree. 


Lemma 24.1. If T is an Aronszajn tree, then the following are equivalent : 


(i) T is regular 
(ii) T is the union of countably many antichains. 
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(iii) there exists a function x from T into the set Q of all rationals, such that 
(24.2) x<y implies = n(x) < n(y) 


Proof. (i) — (ii): Let f: T + be a function that satisfies (24.1). For each nat- 
ural number n, we let A, = {x € T : f(x) = n}. Then clearly each A, is antichain 
and T = |)» A,. 

(ii) — (iii): Let T = (20 A,, where each A, is an antichain. We define 7: 
T > Q by induction on the A,. First we let x(x) = 0 for all x € Ay. Having 
defined x(x) for all x € (23 A,, such that 7 is order-preserving, we can easily 
define x(x) for all x € A,,, such that 2 stays order-preserving. 

(iii) > (i) is obvious. @ 


Notice that by (ii), a regular Aronszajn tree is not a Suslin tree. Thus the 
following theorem is a strong refutation of existence of Suslin trees from MA. 


Theorem 54. If MA,,, holds, then every Aronszajn tree is regular. 


Given an Aronszajn tree T, we shall use MAy, to construct a function 
f: T >@ that will attest to the regularity of T. First we prove the following 
lemma. 


Lemma 24.2. If T is an Aronszajn tree and W is an uncountable collection of 
finite pairwise disjoint subsets of T, then there exist S, S' € W such that anyx € S 
is incomparable with any y € S’. 


Proof. Since uncountably many elements of W have the same size, we may as 
well assume that there exists a natural number n such that |S| =n for all 
S e W; furthermore, let us consider a fixed enumeration {z,, ..., z,} of each set 
S € W. Let D bea uniform ultrafilter over W, i.e. an ultrafilter such that every 
X e€ D is uncountable. 

Let us assume that the lemma is false. For each x € T and each k = 1, ..., n, 
let Y,, be the set of all S € Wsuch that x is comparable with the kth element of 
S. Since any S and S’ contain comparable elements, we have 


k=n 
U U Yun = W 
xeSk=1 
for every S € W. Thus pick, for each S e€ W, an element x = xs of Sandk = ks 
such that Y,, € D. Now, there is k < nsuch that the set Z = {S e W: ks = k}is 
uncountable. We shall show that the elements xs, S € Z, are pairwise compar- 
able; and that will be a contradiction since T has no uncountable branch. 

If S,, S,e¢Z and x =xs,, y= Xs,, then the set Y = ¥,, 0 Y,, is in the 
ultrafilter and thus uncountable. If S € Y, then the kth element of S is compar- 
able with both x and y. Since Y is uncountable, there must exist S € Y such that 
the kth element of S is greater than both x and y. But then it follows that x and 
y are comparable. @ 
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To prove Theorem 54 let T be an Aronszajn tree and let us consider the 
following notion of forcing (P, <): forcing conditions are functions p such 
that: 


(24.3) (i) dom(p) is a finite subset of T; 
(ii) ran(p) ca; 
(iii) if x, y € dom(p) and x and y are comparable, then p(x) # p(y). 


p is stronger than q just in case p extends q. 
Lemma 24.3. (P, <) satisfies the countable chain condition. 


Proof. Let W be an uncountable subset of P. Note that the set {dom(p) : p « W} 
is uncountable (there are only countably many functions from a finite set into 
w). By the A-lemma (Lemma 22.6), there is an uncountable W, < W, and a 
finite set S < T such that dom(p) ~ dom(q) = S for any distinct elements p, 
q € W,. Then there is an uncountable W, < W, such that p|S = q|S for any p, 
q € W,. By Lemma 24.4, there exist p and q € W, such that any x € dom(p) — S 
is incomparable with any y € dom(q) — S. Then p v qis clearly a function that 
satisfies (24.3) and extends both p and q. Thus p and q are compatible elements 
of W and so (P, <) satisfies the c.c.c. Ml 


For each x € T, let D, be the set of all p € P such that x € dom(p); clearly, 
each D, is dense in P. Let 9 = {D,: x € T}. 

It follows from MA,,, that (P, <) has a 9-generic filter G. The elements of 
G are pairwise compatible and since G is Y-generic, every x € T is in the 
domain of the function f = |) G. The function f maps T into w and satisfies 
(24.1). Thus T is a regular Aronszajn tree and the proof of Theorem 54 is 
complete. # 


A few more facts on Aronszajn trees: 


Exercise 24.3.* The following are equivalent for any Aronszajn tree T: (i) T is special, 
(ii) the set of all successor nodes of T is the union of countably many antichains, and (iii) 
there exists a function 2 from T into the reals such that x < y implies a(x) < x(y). 


In the next exercise, P; denotes the partially ordered set obtained from 
(T, <) by reversing the order. 


Exercise 24.4.* The following are equivalent for any normal Aronszajn tree T: (i) there 
are antichains {A,}*-> such that |)%-o A, is cofinal in T; (ii) whenever G c Pr is 
M-generic, then N'? is countable in IG]; and (iii) whenever G < P;, is Me-generic, then 
MMN[G] contains a subset w that is not in Mt 


A last word on Aronszajn trees. A simple modification of the construction 
in Lemma 22.3 gives a homogeneous Aronszajn tree. A construction of a rigid 
Aronszajn tree is more difficult but possible (a result of Baumgartner). 

We shall consider a generalization of Aronszajn trees to higher cardinals 
later, in the chapter on large cardinal properties. 
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A tree of height @, whose levels are countable can have at most 2*! un- 
countable branches. Aronszajn (and Suslin) trees are examples of trees without 
uncountable branches. While it is easy to construct a tree with countable levels 
and at most &, uncountable branches (see Exercise 24.5), existence of such 
trees with more than &, branches turns out to be an interesting problem. 


Exercise 24.5. Construct a normal tree of height w, which has exactly &, uncountable 
branches. 

{Let the tree consist of functions t: « + w such that t(¢) = 0 except for finitely many 
es.) 

A tree (T, <) is a Kurepa tree if: 


(24.4) (i) height (T) =; 
(ii) each level of T is at most countable; 
(iii) T has at least 8, uncountable branches. 


Theorem 55. Existence of Kurepa trees is independent of the axioms of set 
theory: (a) There is a model of ZFC in which a Kurepa tree exists. (b) If there is 
an inaccessible cardinal, then there is a model of ZFC in which there are no 
Kurepa trees. 


I shall give two examples of generic models; in one, Kurepa trees exist, and 
in the other, Kurepa trees do not exist. In fact, Kurepa trees exist in the 
constructible universe, and I shall sketch the construction afterward. The 
assumption of an inaccessible cardinal in (b) is necessary since one can show 
that if there is no Kurepa tree, then &, is inaccessible in L. 

First we construct a generic model of ZFC in which there is a Kurepa tree. 
Given a ground model 9M that satisfies 28° = X,, we extend it to a model N[G] 
such that IN[G] has the same cardinals as IN and contains a Kurepa tree. 

To define the notion of forcing (P, <), let us consider the normal a-trees 
(« < @,), described in (22.6). A condition is a pair p = (T, f), where: 


(24.5) (i) T is a normal a-tree, for some a < @,; 
(ii) fis a one-to-one function whose domain is a countable subset of 
w, and such that for each i € dom(f), f(i) is an a-branch in T. 


We let (T’, f’) < (T, f) if: 


(24.6) (i) T’ is an extension of T, ie, Ix <height(T’) such that 
T ={tla:teT}; 
(ii) dom(f') 2 dom(f), and for every ie dom(f), f‘(i) =f (i). 


Let G be an 9Nt-generic set of conditions and let 
F =\J){T:(T,f) &G for some f} 


We shall show that in N[G] 7 is a Kurepa tree. 
The same argument that I gave in the generic construction of a Suslin tree 
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shows that 7 is a normal tree of height w,. Since for every i € w, the set of 
conditions (T, f) such that i € dom(f) is dense, it follows that from the generic 
set G one obtains a one-to-one function F such that dom(F) = w, and each F(i) 
is an w,-branch in 7. Thus 7 is a Kurepa tree, provided w, and w, are 
cardinals in [G]. 

The notion of forcing (P, <) is clearly %o-closed and hence &, remains a 
cardinal. In order to show that all cardinals >, are preserved, we prove that 
(P, <) satisfies the &-chain condition. This is proved using a generalization of 
the A-lemma (Lemma 22.6): 


Lemma 24.4. Assume 2*° = &,. Let W be a collection of countable sets, such 
that |W| =. Then there exists Z < W such that |Z| = 2, and a set A, 
|A| < po, such that X ~ Y= A for any distinct elements X, Y € Z. 


Proof. It is not very difficult to give a direct generalization of the proof of 
Lemma 22.6. Let me give an alternative proof (which can also be used to prove 
the A-lemma). 

Since ||.) W| = &,, we may as well assume that X < w, for each X € W. 
Let us enumerate W: W = {X,:a< ap}. Let So = {a < w,: cf a = @,}. For 
each « € Sy there is B < « such that X, 1 « c Bf; call this B = f(a). The func- 
tion f is regressive on the stationary set Sy, and so there is y<w, and a 
stationary set S < Sy such that X, 1 a cy for all « € S. By the continuum 
hypothesis, there are only %, countable subsets of y, and so there isaset U cS 
of size %, and A c ysuch that X, 4 « = A for every « € U. Then one can easily 
construct (by transfinite induction) a set Z<U of size N, such that 
X, 0 X,=A for any distinct x, Be Z. @ 


Now it is easy to show that the notion of forcing (P, <) defined in (24.5) 
satisfies the X,-c.c. (provided 2*° = &, holds in Mt): Let W be a subset of P, 
|W| =. The set {dom(f):(T, f) € W} has size &%, by the continuum 
hypothesis; there are only &, normal trees of height <w,, and &, functions 
from a countable set into a set of size &,). By Lemma 24.4 there exists W, c W 
of size &,, and a countable A c w, such that dom(f) 7 dom(f’) = A for any 
distinct elements (T, f), (T’, f’) € W,. Then there is W, < W, of size ®2 such 
that T= T’ and f |A=f'|A for any (T,f), (T,f’) € W2. Clearly, any two 
members of W, are compatible. 

Next we construct a generic model in which there is no Kurepa tree. Let M 
be a model of ZFC and assume that WM satisfies “there exists an inaccessible 
cardinal A.” We shall show that in the model M[G] obtained by Lévy collapse 
that makes N27" = J, Kurepa trees do not exist. 

In the definition (20.7) we let x = &,; thus the notion of forcing (P, <) 
consists of functions p on subsets of A x w, such that: 


(24.7) (i) dom(p) is countable; 
(ii) p(a, €) < for each (a, €) € dom(p). 


As usual, p < q iff p > q. 
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(P, <) is No-closed, and so 9 and W[G] have the same countable se- 
quences of elements of Mt. Also, S746] =\,, and NP] = 1. The following 
lemma plays the key role in the proof: 


Lemma 24.5. If P is an %o-closed notion of forcing and T is an w,-tree in the 
ground model WM such that every level of T is countable, then in M[G] T has no 
other branches than those that are in M. 


Proof. Assume that T has a branch b € MG] that is not in M; since M[G] has 
no new countable sets, b has length w,. There is a name 6 for b and a condition 
Po € G such that 


(24.8) Po +b#a_ forall aeM 


We construct, by induction, conditions p, < po and nodes x, € T for all finite 
sequences s of 0’s and 1’s. Having constructed p,, we can find (because of (24.8)) 
two incomparable nodes x,9 and x,,, both > x,, and two conditions p,o and p,,, 
both stronger than p, such that p,o It X59 € band p,; It X,, € b. Moreover, we 
can find such xo and x,, at the same level of T. Let « < @, be such that all x, lie 
below level « in T. For each f: w — {0, 1}, let p, be a condition stronger than all 
Prins 2 € @. Since Po | b is uncountable, there exists q < p, and x, at the ath 
level of T such that q  X, € b. Now it is clear that x, # x, whenever fand g 
are distinct 0, 1-functions on w. Thus the ath level of T has at least 2*° elements, 
contrary to our assumption. 


It follows immediately from the lemma that in the model MG] (given by 
(24.7)), no tree T € M whose levels are countable can be a Kurepa tree: since 
every branch of T in MG] is in Wt, T has at most (2**)™ branches, but 
(281) < 4 = NP and so T has (in M[G]) less than &, branches. 

A similar argument can be used for any tree in MG], with a slight 
modification. For each a < A, let P, denote the set of all conditions whose 
domain is a subset of «x q@,; similarly, let P* = {pe P:dom(p)c 
(x — a) x @,}. Clearly, P is (isomorphic to) the product P, x P*. Let X € M[{G] 
be a subset of w,, and let X be a name of X;; since P satisfies the A-c.c., there 
exists for each ¢ < w, a set of conditions W, c P of size less than A such that 
\|€ € X|| = > {p: p © W,}. There exists a < A such that W, c P,, for all E < @. 
It follows that X e M[G - P,]. 

Now let T € DUG] be an @,-tree with countable levels. Since T can be 
considered a binary relation on @,, there exists «<A such that 
Te MG P,]. By the product lemma 20.1, Gr P* is P*-generic over 
M[G mr P,] and VLG] = M[G a P,]|[G a P*]. Since M[G nq P,] and Wt have 
the same countable sequences in WM, it follows that P* is No-closed not only in 
M, but also M[G A P,] & P* is No-closed. Thus Lemma 24.5 applies and every 
branch of T in M{G] is in M[G A P,]. However, (281) 0? 4 < A = NM, and 
so T is not a Kurepa tree in MG]. This completes the proof of Theorem 55. 
i | 
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As I mentioned earlier, V = L implies that Kurepa trees exist, and I shall 
now sketch the construction in L. But first let me give another formulation of 
the problem. 


Lemma 24.6. A Kurepa tree exists if and only if there exists a family F of 
subsets of w, such that: 


(24.9) (i) |F| =a; 
(ii) for each a <a@,, |{X na: X € F}| <No. 


Proof. (a) Let (T, <7) be a Kurepa tree. Since T has size &,, we may assume 
that T = w,, and moreover that a < B whenever « <, f. If we let F be the 
family of all w,-branches of T, then F satisfies (24.9). 

(b) Let F be a family of subsets of w, such that (24.9) holds. For each 
X €f, let fy be the function on w, defined by 


fra)= X na (a < @) 
For each a < q,, let 
U, = {fx|a: X € F} 


and let T = (),<4, U,. Then (T, <) is a tree, the U, are the levels of T and the 
functions f, correspond to branches of T. By (24.9)(ii), every U, is countable, 
and it follows that T is a Kurepa tree. Hi 


Now assume V = L. I shall construct a family F of subsets of w, that 
satisfies (24.9). I present this construction to give the reader a taste of the 
methods used in the theory of constructible sets. The theory (“the fine structure 
of L”), a mixture of model theory and recursion theory, is a powerful technique 
that is used to prove various combinatorial principles in L. (I shall introduce 
some of them below.) The culmination of the theory is Jensen’s covering 
theorem, which will be discussed in Section 30. 

We shall use the facts on models (L,,€) mentioned in Section 13. In 
particular, we recall (Exercise 13.14) that if L, is a model of ZF, then for every 
X cL, there is a least elementary submodel M < L, such that X ¢ M. Also 
(see Exercise 13.16), if M<<L,,,, €), then a; 0 M =a for some a < w,. We 
also use the fact (from model theory) that elementary submodels of a given 
model are closed under unions of chains. 

For each a < @, there is a least elementary submodel M of <L,,,, €) such 
that a € M. Moreover (see Exercise 13.15), M = L, for some y < @,, and we let 


y =f (a): 
(24.10) f (a) = least y such that « € L, < (L,,, €) 
Let F be the following family of subsets of w,: 


(24.11) F ={X Sw,:X OaE Ly for every «< a@,} 
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It is immediately clear that {X na: X € F} is countable for each « < w,; and 
hence if we show that |F| = &,, F will satisfy (24.9). 
Assume that | ¥| <&,. Then F has an enumeration 


(24.12) C=({Xz:E <a@,) 


and any such enumeration is in L,,,. If we let C be the <,-least such C in L,,,, 
then since the function f is a definable element of L,,, (by the definition (24.10)) 
and the X, satisfy (24.11) in Ly,» €), it follows that C is a definable element of 
6 > €). 


Now, we construct an elementary chain of submodels of Lass e): 
No <N, <°°<N, <0 <(Ly,,€) (Vv < a) 


as follows: No is the least elementary submodel of L,,,; N,+, is the least 
N~<L,, such that N,cN and N,eN; if n is a limit ordinal, then 
N, = Uv<n Ny. Note that each N, is countable, and @, 1 N, = a,, for some 
a, < w,. Moreover, 


(24.13) (a, :v<@,)> 


is a continuous increasing sequence of countable ordinals. 

Now, we let X = {a,: a, ¢ X,}. Obviously, X # X, for all € < @,, and we 
shall show that X satisfies the condition in (24.11), which will contradict the 
assumption that (24.12) is an enumeration of all elements of F. 

We want to show that X 1 a € Ly, for all « < w,. By induction on «, if « is 
not a limit point of the sequence (24.13), then let «, be the largest «, < «. Then 
either X Na=X na, or X Nna=(X Oa,) vu {a,};in either case, since 
X 0 4, € Lea, © Ly) (by the induction hypothesis), we have X 1 a € Ly. 
Thus it suffices to show that X 4 a, € Lyi, whenever 1 is a limit ordinal. 

We shall show that 


(24.14) (i) (a,:v <9) € Lys; 
(ii) (X, Oy: é < >) € Lean): 


Since Ly,,) is a model of ZF, the set X 4 «, has then the following definition 
in Ly@,): 


X na={a,:v<nand a, ¢ X, 0 4,} 


For each v < @,, let 2, be the transitive collapse of N,. Each N, is isomor- 
phic to some L,,), and since w, 7 N, = 4,, we have 2,(w,) = a,. Since C is a 
definable element of L,,,, we have C € N, for all v and one can see that 
m,(C) = (X20 a: & <a,). 

Note that «, is uncountable in L,,,), while it is countable in L,,,,. It follows 
that 5(7) < f(a,), and we have 2,(C) € Liq < Lyia,)» Which proves (it) in (24.14). 

To prove (i), let us construct, inside Ly(,,) (which is a model of ZF~), an 
elementary chain N,, v < 4 of submodels of CLs, , €): No is the least elementary 
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submodel of L,,, N\,,, is the least N < L,, such that N, u {N;} cN, ete. It is 
not difficult to show, by induction on v < y, that for each v, N’, is isomorphic to 
N, . Then if x, denotes the transitive collapse of N’,, we have 2.[N‘] = Ls), and 
80 (Lyy):¥ <1) € Ly). It follows that (a,:v <1) € Lye), and we have 
(i). @ 

It should be mentioned that a modification of the above construction 
proves that if V = L[A] where A € @,, then a Kurepa tree exists. This fact can 
be used to show that the assumption of an inaccessible cardinal in part (b) of 
Theorem 55 is necessary: 

If w, is not an inaccessible cardinal in L, then there exists A < w, such that 
w{!4] = w, and w5!4) = w, (see Exercise 15.8). There exists a tree T € L[ A] that 
is a Kurepa tree in L[ A]. It easily follows that T is a Kurepa tree in the universe 
(it has height &,, countable levels, and at least 8, w,-branches). Thus Kurepa 
trees exist unless &, is inaccessible in L. 


Almost Disjoint Subsets of w, 


If A,, A, are subsets of w,, then we say that A, and A, are almost disjoint if 
|A,; © A,| <po. This definition generalizes the notion of almost disjoint 
subsets of w introduced in Section 23. In Lemma 23.9 we showed that there 
exists an almost disjoint family of infinite subsets of «, of size 2*°. The counter- 
part for w, is true in case the continuum hypothesis holds: 


Exercise 24.6. If 28° = 1, then there exists a family of 2*' pairwise almost disjoint 
uncountable subsets of «,. 
[As in Lemma 23.9, let S = Ja<w, “{0, 1}; [S| = &4.] 


If the continuum hypothesis fails, the problem becomes more interesting. 
To start, we have 


Lemma 24.7. There exists a family of %j pairwise almost disjoint uncountable 
subsets of @. 


Proof. Let me prove a little stronger statement: There exists an almost disjoint 
family of functions f: w, > @,, of size %_. [We recall (cf. Section 8) that f, g are 
almost disjoint if f(a) + g(x) for all but countably many a’s.] Since functions f: 
@,—@, are uncountable subsets of w, x w, and since if f; g are almost 
disjoint, then | fA g| < No, the lemma will follow. 

It suffices to show that if given N, almost disjoint functions {f,: v < w4}, 
then there exists f: w, + @, almost disjoint from all f,, v < w,; this we do by 
simple diagonalization: Let f(a) # all f,(«),v<a. @ 


If T is a Kurepa tree, then the family of all w ,-branches is an almost disjoint 
family of uncountable subsets of T. In fact, since the levels of T are countable, 
we can identify the w,-branches with functions from w, into w and get the 
following result: There exists an almost disjoint family of S , functions f: w ,— @. 
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Exercise 24.7, Given a family F of &, almost disjoint functions f: w, + @, there exists a 
collection ¥ of N, pairwise almost disjoint stationary subsets of @,. 

[Each f € F is constant on a stationary set S, with value n,. There is 9 & F of size 
X2 such that n, is the same for all fe Y. Let Y = {S,: fe 9}.] 


I shall return to the problem of size of almost disjoint families in the section 
on saturation of ideals (Section 35). One of the results to be proved there is the 
following: if the ground model M satisfies GCH and if MG] is obtained by 
adjoining any number of Cohen generic reals, then any almost disjoint family 
of uncountable subsets of w, in M[G] has size at most &. 

Now let T be a tree with &, nodes, of height w,; we do not require that T 
has countable levels; let us ask whether T can have more than &, w,-branches. 
As in Lemma 24.6, we have: 


Exercise 24.8. Let A > S2. There is a tree T of size %, and height w, with 4 w,-branches 
if and only if there is a family F of subsets of w, such that | F| =A and 


[{X na:XeF anda<ao,}| =, 


Note that if 28° = &,, then there is such a tree with 2®' w,-branches (let 
T = Ja<w, “{0, 1}). Note also that if there is a tree like that with A w,-branches, 
then there exists an almost disjoint family of A functions f: w, + w, (and hence 
an almost disjoint family of A uncountable subsets of w ,). However, there exists 
a generic model (using an inaccessible cardinal) in which 2*° = 2®! = X,, and 
not only is there no Kurepa tree, but no tree of size %, has %. w,-branches. 

Finally, if T is an w,-tree of size &,, let us ask how many branches, count- 
able or uncountable, T can have. This problem is related to a problem on 
linearly ordered sets. It can be shown that: There exists a tree of height w, with 
, nodes and at least A branches if and only if there exists a dense linearly 
ordered set of size A with a dense subset of size &. 


Exercise 24.9. There is always a tree of height w, with %, nodes and &, branches. 
[Distinguish two cases: Either 2"° = X,, or 2®° > &).] 


But even in this case T does not necessarily have 2"! branches. Let M[G] be 
the generic model obtained from a model M of GCH by adjoining &,,, Cohen 
generic reals. In YG] any tree T of size N, and height X, has at most 
2X0 = &,,, countable branches. Moreover, T has at most N, w,-branches since 
by the result mentioned above, any family of uncountable almost disjoint 
subsets of w, in M[G] has size at most %,. However, 2%! > &,,, (because 
cf 2 > &,), and so T has less than 2"! branches. It follows that in W[G] there 
is no dense linearly ordered set of size 2"! with a dense subset of size &,. 


Some More Combinatorial Principles in L 


We have so far encountered two combinatorial principles true in L: the 
diamond and the existence of a Kurepa tree. I shall state below several other 
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principles that have been used in combinatorial set theory, model theory, and 
algebra and that can be proved in L (although the proofs are in general more 
complicated than the proofs given above). 

Let me start with an easy generalization of ©: 


(24.15) Given &, stationary subsets E,, v < wy, of w,, there exists a sequence 
of sets S,, « < @,, such that for every X © w,, and every v < w,, the 
set 
; ; {ae E,:X na=S,} 
1s Stationary. 


Exercise 24.10.* If V = L, then (24.15) holds. 
[Modify the proof of Lemma 22.9. To define S,, take into account the sets E,, v < a.] 


Exercise 24.11. Assume that (24.15) holds. If E,, v < 4, are stationary subsets of wy, 
then there exist pairwise disjoint stationary sets F,, v < @,, such that F, & E, for all 
v< Qj. 

[Let X,, v < w,, be distinct subsets of w,. Let F, = {a € E,: X, 0 a =S,}; the sets 
F;, are pairwise almost disjoint, so let F, = F, — hey F,.] 


The following generalization of a Kurepa tree is quite useful: 
(24.16) Silver’s Principle W. There exists a family F of subsets of w,, and a 
sequence W,, a < w,, of sets such that: 


(i) |F | 2&2; 

(ii) for each a<a,, [{X na: X € F}| <&o; 

(iii) for each a <a, |W,| < Xo; 

(iv) for every countable C c F, there exists a) < w, such that for all 
aA>%,{X na: XeChew,. 


Clauses (i) and (ii) just assert that there exists a Kurepa tree (see (24.9)). Each 
W, is a countable collection of subsets of the ath level of the Kurepa tree. 

The proof of (24.16) in L is quite complicated. It is easier to obtain (24.16) 
by forcing: 


Exercise 24.12.* If MN has a family F that satisfies (24.9), then there is a No-closed 
notion of forcing such that N[G] satisfies Silver’s principle W. 

[A forcing condition is a pair (W, @), where W = (W,: & < a) and @ is a countable 
set of countable subsets of 4; (W", @’) is stronger than (W, @) if W’ extends W, 
@' > @, and for every € such that a <€ <a’ andevery CE @,{X NE: X eEChe W;.] 


An example of an application of (24.16) is the following: Using © and W, 
one can construct a Suslin algebra of cardinality %,. There are other applica- 
tions in the partition calculus and in point set topology. 

Another theorem of L is the following. It has several applications in algebra. 
If « < @, is an ordinal of cofinality w,, then closed unbounded, stationary, and 
thin subsets of a are defined in the obvious way. 
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(24.17) There exists a stationary subset S of w, such that for every « < w, of 
cofinality w,, S © a is a thin subset of a. 


Exercise 24.13.* There exists a No-closed, &,-distributive notion of forcing such that 
MG] satisfies (24.17). 

[A forcing condition is a function p: «- {0, 1} such that «<q, and that 
{E < y: p(€) = 1} is thin in y, for every y <a of cofinality w,; p’ is stronger than p iff 
p' > p. To verify &,-distributivity, let f be a name for a function on q@, and let po be a 
condition. Construct an @,-chain of conditions pp ¢ py © °°: © py © **', @ < @4, Such 
that each p,., decides f(%) and that for each limit ordinal «<,, if 
Ya = limg.., (dom pz), then p,(y.) = 0; then p = |_Ja<w, Pais a condition and decides f (x) 
for all « < @,.] 


Finally, let us consider the following principle (also true in L) which has 
several applications, notably in model theory: 


(24.18) The Box Principle (1): 


There exists a collection {C, : « < w2, « a limit ordinal} such that for 
every limit a < @, 


(i) C, is a closed unbounded subset of a; 
(ii) if cf « =, then |C,| < Xo; 
(iii) if y is a limit point of C,, then C, = C, ¢ y. 


(Note that by (ii) and (iii), C, has order-type w, whenever cf « = @,.) 


Exercise 24.14.* There exists an No-closed, &,-distributive notion of forcing such that 
IM[G] satisfies the box principle. 

[A forcing condition is a collection p = {C,: a < y}, where y < @, is a limit ordinal, 
and the C, satisfy (24.18). A condition {C, : a < y} is stronger than {C,:a<y}ify>y' 
and C, = C, for all a < y’. To verify &,-distributivity, let f be a name for a function on 
@, and let po be a condition. Construct an w,-chain of conditions pp ¢ py C**° C pa 
“++, @ <@y4, Such that each p,,, decides f(&) and that for each limit ordinal « < @,, if 
Ya = limz.., (dom p,), then y, € dom p,, and for each limit ordinal B < «, C,, is an initial 
segment of C,,. Then if y = lim, ya, let C, = aca, Cy, and p= {Cz: < y}; pisa 
condition and decides f(&) for all « < @,.] 


Note that the box principle implies (24.17): For each limit ordinal ¢ < @,, 
let S, = {a < w,: cf a = w and C, has order type ¢}. There is € such that S = S, 
is stationary. If « <q, has cofinality w,, then S 7 @ is not stationary in 
because if C’, denotes the set of all limit points of C,, then C, is closed un- 
bounded in « but S 7” C;, has at most one element. 


Ultrafilters over w 


20 


Since every ultrafilter over w is a set of subsets of w, there exist at most 2 
ultrafilters over w; more generally, if x is an infinite cardinal number, then there 
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are at most 2?" ultrafilters over x. The next theorem shows that the number of 
ultrafilters over x is exactly 22". To get a slightly stronger result, recall that an 
ultrafilter D over « is uniform if |X| =x for all X e€ D. 


Theorem 56 (Pospisil). For every infinite cardinal x, there exist 27° uniform 
ultrafilters over k. 


We prove first the following lemma. Let us call a family @ of subsets of 
uniformly independent if for any distinct sets X,,..., X,, Yy,..., Y, in @, the 
intersection 


(24.19) Xp, OX, A (K- NY) 0 (Kk — Y,) 

has cardinality x. 

Lemma 24.8. There exists a uniformly independent family of subsets of « such 
that |@| = 2". 


Proof. Let us consider the set P of all pairs (F, ¥) where F is a finite subset of x 
and ¥ is a finite set of finite subsets of x. Since |P| =k, it suffices to find a 
uniformly independent family @ of subsets of P, of size 2". 

For each u € k, let 


X,={(F, F)eP:Foue F} 
and let 
@ ={X,:uck} 


If u and v are distinct subsets of x, then X, # X,: For example, if w € u but 
a ¢ v, then let F = {a}, F = {F}, and (F, F) e X, while (F, F) ¢ X,. Hence 
|@| = 2". 

To show that @ is uniformly independent, let u,,..., u,, 04, ..., Um be 
distinct subsets of x. For each i < n and each j < m, let «,; be some element of k 
such that either a;; € u; — v; or a; € v; — u;. Now let F be any finite subset of k 
such that F > {a,;: i <n, j < m} (note that there are x such finite sets). Clearly, 
we have 


Fou#Foav (anyi<nj<m) 
Thus if we let F = {F 1 u;:i <n}, we have 
(F, F)eX,, isn 
(F,F)¢X,,, jsm 
Consequently, the intersection 
A OP Ody ARS Ag Arta Xe) 


has cardinality kx. 1 
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Proof of Theorem 56. Let @ be a uniformly independent family of subsets of x. 
For every function f: @ — {0, 1}, consider this family of subsets of x: 


(24.20) Gp={X: |k—-X| <kh vu {X:f(X) =u {ek -— X :f(X) =0} 


By (24.19), the family G, has the finite intersection property, and so there exists 
an ultrafilter D, such that D, 2 G,. It follows from (24.20) that D, is uniform. 
If f# g, then for some X € C, f(X) # g(X); e.g., f(X) = 1 and g(X) =0 and 
then X € D, while x — X € D,. Thus we obtain 2?" distinct uniform ultrafilters 
overk. 


Let D be a nonprincipal ultrafilter over w. D is called a p-point if for every 
partition {A, : n € w} of w into No pieces such that A, ¢ D for all n, there exists 
X e€ D such that 

X A, is finite, for alln € w 


The notion of a p-point comes from point set topology, where the topolog- 
ical properties of p-points in the space BN of all ultrafilters over w are of some 
interest. 

First we notice that it is easy to find an ultrafilter that is not a p-point: Let 
{A,: ne} be any partition of @ into Xo infinite pieces, and let F be the 
following filter over w: 


(24.21) X e F iff except for finitely many n, F ~ A, contains all but finitely 
many elements of A,. 


If D is any ultrafilter extending F, then D is not a p-point. 

Theorem 57 below shows that existence of p-points follows from the con- 
tinuum hypothesis. A recent result of Shelah states that there exists a model 
of ZFC in which there are no p-points. 

Let me first give a trivial reformulation of the definition of a p-point. 


Lemma 24.9. A nonprincipal ultrafilter D over w is a p-point if and only if it 
satisfies the following: 

If Aj 2 A, 2"''2>A,2>°*: is a decreasing sequence of elements of D, then 
there exists X € D such that for each n, 


(24.22) X — A, is finite | 
(If (24.22) holds, we may say that “ X is included in A, modulo a finite set,” or: 
(24.23) X ¢ A, mod f.) 


Exercise 24.15. If (P, <) is a countable linearly ordered set and if D is a p-point over P, 
then there exists X € D such that the order type of X is either w or w*. (X has order type 
w* iff X = {x} and x9 > X1 > °° > XH >.) 


Theorem 57 (a) If 2®° = &,, then there exists a p-point. (b) More generally, if 
Martin’s axiom holds, then there exists a p-point. 
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In the proof of Theorem 57 we shall use functions from w to w. Let us say 
that a function h: w > w majorizes a function f: w > @ if h(n) > f(n) for alln. A 
family of functions # majorizes all functions f: w — @ if for every f there is 
h € # such that h majorizes f. 

An easy diagonalization shows that no countable family majorizes all func- 
tions f: w + w. We can use MA to extend this observation: 


Lemma 24.10. 


(a) If # is countable, then # does not majorize all functions f: w > w. 
(b) If Martin’s Axiom holds and |#| <2*°, then # does not majorize all 
functions. 


Proof. (a) If # = {h,}*_9, let f be a function such that f(n) >h,(n) for all 
k=0,...,n. 

(b) Let P be the collection of all finite sequences p = (p(0), ..., p(n — 1)) of 
natural numbers; p < q iff p extends q. The notion of forcing (P, <) satisfies the 
C.C.C. 

For each n, let D, = {p € P: n € dom(p)}; each D, is dense in P. For each 
he #, let E, = {p € P: p(n) = h(n) for some n}; again, each E, is dense in P. 

Since |H| < 2¥°, there exists a filter G on P that intersects each D, and each 
E,. Then f= |) G is a function from @ to @ that is not majorized by any 
he #. @ 


The key element of the proof of Theorem 57 is the following lemma: 


Lemma 24.11. Let G be a family of subsets of w with the finite intersection 
property and let us assume that (a) G is countable, or more generally, that (b) MA 
holds and |9| <2%°. Let Ag > Ay 2>*:* 2 A,> be a decreasing sequence of 
elements of Y. Then there exists Z < w such that: 


(i) G U {Z} has the finite intersection property; 
(ii) Zo A, modf, for all n € w. 


Proof. We may assume that if X, Y e Y, then X 1 Y € G. For each X € Y, let 
hy: w > be some function such that h,(n) € X 4 A,. By Lemma 24.10, the 
family {hy : X € Y} does not majorize all functions; and so there is a function f: 
@ — qw such that for every X € G, 


(24.24) f(n)>hy(n) for some n 

Now we let 

(24.25) Vion U) {ke A,:k <f(n)} 
n=0 


It is readily verified that Z — A, is finite for each n, and by (24.24), Zn X # @ 
forevery XEG. Wf 
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Proof of Theorem 57. Let ,, « < 2*°, be an enumeration of all decreasing 
sequences {A,}”_ of subsets of w. We construct, by induction on « < 2%, a 
chain of families 9) C --- © Y, © -:- of subsets of w, such that each F, is closed 
under finite intersections and |Y,| < 2*° for all a. 

We let $ ={X Sw:w-—X is finite}. If « is a limit ordinal, we let 
G,= ee G,. Having constructed 9,, we construct Y,,, as follows: Let 
J, = {A,\°_ 9 be a decreasing sequence of subsets of w. If some A, is disjoint 
from some X € Y,, then we let Y,,, = Y. Otherwise, the family 9 = 9, U 
{A,:né @} has the finite intersection property and by Lemma 24.11, there 
exists Z © w such that Z c A, mod f. for all n, and 9 = G U {Z} has the finite 
intersection property. Then we let Y,,, consist of all finite intersections 
X,0°::0 X, of elements of %. 

Finally, we let 9 = |) {G,: a < 2°}, and let D be any ultrafilter such that 
D > G. We claim that D is a p-point: if Ag 2 A; 2>*:: 2 A, >: is any decreas- 
ing sequence of elements of D, then {A,}"_9 = , for some « < 2®° and we have 
ZéG,,, such that ZC A, mod f. for alln. 


Incidentally, it is easy to obtain a p-point by forcing. Let P be the set of all 
infinite subsets of w and let us identify two elements of P if they differ by a finite 
set. (Strictly speaking, let P = B — {0} where B is the Boolean algebra P(w)/the 
ideal of finite sets.) Let X < Y just in case X © Y mod/f. Note that if 
X92 X,2°:'2>X, 2°": are infinite subsets of w, then there exists an infinite 
X So such that X ¢ X, mod f. for all n. 

Exercise 24.16. (P, <) is an No-closed notion of forcing and in IG], G is a p-point. 

[If «/ ={A,}*5 is a partition of w, then of € Wt; consider the dense set 

{X € P: either X ¢ A, for some n, or X - A, is finite for all n}.] 
The same argument gives an alternative construction of a p-point if 2° = &,: 
Let V%,, « <«@,, be all partitions of w; we construct an w,-sequence X,, 
« <q, of infinite subsets of w as follows: Given X,, let X,4,E X, be such 
that either X,,,¢ A for some Ae, or that X,,, 9 A is finite for all 
Ae &,. Ifwisa limit, let X, be such that X,° X,mod_f. for all B < a. Then we 
let D = {X : X 2 X, for some « < w;}. D is a p-point. 

If in the definition of a p-point, one replaces “ X 7 A, is finite” by “X 7 A, 
has at most one element,” one gets a stronger notion, known as the Ramsey 
ultrafilter. Again, Martin’s axiom implies that Ramsey ultrafilters exist. Note 
that in Exercise 24.16 G is in fact a Ramsey ultrafilter and that the con- 
struction of a p-point outlined above can be modified to give a Ramsey ultra- 
filter (if 28° = 8, ). In Theorem 91 in Section 38 we shall construct a model of 
ZFC in which there are no Ramsey ultrafilters. 


Let me conclude this section with two problems that arise naturally in the 
preceding considerations. First, let us consider the following partial ordering 
on functions f: a> @: 


(24.26) f<g iff — 3np Vn >No f(n) < g(n) 
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If x is a cardinal number, we say that S = {f,: « <x} is a x-scale if: 


(24.27) (i) fa <f, whenever « < B<k; 
(ii) for each g: w >w there exists f, € S such that g </f,. 


If  < °w is countable then we can easily find f: w + w such that g </f for all 
g € G. It follows that if 28° = &,, then there exists an X,-scale: 

Let g,, % < @,, be an enumeration of all functions g: w > w. We construct 
an &,-scale { f,:a<«,} by induction. We let f, be such that f; </f, for all 
B <a, and that g, <f,. 

We shall see below that if Martin’s axiom holds, then if 9 < °w is such that 
|9| < 2%, then there exists f such that g </f for all g € G. Then an induction 
on a < 2*° gives us a 2*°-scale. 

If the continuum hypothesis fails, then an &,-scale may or may not exist. 
Let P be the notion of forcing consisting of finite sequences p = <s(0), ..., 
s(n — 1) of natural numbers. In the generic model 9G], let f = |) G. Then 
for all g € IM we have g # f (see the proof of Lemma 24.10b). 

Now, let us instead consider the product of S, copies of P. If a < wo, let P, 
be the product of the first « copies and P* the product of the remaining copies 
of P; let G,, G* be the corresponding projections of G. By the product lemma, G* 
is P*-generic over W[G,], and M[G] = NG, ][G*]. If S < °w is a set (in W[G]) 
of size \,, then (because P satisfies the c.c.c.), there exists a < w, such that 
S € N[G,]. Then there exists fe W[G,][G*] such that g + f for all g e S. Hence 
M[G] has no &,-scale. 

On the other hand, let us consider the following notion of forcing (P, <): 
Let # be a given family of functions h: w > w. A forcing condition is a pair 
p =(s, E), where s = (s(0), ..., s(n — 1)) is a finite sequence of natural num- 
bers and E is a finite subset of #. A condition (s’, E’) is stronger than (s, E) if: 


(24.28) (i) sos, and ECE; 
(ii) if k € dom(s’) — dom/(s), then s(k) > h(k) for all h € E. 


If (s,, E,) and (s, E2) are conditions and s, = s3, then (s,, E,) and (s2, E>) 
are compatible. Hence (P, <) satisfies the c.c.c. Let G c P be Mt-generic; we let 
f= {s: (s, E) € G for some E}. We claim that h </f for all h € H. First, there 
is a condition (s, E) € G such that h € E (by genericity). Secondly, every condi- 
tion (s’, E’) < (s, E) satisfies (24.28ii), and so f(k) > h(k) for all k ¢ dom(s). 
Thus in M[G], there is f: wo > w such that h <ffor all he #. 

Using iterated forcing, we can get a generic extension WN[G] of a given 
ground model M such that MG] has an &,-scale: We iterate the above con- 
struction &, times, taking direct limits at limit stages, and letting # always be 
the set of all functions h: w > w. We obtain a sequence of functions (in M[G]) 
S ={f,:a% <q} that satisfies (24.27i). If g € M{G] is any function g: w> a, 
then g € VIG - B,] for some «<w, (where B, is the complete Boolean 
algebra obtained in the first a stages of the iteration), and we have g <f,. Thus 
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IM[G] has an &,-scale. If we start with a ground model M in which the contin- 
uum hypothesis fails, M[G] also satisfies 2° > &, and still has an &,-scale. 

The above notion of forcing can be also used with Martin’s axiom and we 
get: 


Lemma 24.12. Martin’s axiom implies that if # < °w has size <2*°, then there 
exists f such that h <f for allh € 4. Consequently, there exists an2*°-scale. @ 


Finally, let us consider the relation < on infinite subsets of w defined as 
follows: 


(24.29) X<Y iff X—Yis finite 


[X is not a partial ordering since we can have both X X Y and Y X X, but it is 
a partial ordering of the Boolean algebra P(w)/finite sets.] 

Every countable descending sequence X)9 >X,2>°''-=X,2°': has a 
lower bound. 


Exercise 24.17. Martin’s axiom implies that any descending sequence Xp =X, 2=°°° = 
X,2°'', «<x, of length x < 2™ has a lower bound. 

[A forcing condition is a pair (s, F) where s is a finite subset of w and F is a finite 
subset of x; (s’, F’) < (s, F) just in case s'>s, F’> F, and s'-—s¢ X, for all ae F. 
Consider the dense sets D, = {(s, F): |s| > n}, n<, and E, = {(s, F):a¢ F},a<x.] 
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An important feature of the method of forcing is that properties of the 
generic extension are determined by properties of the complete Boolean 
algebra that is used to construct the generic extension. For instance, we have 
used extensively the lemma which states that if B satisfies the x-chain condition 
(in the ground model), then x remains a cardinal in the generic extension. 

In this section, I shall look more closely into this correspondence between 
properties of B and properties of the B-valued model, and also give examples 
how, conversely, we may use Boolean-valued models to obtain results on com- 
plete Boolean algebras. 

The main theme of this section is the correspondence between a complete 
Boolean algebra B and the B-valued model V®. Since B-valued arguments are 
often cumbersome, I intend to use generic extensions whenever possible. For 
that reason, let M be a fixed ground model, a model of ZFC, and let us have an 
understanding that B, C, D, etc. are complete Boolean algebras in Mt, and all 
properties of these complete Boolean algebras are their properties in the 
ground model. Also, unless expressly stated otherwise, a statement: 


(25.1) “The generic extension YG] has such and such properties.” 


will mean that for all IMN-generic G | B, MG] has such properties. In fact, this 
interpretation of (25.1) will sometimes need the tacit assumption that for every 
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nonzero u € B there exists G such that u € G (this is true if M is countable; cf. 
Lemmas 16.1 and 17.5). The correct interpretation of (25.1) is: 


||the universe has such and such properties||, = 1 


Most of the problems considered below deal with the relationship of the 
extension IN{G] to the ground model Mt. Although in general M may not be a 
class of M[G] (i.e., x € M may not be expressible by a formula), we shall treat 
M as if it were a class of M[G]. The reason is that we can easily compute the 
Boolean value of x € WM: 


(25.2) |x M] =¥ {[x = al) sae my} 


(A logical purist would perhaps prefer to augment the language with a new 
unary predicate WM.) 

In the first part of this section, I shall present various variations on the main 
theme. Some of these are collected in Theorem 58 below. First, the relevant 
definitions. 

Let « and A be cardinals. A complete Boolean algebra B is (x, A)-distributive 
if 
(25.3) I] dX ue= YT] tare 

a<K B<A Sind a<K 
Note that (25.3) is a special case of (17.27); B is x-distributive if and only if it is 
(x, A)-distributive for all A. As in Lemma 17.7, we can reformulate (x, A)- 
distributivity as follows: 


Lemma 25.1. B is (x, 4)-distributive if and only if every collection of partitions 
of B of size at most A has a common refinement. @ 


We recall that a complete subalgebra B of a complete Boolean algebra D is 
(completely) generated by a set X ¢ D if Bis the least complete subalgebra of D 
such that X © B. Let x be a cardinal. We say that a complete Boolean algebra 
B is x-generated if there exists X € B of size at most x such that the complete 
subalgebra of B generated by X is equal to B. 

A complete Boolean algebra is rigid if there is no automorphism of B except 
the identity function za = a. 

For every nonzero a € B, let B, denote the complete Boolean algebra 


B, = {ue B:u<a} 


The properties of complete Boolean algebras defined above are “ heredi- 
tary,” ie., if B has the property, then each B,, a # 0, has the property; more 
generally, if B, has the property and b <a, then B, has the property. Given 
such a “hereditary” property, we say that B has this property locally if the set 
of all a € Bsuch that B, has the property is dense. Thus, for instance B is locally 
rigid if {a # 0: B, is rigid} is dense. We similarly define locally x-generated, etc. 
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Note that B is locally rigid, (etc.) iff there is a partition W of B such that each 
B,, a € W, is rigid (etc.) iff B is the product of rigid algebras (cf. Fig. 17.1). 


Theorem 58. Let B be a complete Boolean algebra (in M). 


(a) B is atomless if and only if [LG] # M. 

(b) B is (x, A)-distributive if and only if every f: k +A in DUG] is in M. 

(c) B is locally x-generated if and only if I[G] = MLA] for some AS k. 

(d) B is locally rigid if and only if every set in M[G] is W-definable (in M[G]). 


The four cases of Theorem 58 show a typical correspondence between complete 
Boolean algebras and generic extensions. For instance, if there exists a (non- 
trivial) rigid complete Boolean algebra, then we can obtain a model DG] 
such that 


(25.4) M + (HMD)™4 = mG] 


On the other hand, if there is a generic model IN[G] such that (25.4) holds, then 
there exists a rigid complete Boolean algebra. 

Note that clauses (a) and (b) are formulated without the localness assump- 
tion; this is because “locally atomless” implies “atomless,” and similarly for 
distributivity. 


Proof of Theorem 58a. If B is atomless and G is generic on B, then it is easy to 
see that G¢ M (cf. Exercise 16.6). Conversely, if ae B is an atom, let 
G = {ue B:a <u}. G is clearly a generic ultrafilter on B, and G € Mt; hence 
M[G]=M. # 


Proof of Theorem 58b. Let B be (x, )-distributive, and let G be generic on B; 
let us show that every f: k >A in NG] is in IM. (Compare with Lemma 19.6.) 
Let f: k + A and let f be its name; there is b € G such that 


(25.5) b t fis a function from x into A 


For each a < x and each f < A, let uz, = b - || £(&) = Bll. For each a < x, the set 
W, = {Ugg : B < A} is a partition of b, of size at most A. By distributivity, the 
partitions W,, a < x, have a common refinement W. There exists u ¢ W such 
that u € G; then for each « <x there is a unique B = B(«) such that u < ugg. 
Clearly, f(«) = B(«) for all a <x, and sofe M. 

Conversely, assume that B is not (x, A)-distributive. There exist partitions 
W, = {Ugg : B < A}, « < « (some u,g may be zero), such that 


(25.6) DY TT Yaga =u <i 


gi: KAA a<k 


Let b = —u, and let f be a B-valued name for a function such that 


| F(%) = Bll =b- up = vag = (a <k, B<A) 
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Note that b forces that fis a function from x into A. For each a < x, the set 
{vyg : B < A} is a partition of b and 


(25.7) oe I] Uy,gia) = 0 

I claim that b forces that f ¢ MN. Let h € M be a function from x into A, and let 
p <b. It follows from (25.7) that there is « such that for some f # }, p is 
compatible with both v,, and v,,. Then p-v,, tf(%)=B and 
P* Uz, + f(&) = }. Thus either p< v,, or p- v,, forces that f(x) # h(a), and the 
claim follows. @ 


Exercise 25.1. If B is (x, 2)-distributive, then B is (x, «)-distributive. 
[Use Theorem 58b and work in 9[G]. If there is a function f: x > x that is not in M, 
then there is a subset of x that is not in Mt] 


Exercise 25.2. Let A = 2". If B is (x, 2)-distributive, then B is (x, A)-distributive. 

[Work in [G]. Assume that every subset of x is in Mand show that every F:k > A 
is in Mt. Let F: x + P(k). Define X < k x x as follows: (a, B) € X iff B € F(a). Since 
X e€ Mand F is defined from X by F(a) = {B: (a, B) € X}, we also have F € M.] 


B is called weakly (x, A)-distributive, if 


(25.8) TT dS ue= © TT] 2d tes 


a<K B<A g:kK7A a<K B<g(a) 


Exercise 25.3.* B is weakly (x, A)-distributive if and only if every f: k +A in DIG] is 
majorized by some g: x > A that is in M (ie., f(a) < g(a) for all « < x). 


Exercise 25.4. Let P be the notion of forcing that adjoins a single Cohen-generic real. 
The algebra B = r.0.(P) is not weakly (w, w)-distributive. 
[See the proof of Lemma 24.10b.] 


Exercise 25.5. B is weakly (w, w,)-distributive iff @, is a cardinal in MG]. 


Let us turn our attention to part (c) of Theorem 58. To start, the notation 
MLA] needs explanation. If A is a subset of Mt, then MLA] denotes the least 
model NR > M of ZFC (if it exists) that has the same ordinals as M and contains 
A. In general (e.g., if M is a set), MA] need not exist. But if M[G] is a generic 
extension of Mand A € M[G], then MLA] does exist, and in fact (as we prove 
below) MLA] is itself a generic extension of Mt. 

Let B be a complete Boolean algebra and let D be a complete subalgebra of 
B. If G is generic on B, then it is easy to see that G 1 D is generic on D, and so 
M[G om D] is a model of ZFC, and 


(25.9) Me M[G rm D] Ss VG] 


We shall prove that every model of ZFC between Mand NG] is obtained this 
way, and that for every subset A of Min YG] there is a complete subalgebra D 
of B such that DIG a D] = MLA]. 
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Lemma 25.2. Let X be a subset of a complete Boolean algebra B such that B is 
completely generated by X. Then for every generic G on B, 


(25.10) M[G] = M[X a G] 


Proof. We want to show that W[G] is the least model such that the set 
A= X « Gis in MG]. It suffices to show that G can be defined in terms of A 
(in any model N > M containing A). 

Since B is generated by X, every element of B can be obtained from ele- 
ments of X by successive (transfinite) application of the operations — and )’. 
Thus let X, be subsets of B defined inductively as follows: 


(25.11) Xo=X 
X,={-a:aeX,} 


X,={\a:a=) Z where Z¢ |) (X, vu Xp) 
B<a 


Then B= | ),<9 X, for some 6 (in fact 0 < |B|*). 
If we denote G, = G7 X,, G, =G 0 X,, we have 


(25.12) Go=A 
G, ={-a:aeX,-G,} 
G, = {ae X,:a=) Z where Z contains at least one b in 
some G, or Gz, B <a} 


and G = | _),<» G,. Thus given A, we define G, and G, inductively using (25.12), 
and let G=\),<6G,. @ 


Corollary 1. If B is x-generated, then MG] = IMA] for some AS kx. 


Corollary 2. If G is generic on B and A € IN[G] is a subset of k, then there exists 
a K-generated complete subalgebra D of B such that N[D A G] = MLA]. 


Proof. Let A be a name for A. We let X = {u,: « < x}, where 
(25.13) uy = || € Al 


Now we let D be the complete subalgebra completely generated by X; by the 
lemma we have M[X 1 G]=M[D OG]. It remains to show that 
M[LX A G] = MLA]. 

On the one hand, we have A = {a:u,€X m G}. On the other hand, 
XoG={u,:2e A}. Of 


Lemma 25.3. Let G be generic on B. If Nis a model of ZFC such that MS NS 
MG], then there exists a complete subalgebra D < B such that N= MD > G]. 
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Proof. We shall show that R = M{[A], where A is a set of ordinals. Then the 
lemma follows by Corollary 2 of Lemma 25.1. First we note that since N 
satisfies the axiom of choice, there exists for every X € Na set of ordinals 
Ay € Nsuch that X € M[A,]. We let Z = P(B) 7 NR, and let A = Az; we shall 
show that = MLA]. 

If X € NR, consider the set of ordinals Ay; by Corollary 2 above, there exists 
a subalgebra Dy © B such that MA] = M[Dy m G]. Hence Dy MN Ge N, and 
we have Dy 4 Ge Z. Since Z € MA], it follows that Dy 1 Ge MLA] and 
hence X € MA]. Thus N= MA]. wt 


The following lemma gives a necessary and sufficient condition for a sub- 
algebra to give the same Boolean valued model as the given algebra. Let B be 
a complete subalgebra of a complete Boolean algebra D. Let us recall the 
definition of canonical projection h of D onto B: 


(25.14) h(x) = ¥° {ue B:u > x} 
Let a be a nonzero element of D. Even if a ¢ B, we may define 
(25.15) B, = {x -a:x € B} 


Again, B, is a complete Boolean algebra. In accordance with the discussion 
preceding Theorem 58, we say that B is locally equal to D, if the set {a: B, = D} 
is dense in D. 


Lemma 25.4. Let B be a complete subalgebra of D. Then B is locally equal to D if 
and only if N[G] = M[G om B] (for all generic G < D). 


Proof. If B is locally equal to D, and if G is generic on D, then there exists a € G 
such that B, = D,. Since 

D,\NG=B,0 G={a-x:xE BG} 
it follows that D, 1 Ge M[Bo G]. Clearly, Ge M[D, > G], and so 
M[G] = M[G om B). 

Thus let B € D be such that Bis not locally equal to D. There is dy € Dsuch 
that for all nonzero a < do, there is v < a such that v ¢ B,. Let G be a generic 
ultrafilter on D such that dy € G. We shall show that N[G ~ B] # MG]. 

Let G; = G c+ B. Let C € M[G,] be the algebra C = D/=, where 


(25.16) d,=d, iff h(d,Ad,)¢G, 


(C is the G,-interpretation of the B-valued algebra D: B from Exercise 23.6.) 
Note that if d,;=d, and d,eG, then d,eG (if h(d,Ad,)¢G,, then 
d, Ad, € G). Let [d] denote the =-equivalence class of d. Let 


H = {{d]:d eG} 


By the preceding remark, we have G = {d:[d] eH}, and it follows that 
M[G] = MLS ,][H]. 
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H is an ultrafilter on C, and an argument similar to the proof of Lemma 
23.4b shows that H is MG, ]-generic. 

We shall show that H is nonprincipal. Then it follows easily that 
H ¢ M[G,] (see Exercise 16.6). Thus let [u] € H; we shall find v such that 
{v] € H and [v] < [u]. We have u € G, and we may assume that u < do. 

Note that if v < a is such that v ¢ B,, then h(v)-a > v; also, a — v ¢ B,, and 
hence h(a — v) - v #0. Now for every a < u, we have B, + D,, and hence the 
following set is dense below u: 


{w #0:w=v- h(u— v) for some v < u} 


Hence there is v<u such that v-h(u—v)eG. Thus hA(v)eG, and 
h(u — v) € G, and we have v #0 and u — v £0. In other words, we have found 
v <u such that [v] € H and [v] #[u]. 


Proof of Theorem 58c. Let B be locally x-generated, and let G be generic on B. 
There is ae G such that B, is x-generated. By Corollary 1 of Lemma 25.2, 
M[G A B,] = MLA] for some A € x. But N[G m B,] = MG]. 

Conversely, assume that I[G] = M[A] for some AC k, for all generic 
GC B. Hence there is a name A € MN? such that 


A Sk and M[A] = W[G]| = 1 


Let D be the subalgebra of B generated by ||é € All, « < x (see the proof of 
Corollary 2 of Lemma 25.2). Then N[G] = M[G m D] for all generic G; and by 
Lemma 25.4, D is locally equal to B. Since D is x-generated, it follows that B is 
locally x-generated (verify that if D, = B,, then B, is x-generated). 


Exercise 25.6. If a complete Boolean algebra is x-generated and A-saturated, then 
|B) <x. 


Exercise 25.7. Every infinite countably generated c.c.c. complete Boolean algebra has 
size 2%, 


If B and C are complete Boolean algebras and if x is an isomorphism 
between B and C, then it is clear that for any generic ultrafilter G on B, n[G] is a 
generic ultrafilter on C and IMN[G] = M[x[G]]. We shall now establish the 
“converse” of this statement. 


Lemma 235.5. 


(a) Let B and C be complete Boolean algebras (in M). Let G be a generic 
ultrafilter on B and let H be a generic ultrafilter on C such that DG] = 
MH]. Then there exist be G and ce H and an isomorphism n (in Mt) 
between B, and C, such that n[G 7 B,] = H 1 Cy. 

(b) Let Gand H be generic ultrafilters on B, such that I[G] = MH]. Then there 
is an automorphism x of B (in M) such that n[G] = H. 
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Proof. (a) There is H € 9° such that ig(H) = H and 
(25.17) ||H is a generic ultrafilter on C and M{H] = M[G]||5 = bo € G 


(where G is the canonical name for a generic ultrafilter on B). Without loss of 
generality, we shall assume that by = 1 (otherwise we replace the algebra B by 
the algebra B,,). 

Next I claim that there is cg € H such that for every nonzero a < Co, 
||¢ € H|| #0. Let S be the set of all x € C such that ||X € H|| =O, and let 
s=) S. Then 


(25.18) |S Al] = (2 €S)xe A] = ¥ xe Al =0 
xeS 
and it follows that s ¢ H. Thus cy = —s satisfies the claim. Again, let us assume 


that co = 1, for otherwise we replace C by C,,. 
Now we define an embedding e of C into B as follows: 


(25.19) e(a) = ||a € Al 
It is easy to verify that e is a complete homomorphism and that for every a € C, 
(25.20) aeH iff eaeG 


In fact, we have 


(25.21) 4 € H|| = |le(a)” e GI 


I claim that e is one-to-one. It suffices to show that e(a) # 0 whenever a # 0. 
However, this has been guaranteed by the choice of cy above. 

Let D = e[C]; D is a complete subalgebra of B; and for every G generic on 
B, if H = ig(H), we have 


(25.22) M[G a D] = Mfe[H]] = NLA] = MG] 
Thus by Lemma 25.4, D is locally equal to B. Therefore, there exists b € G such 
that D, = B, . 


Now, let h be the canonical projection of B onto D, and let p be this 
mapping of D,) onto D,: 


(25.23) p(d)=d-b = (dE Dag) 


It is easily verified that p is an isomorphism between D,,,, and D,. Thus if we let 
c =e '(h(b)), the composition of e and p gives us an isomorphism x between 
C, and B,. Moreover, it follows that for all x € C,, x € H iff nx € G. 

(b) Let G and H be generic on B such that UG] = MH]. If G = H, then 
the assertion holds trivially; if G # H, then there are disjoint u, v € B such that 
u € Gand v € H, and by (a) there exist a < u and b < v and an isomorphism 1 
between B, and B, such that a € G, b € H, and a[G + B,] = a[H 7 B,]. 

We can now extend z to an automorphism p of B as follows (see Fig. 25.1): 
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FIGURE 25.1 


For x <a, we let px = nx; for x <b, let px =n 'x. If x is disjoint from 
a+b, we let px =x. In general, each xe B can be written uniquely as a 
disjoint sum 
x=a'x+b-x+y 
and we define 
px=n(a-x)+n '(b-x)+y 


It is easily seen that p is an automorphism of B, and 2[G] = H. 
Lemma 25.5 enables us to give the following characterization of M- 
definable sets in the generic extension I[G]: 


Theorem 59 (Vopénka). If B is a complete Boolean algebra and G is a generic 
ultrafilter on B, then 


(HMD)™4 = WG A B*] 
where 
B* = {a € B: na =a for every automorphism x of B} 


Proof. Let us work in WMG]. First we use Lemma 25.5 to show that 
M[G > B*] © HMD. If H isa generic ultrafilter on B such that M[H] = NG], 
then H = x[G] for some automorphism z of B. Since 7 is the identity on B*, we 
have H ~ B* =G - B*. Thus the set 


{H ~ B*: HG Bis generic and M[H] is the universe} 


has exactly one element, Go Bt. Hence Go B* is definable, and 
M[G m B*] < HMD follows. 

In order to prove the converse, let us first prove that if X is an Mt-definable 
subset of 9, then X « MG m B*]. Let Xe M® be a name for X; we shall find 
another name for X, a B*-valued name Ze IM”. Then X = ig ,_-(Z) and 
hence X € M[G - B*). 

Since X is M-definable, there is a formula ¢~(X, ...), with parameters in Vt, 
and some a € G such that 


(25.24) a | X is the unique X such that 9X, ...) 
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Let Ae M be such that at X¢ A. We may assume that for each xe A, 
xeX|/Sa (otherwise we replace X by a name X’ such that 
|x eX] = [xe X]- a) 

Let Z be the name (for a subset of A) defined as follows: 


(25.25) |x € Z|] = ¥ {n(||X € X|]): 2 is an automorphism of B} —(x € A) 


It follows from definition (25.25) that for any x € A and any automorphism p of 
B, p(||X € Z||) = |X € Z|]. Hence Z is B*-valued. It remains to show that 
X = Z, where Z = ig(Z) = ig ,.e(Z). Since ||X € X|| < ||X € Z|| for every x, we 
have X © Z. On the other hand, let x € Z. 

Since ||X € Z|] € G, there exists by (25.25) an automorphism z of B such that 
n(\|X € X||) € G. Let u = a- n(||X € X||) and let v = n~ 'u. Note that ue G. We 
shall show that u t X € X (and hence x € X). 

On the one hand, u < x(||X € X||) and so 


(25.26) ut X € n(X) 


On the other hand, we have v < a (since v < ||X € X|| < a), andsov t 9(X, ...), 
which gives us 


(25.27) nm =u tt @(nX, ...) 
But also u < a, and (25.24), together with (25.27), implies that 
u It n(X)= X 


Hence u It xX € X and we have X = Z. 

Now we shall show that the model NR = M[G ~ B*] includes HMD. Let 
Y € HMD be of least rank such that Y ¢ N. Then Y € N, and there is AE N 
such that Y ¢ A. There is a one-to-one function fe ® such that f[A] € M. 
Then X =f[Y] is an M-definable subset of I and hence X € N. Therefore 
Y=f"'[X]isnk?. 


Corollary 1. If B is rigid, then IN[G] + every set is M-definable. 


A complete Boolean algebra is weakly homogeneous if for any nonzero u and 
v there is an automorphism z such that x(u) - v # 0. It is easy to see that then 
no u # 0, 1 is fixed under all automorphisms, and we have 


Corollary 2. If B is weakly homogeneous, then (HIND)™ = M. 


Exercise 25.8. Let P be the notion of forcing that adjoins a single Cohen generic real, 
and let B = r.o.(P). Show that B is weakly homogeneous. 


This exercise gives us consistency of the following: 
L=HOD¢4V 


The above Corollary 2 can be proved directly, using: 
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Exercise 25.9. If B is weakly homogeneous, if @(x,, ..., Xn) is any formula, and if x,, . 
x, € Mi, then the value 


aey 


\|o(%1, seey Xn)|| 
is either O or 1. 


Praof of Theorem 58d. If B is locally rigid and G is generic on B, then there is 
ae G such that B, is rigid, and since M[G] = M[G - B,], every set in MG] is 
M-definable in MG], by Corollary 1 of Theorem 59. 

Conversely, assume that B is not locally rigid. Then there is u # 0 such that 
for every nonzero v < u, the algebra B, has a nontrivial automorphism. Let 
G < B be generic such that u € G; we shall show that G is not Nt-definable in 
MG]. 

Otherwise, there is some ¢(X, ...), with parameters in I, and v < u such 
that 


(25.28) v It Gis the unique X such that 9(X, ...) 


Let x be a nontrivial automorphism of B,; it is easy to find disjoint z,, z, < v 
such that mz, = z,. Then z,#Z,¢G and z, lz, ¢G, and z,(=72,) forces 
Z, € n(G), hence 

z, + G#n(G) 


This contradicts (25.28) since v + g(G) and also v= av | g(xG). Wf 


By Theorem 58d, there are two possible ways to obtain a rigid complete 
Boolean algebra. Besides the “direct” algebraic construction, one can also 
achieve the same result by constructing a notion of forcing such that in the 
generic extension every set is IN-definable. And indeed, the first construction of 
a rigid complete Boolean algebra (due to McAloon) was accomplished by the 
indirect method. 

I shall not present the construction here, but let me mention one simple 
idea, namely how one can obtain a set of integers, not in IM but definable: 
Construct a two-step generic extension. In the first step, adjoin a Cohen-generic 
subset A of w, and then use Easton’s method (Theorem 46) to change the 
continuum function so that in the resulting model we have 2*" = &,,4, ifn € A, 
and 2%" = &,,, otherwise. In the model, the set A is definable by 


A={new:2"=,41} 


The above discussion and Exercise 25.8 show that both L = HOD # V and 
L + HOD = V are consistent (and so is L#+ HOD # V). Moreover, there are 
models in which (HOD)#°P #4 HOD: The submodel HOD has fewer definable 
subsets than the given model. In fact, one can even construct, for any ordinal 6, 
a transfinite sequence of models IM, , « < 0, such that ; 


M,,, = (HOD)™ 
for every « < 6 (and M, = (\a<4 Mt, if A is a limit). 
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Thus the notion of ordinal definability is, unlike constructibility, not 
absolute. 

In the constructible universe, a rigid complete Boolean algebra can be 
constructed with much less effort, particularly if the reader is already familiar 
with the construction of a Suslin tree (Section 22). Below, I shall sketch a 
construction of a rigid complete Boolean algebra using © (or its version 
(22.20)). 


Construction of a Rigid Complete Boolean Algebra in L 
(a sketch) 


Any normal Suslin tree can be embedded upside down as a dense set in an 
atomless complete Boolean algebra: Let (T, <) be a normal Suslin tree, let 
< = >,and let B; = 1.0(T, <). Let U,, for each a < @,, denote the ath level 
of T. Since B satisfies the c.c.c., there is for each b € Bsome a and someu © U, 
such that b =) {t: t € u}; thus elements of B are represented by subsets of 
levels of T. 

In Exercise 22.15 we used © to construct a rigid Suslin tree. Now I shall 
show that a slight modification yields a tree T such that B; is a rigid complete 
Boolean algebra. 

If C is a closed unbounded subset of w,, let T© denote the subtree of T 
consisting of elements at levels « € C: 


T’ =|) {(U,:0€ C}={teT:o(t)eC} 


Lemma 25.6. If x is an automorphism of B,, then there is a closed unbounded 
C <a, such that n| T© is an automorphism of T“. 


Proof. Let C be the set of all « such that for each t € U,, there is s e U, such 
that s = n(t), and there is z € U, such that z = 27 '(t). It is easy to verify that C 
is Closed. 
To show that C is unbounded, let « be arbitrary. Let A © B be the count- 
able set 
{nt: te U,} U {n-'t:t € U,,} 


There exists «, > a such that all elements of A are represented by subsets of 
U,,. In a similar way we find a, > 1, %3, %4,..., and then let a = lim,..,, o,. 
I claim that ae C: 

Ift e U,, let t,, n < w, be the predecessors of t in T at levels a,. For each n, 
let s, € U,, be such that t,,, € 2” ‘(s,). See Fig. 25.2. The s, form a chain in T 
and it follows that there is s € U, that has the s, as predecessors; and s = n(t). 
We find z = x '(t) in U, similarly. @ 


By Lemma 25.6, we have reduced the problem of construction of a rigid 
complete Boolean algebra to a construction of a normal Suslin tree T such that 
T© is rigid, for all closed unbounded C € @. 

The key step in the construction is a modification of Exercise 22.6: 
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Lemma 25.7. If T is a normal a-tree where « < a, is a limit ordinal, if C is a 
closed unbounded subset of «, and if x is a nontrivial automorphism of T°, then T 
has an extension T’ of height a + 1 such that x cannot be extended to the ath 
level. 0 


Now we use © and construct a normal Suslin tree as in Lemma 22.8, with 
the added twist that we also use the version (22.20) of ©, and whenever the h, 
of (22.20) is an automorphism of T¢ for some closed unbounded C ¢ a, we 
make sure that h, does not extend to the ath level. This way we obtain a normal 
Suslin tree T such that T is rigid for all closed unbounded C ¢ a. 

Then B,; is a rigid complete Boolean algebra. 


Simple Complete Boolean Algebras 


Let us consider now the following concept, which is stronger than rigidity: 
An atomless complete Boolean algebra is simple if it has no proper atomless 
complete subalgebra. 


Lemma 25.8. If B is simple and G is a generic ultrafilter on B, then: 
(i) every set in M[G] is M-definable in M{G]; 
(ii) there is no model N of ZFC such that ME RE NG]. 


Proof. The assertion (ii) follows from Lemma 25.3; (i) follows from Corollary 1 
of Theorem 59 and the following lemma: 


Lemma 25.9. Every simple complete Boolean algebra is rigid. 


Proof. Let x be a nontrivial automorphism of B; we shall construct a proper 
atomless subalgebra of B. There exist disjoint a and b such that xa = b. Let us 
write each x € B uniquely as a disjoint sum 


x=a'x+b-x+y 


(see Figure 25.1), and let D be the complete subalgebra of B consisting of all 
those x such that b - x = n(a- x). Then D + B (since, e.g., a ¢ D), and is easily 
seen to be atomless. 
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It can be proved that simple complete Boolean algebras exist in the con- 
structible universe. One possible way to construct such an algebra in L is to 
modify further the construction of a rigid complete Boolean algebra given 
above. Given a normal Suslin tree T one can characterize all complete subal- 
gebras of B; (in fact, they can be identified with certain equivalence relations 
on T); and using ©, one can arrange the construction of a Suslin tree T such 
that B; is simple. 

Thus existence of simple complete Boolean algebras is consistent; however, 
it is open whether one can prove their existence in ZFC. 

The construction of a simple complete Boolean algebra in L mentioned 
above has another interesting application. The Suslin tree T that yields the 
simple algebra B; can be constructed so that the function a+ T, is A, over L,,, 
(see Exercise 22.18). Then if G is an L-generic ultrafilter on B;, one can use the 
fact that B; is simple and define in L[G] a Z, binary relation which well-orders 
the universe. Thus we obtain a model of ZFC other than the constructible 
universe, which has a Z, well-ordering. 


Suslin Algebras 


In Section 22 we defined a Suslin algebra as a complete Boolean algebra 
that is atomless, No-distributive, and satisfies the countable chain condition. 
We have also shown that if T is a normal Suslin tree, then B; is a Suslin algebra 
(Lemma 22.2). Conversely, it is shown in Exercise 22.3 that if B is a Suslin 
algebra, then there is a normal Suslin tree T < B — {0}, such that <; = >,. It 
is not difficult to see that then B; is a complete subalgebra of B. 

If T is a normal Suslin tree, then the Suslin algebra B; has cardinality 2*°. 
The following theorem shows that every Suslin algebra has cardinality at most 
2*1. Using a notion of forcing that generalizes the forcing conditions in (22.6), 
we can obtain consistency of a Suslin algebra of arbitrary prescribed size x 
(satisfying «*° = x); also, using combinational principles that hold in L (in fact, 
and W, see (24.16)), one can construct in L a Suslin algebra of size &. 


Theorem 60. If a complete Boolean algebra B is a Suslin algebra, then 
|B] < 28. 


Proof. The proof presented here uses Boolean-valued models. It follows closely 
the proof of Theorem 51 (consistency of Martin’s axiom). Let x = 2*'. We shall 
assume that there is a Suslin algebra of size > k and reach a contradiction. 
Let B be a Suslin algebra such that | B| > «; without loss of generality we 
may assume that |B,| > x for every u # 0. 
We shall construct a transfinite sequence 


(25.29) BoSB,S° SBS, aK<K 


of complete subalgebras of B, each of size <x. If DS Band |D| <x, then 
there are x®! = x D-valued names for binary relations on w,; thus for each such 
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D let R>, y < x, bea fixed enumeration of all such names. Let a > (B,, 7) be the 
canonical mapping of k onto k x x; we recall that 8, < « for all a. 

The sequence (25.29) is constructed as follows: We let By = {0, 1}; ifaisa 
limit ordinal, then B, is the complete subalgebra of B generated by |), <, B,. If 
|B, | <« for each v <a, then |B,| <x. At successor steps, we construct B, + 
as follows: Let D = By, and let R = R?. If 


(25.30) ||(@,, R) is a Suslin tree||;, = 1 


if C e V® is the Suslin algebra (in V*) corresponding to the Suslin tree and if 
B,*C is (isomorphic to) a complete subalgebra of B, then we let 
B,, = B, * C. Otherwise, we let B,,, = B,. In either case, if |B,| <, then 
| Ba+ 1 | SK. 

Now let B, be the complete subalgebra of B generated by |), <, B,. Clearly, 
|B, | <x. Let A © V® be the complete Boolean algebra B: B, (in V"*). Since 
both B and B,, satisfy the c.c.c., we have, by Lemma 23.6, 


||A satisfies the c.c.c.||,, = 1 


Similarly, since both B and B,, are Xo-distributive, we have (using for instance 
Theorem 58b) 


||A is Xo-distributive 


=1 
By 
We have assumed that | B,| > « for all u + 0, and we also have |B, | < x. Thus 
||A] > ell, =1 
and consequently 
||A is not atomic||,, = 1 


Now we work inside V8": Using Exercise 22.3, we find T¢ A such that 
(7, =) is Suslin tree; let B; < A be the Suslin algebra corresponding to T (B, 
is the complete subalgebra of A generated by 7). Let R be a binary relation on 
@, isomorphic to T. 

The name R is B,-valued; and since B,, satisfies the c.c.c., R involves at most 
X, elements of B, (compare with Lemma 23.8). Since cf k > &,, there exists 
B <x such that R € V®*; furthermore, let y <x be such that R is the yth 
B,-valued binary relation on @,, R = RP. 

Let a < x be such that B = B, and y = »,. Since 


||(@,, R) is a Suslin tree], = 1 
we also have (25.30): 
||(@,, R) is a Suslin tree||,, = 1 


If C denotes the corresponding Suslin algebra in V®*, we have (cf. remark 
following Lemma 23.3) 


B,* CC B, + By;SB, + A=B 
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and it follows that B,,, = B, « C. However, as the reader knows, forcing with 
a Suslin tree destroys its Suslinity, and we have 


||(@1, R) is not a Suslin tree||,,,, = 1 


Which of course is a contradiction. 


Collapsing Algebras 


In Section 19 we defined a notion of forcing that collapses a cardinal 4 onto 
a cardinal x < 4. As defined in (19.12), the forcing conditions p € P are func- 
tions such that 


dom(p)&x, = ran(p)S 4, _— and _|dom(p)| <x 


I shall refer to the corresponding complete Boolean algebra as the (k, A)- 
collapsing algebra, and use the notation 


(25.31) Col(x, 4) = 1.0.(P) 


I shall present below several interesting theorems on the collapsing algebra 
Col(&o, 4). In particular, it will be shown that every complete Boolean algebra 
can be embedded in a countably generated complete Boolean algebra. 

If A is an infinite cardinal, we let P, denote the set of all finite sequences 


(25.32) p= p(0), ..., p(n — 1)) (néo) 


of ordinals less than A; we have Col(Xo, A) = 1.0. P,. For a fixed A, we use u,, 
(n <«, a < A) to denote the following elements of Col(No, 4): 


(25.33) Una = >. {p € P,: p(n) = a}. 
Lemma 25.10. Every (No, 4)-collapsing algebra is %o-generated. 


Proof. Let A be an infinite cardinal and let B = Col(Xo, A). We shall find 
countably many elements 5,,,, (n, m < @) of B such that B is the least complete 
subalgebra of B that contains all b,,,. 

First we note that the collection {u,, :n < w, a < A} generates B: Since P, is 
dense in B, it suffices to show that each p € P, is so generated. If p = ¢p(0), ..., 
p(n — 1)), let 

U = Uo,p0) °°" * 4n-1,p(n- 1) 


and let us show that p = u. On the one hand, p < u, ,4) for all k <n, and so 
p <u. On the other hand, let us show that every q € P,, q < u, is compatible 
with p. Otherwise, q(k) # p(k) for some k € dom(p) ~ dom(q), and then it fol- 
lows from the definition (25.33) of u,, a) that q * Uy, pa) = 0; this contradicts the 
assumption q < u. 

We define, for every n and m < a, 


(25.34) Pam = 2) {p € P,: p(n) < p(m)} 
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and show that each u,, is in the complete subalgebra C of B generated by 
{Pam in, m < w}. This we prove by induction on a. Let us assume that all upg 
(m < @ and B <a) are in C and let us show that u,, € C. Since u,g° u,, = 0 
whenever £ # y, we have 


and thus it suffices to show that )\s<4 Ung belongs to C. 
We shall show that 


(25.35) np = T) (bn + 5 ns 


Let u denote the left-hand side of (25.35) and let v denote the right-hand side. 
Let us first show that u < v. Given m < wand pe P,, p < u, it suffices to find 
q <p such that either q < Dim OF q < )'g<a Ump- SO let p <u; we let q <p be 
arbitrary such that both n, m € dom(q). Since q < u, it is clear that q(n) < a. 
Now if q(m) > q(n), we have q < by»; if q(m) < q(n), we have q(m) < « and so 
qs <a Ump- 

Now let a show that v < u. We shall show that every p < v is compatible 
with u. Otherwise, there is p < v such that n € dom(p) and p(n) > «. Then we 
find q stronger than p such that for some m, q(m) = «. But then q is incompat- 
ible with <q Umg; and also, since q(n) > q(m), q is incompatible with by. 
This contradicts the assumption that q < p < Dam + Yp<a Ump- 

Thus each u,, belongs to C and therefore C=B. Hence B is 
Xo-generated. I 


Since |Col(No, A)| = |P,|*° = A%°, we obtain 
Theorem 61 (Gaifman, Hales). There are arbitrarily large No-generated com- 
plete Boolean algebras. @ 


The next theorem will give an even better result. 


Lemma 25.11. Let (Q, <) be a notion of forcing such that |Q| = A> po and 
such that Q collapses A onto Xo, i.e., 

\|A is countablel|,,.¢9) = 1 
Then r.0.(Q) = Col(&o, A). 


Proof. Without loss of generality we may assume that (Q, <) is a separative 
partial ordering. We shall find a dense subset of Q isomorphic to P,. 

Let B = r.0.(Q), and let G be the canonical name for the generic filter on Q. 
Let fe V® be such that 


|| f maps @ onto G||, = 1 
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For each p € P,, we shall construct q(p) € Q such that D = {q(p): p € P,} is 
dense in Q and that p+ q(p) is an isomorphism of P, onto D. We construct q(p) 
by induction on the length of p. 

If p = (p(0)), we construct q(p) as follows: Since Q collapses A, there exists 
an incompatible set W < Q of size 4. Moreover, we may find such W of size 4 
with the additional property that each we W decides f(0), ie., there is g, ¢ Q 
such that w-f(0) = q,,. Thus let W, be a maximal incompatible set of condi- 
tions with these properties, Wg = ie é < A}, and for each p = ¢p(0)) € P, we 
let q(p) = wz, where € = p(0). 

Having constructed q(p), where p = ¢p(0), ..., p(n —1)), we construct 
q(ps), € < A, as follows: We let W, = {w,:  < A} be a maximal incompatible 
set of conditions w < q(p) such that |W,| = and that each we W, decides 
f(n). Then we let q(p°¢) = wz, for all w, € W,. 

The set D = {q(p): p € P,,} is clearly isomorphic to P,. Let us show that D is 
dense in Q. Let qe Q be arbitrary. Since gt ge G, and hence qt ge ran(f), 
there is r < q and n <q such that rit q = f(r). Now there is pe P, of length 
n + 1 such that q(p) is compatible with r; since q(p) decides f(n), we necessarily 
have q(p) f(r) = q. Therefore, q(p) t de G. Since Q is separative, it follows 
that q(p) < q. This proves that D is dense inQ. @ 


Theorem 62 (Kripke). Every complete Boolean algebra can be embedded into an 
No-generated complete Boolean algebra; in fact, if |B| = A, then B can be em- 
bedded in Col(&o, A). 


Proof. Let B be a complete Boolean algebra, let |B| = 4. Then the notion of 
forcing Q = (B — {0}) x P, has cardinality 2 and collapses 4. By Lemma 25.11, 
r.0.(Q) = Col(&o, 4). In other words, B@®Col(%o,4) is isomorphic to 
Col(&o, 4), and so B is isomorphic to a complete subalgebra of Col(Xo, A). 
Since Col(&, A) is No-generated, the theorem follows. @ 


We shall now prove a stronger version of Theorem 62. 


Lemma 25.12. Let B be a complete Boolean algebra, |B| = 4. Let C be a com- 
plete subalgebra of B such that |C| <A, and let ho be an embedding of C in 
Col(&o, A). Then there exists an embedding h of B in Col(%o, A) such that 
h(c) = ho(c) for all c € C. 


Proof. See Fig. 25.3. Let D be the image of C under the embedding hy. Let Col 
be an abbreviation for Col(No, 4); let Col© and Col? denote, respectively, the 
(No, d)- collapsing algebra in the Boolean valued models V“ and V?. 

First, we find an embedding k of B in C * Col®: Working in V“, we observe 
that hi is a cardinal and that B: C is complete Boolean algebra that collapses A 
onto Xo. Also, since B:C is a quotient of B, B:C has cardinality 1. Thus by 
Theorem 61 (we are still in V®), there is an embedding of B:C in Col. 

By the remark following Lemma 23.3, there is an embedding k of C * (B:C) 
into C « Col® such that k(c) = c for all c € C (by Lemma 23.3, C is considered a 
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FIGURE 25.3 


complete subalgebra of both those algebras). Since C * (B:C) = C, we have 
k: B>C * Col 


such that k(c) = c for all c EC. 

Next we find an isomorphism between Col and D * Col”: Working in V?, 
we observe that / is a cardinal, and that Col: D collapses A onto Xo. Also, since 
the algebra Col” has a dense subset P, of size A, its quotient Col: D has a dense 
subset @Q of size 1. Thus by Lemma 25.11 (applied in V°), there is an isomor- 
phism between Col: D and Col”. 


By the same argument as above, we get an isomorphism z between Col = 
D * (Col: D) and D « Col”: 


nm: Col— D * Col? 


such that x(d) = d for all d e€ D. 
Since C and D are isomorphic, there exists an isomorphism 


o:C *Col© + D * CoP 


such that o(c) = ho(c) for all c € C. Thus we define h: B-— Col as follows: 
h(b) = n~ ‘(o(k(b))), for all b € B (see Fig. 25.4): 


0 
C « Cols —————7 D « Col” 
i 
k n 
h 
B >Col 
FIGURE 25.4 


Clearly, h is an embedding of B into Col, and h(c) = ho(c) for allc € C. m 
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Exercise 25.10.* Let G be a generic filter on P, and let X be a set of ordinals in I[G]. 
Then either MX] = MG] or there exists an M[X]-generic filter H on P, such that 
MX ][H] = MG]. 

[If A is uncountable in M[X], then M[G] is a generic extension of MX] by 
Col™*4 (No, x), where k = ||), However, P, is isomorphic in M[X] to P,. If A is 
countable in M[X] and M[X] # NG], then MG] is a generic extension of M[X] by a 
countable atomless notion of forcing Q. There is only one atomless complete Boolean 
algebra with a countable dense subset (see Exercise 17.6), and so r.0.(Q) is isomorphic 
(in M[X]) to r.0.(P,).] 


The Levy Algebra 


Let A be an inaccessible cardinal. We shall now consider the notion of 
forcing P introduced in (20.7), which collapses each « < A onto Xo: The condi- 
tions are functions p on subsets of A x w such that each dom/(p) is finite, and 
p(a, n) < « whenever (a, n) € dom(p). Let B denote the corresponding complete 
Boolean algebra, the Levy algebra. 

We have shown in Section 20 that sat(B) = A. Since A is inaccessible, we 
have |B| =A. 

For each v such that w < v < A, let P, denote the set of all p € P such that 
a < v whenever (a, n) € dom(p). Similarly, let P’ denote the set of all p € P such 
that « > v whenever («, n) € dom(p). Clearly, P is isomorphic to P, x P’. Let 
B, = 1.0.(P,) and B” = r.0,(P”). Since B is isomorphic to B, ® B’, B, is isomor- 
phic to a complete subalgebra of B having P, as a dense subset, and so we may 
identify B, with the complete subalgebra of B generated by P,. Thus B, is a 
complete subalgebra of B, whenever v < p < A. Moreover, if y > @ is a limit 
ordinal, B, is the completion of |_),<, B,, and so we have 
(25.36) B, = lim dir B, 

vy 
If u € B, then because sat(B) = A, there exists X < P of size less than A such that 
u€ XX. Hence ue B, for some v < A, and it follows that B= |),<, B,. We 
also note that if « is an uncountable cardinal, then |P,,,| =« and P,4, 
collapses k onto No, and so by Lemma 25.11, B,,, is (isomorphic to) 
Col(&o 5 k). 


If C is a complete Boolean algebra and |C| < A, then by Theorem 62 C can 
be embedded in some B,, v < A, and hence in B. Moreover, by Lemma 25.12 
every embedding of a complete subalgebra of C in B can be extended to an 
embedding of C in B. We use this to prove the following theorem. Also, using 
Exercise 25.10, we obtain the following factor lemma for the Lévy collapse; we 
shall use this factor lemma in the proof of Theorem 101 in Section 42: 


Exercise 25.11.* Let G be a generic filter on the Lévy collapse P, and let X be a 
countable set of ordinals in 9[G]. Then there exists an Vt[X]-generic filter H on P such 
that M[X][H] = MG]. 
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[Let v <A be such that X € [Go B,]. Let K < P, be M[X]-generic such that 
M[G A B,] = M[X][K]. Hence M[G] = M[X][K][G a B’).] 


Theorem 63. The Levy algebra B is homogeneous, in the following sense: If A 
and A’ are isomorphic complete subalgebras of B such that |A| = | A’| < |B| 
and if 7%» is an isomorphism between A and A’, then there exists an automorphism 
n of B such that x(a) = 7(a) for all a € A. 


Proof. First we construct increasing sequences of complete subalgebras. 


Ag S Ay S °° A, S°*:, Ag S A, S°** SALE ..., as follows: 
Ay © A, S&B, =A, SA, S 
To nm! nm, \n3! 


FIGURE 25.5 


We let Ay = A and Ao = A’. There is v, such that Ap © B,,; we let A; = B,,. 
The embedding 79 ' of A> in B can be extended to an embedding 7; ' of A’; in 
B, and we let A, = 7; '[A‘]. Then there is v, > v, such that A, © B,,; we let 
A,=B,,. Then 2,:A,—B extends to some 2,: A,B, and we let 
A’, = ,[A,]. We proceed in this manner ad infinitum. 

Clearly, 20 An = Uo An = U1 By, and ()%o 2, is an automor- 
phism of this Boolean algebra. This automorphism extends to a unique auto- 
morphism z,, of the completion, which is B,, where v = lim,..,, V,- 

Now B = B, @ B’, and the automorphism z,, of B, can be extended to an 
automorphism x of B, ® B’. (For instance, let us define 2 on the dense set 
(B, — {0}) x (BY - {0}) by nu, v) = (X. u, v).) al 


Corollary. [If u and v are elements of the Lévy algebra B such that u + 0, 1 and 
v # 0, 1, then there exists an automorphism 1 of B such that n(u) = v. 


It follows (see Exercise 25.9) that for any formula g and all x,, ..., x, € Dt 
||o(X1, .... X,)[lp is either 1 or 0. I will conclude this section with a stronger 
property of the Lévy algebra (Lemma 25.14 below). 


Lemma 25.13. Let C be a complete subalgebra of a complete Boolean algebra B 
and let u € B be such that u ¢ C. Then the complete subalgebra D of B generated 
by C vu {u} has an automorphism n such that nu # u, and na =a for allaeC. 
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Proof. First we note that 
(25.37) D={xeB: x=a-u+b —u for some a,beC} 


We define an automorphism z of D as follows: Let v = ¥ {te C:t < u}, and 
w=) {teC:t< —u} and let z= —(v+w). Each xeD can be written 
uniquely as a disjoint sum 


x=a'ut+b—ute 


where a, b, c € C, and c < v + w while a < z and b < z. It suffices to define x 
separately for a: u, b — u, and c. 
If c<v + w, we let mc = c. If x = a- u where a < z (see Fig. 25.6) we let 


Fi 
7. 


Yooh 


v Zz w B 


FIGURE 25.6 


Similarly, if x = b — u where b < z, we let 
Tm =b-u. 


It is not difficult to verify that z is an automorphism, and x(z - u) = z — u. Also, 
ma=aforallaeC. @ 


Lemma 25.14. Let B be the Lévy algebra (in the ground model IN), and let C be a 
complete subalgebra of B such that |C| < |B|. For any formula ¢(x), if x is a 
C-valued name, i.e., x € MN, then 


llp(x)\la € C 


Proof. Let b = ||y(x)||,. If x is an automorphism of B such that 1c = c for all 
c eC, then x(x) = x and it follows that 2(b) = b. Thus it suffices to show that 
for any u ¢ C, there exists an automorphism z of B such that mu # u, and 
n(c) = c for allc eC. 

By Lemma 25.13, there exists an automorphism z of a complete subalgebra 
D of Bsuch that nu # u, and nc = c for allc € C; and |D| is still less than |B. 
By Theorem 63, we can extend such automorphism to an automorphism of 
B. @ 
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I shall conclude the chapter on forcing with a few more applications and 
several interesting results on generic models. Further applications of the forc- 
ing method will be presented in the chapters on large cardinals and real 
numbers. 


Almost Disjoint Forcing 


I shall briefly discuss a useful notion of forcing that has various applications 
in descriptive set theory. The forcing conditions are constructed with the use of 
almost disjoint sets; we have already used the method once in Section 23: The 
forcing conditions were defined in (23.32), in the proof of Theorem 52. 

Let f = {A,: a < @,} bea family of almost disjoint subsets of w, and let X 
be a subset of w,. We consider the following notion of forcing P= Py, y:A 
condition is a function p from a subset of w into {0, 1} such that: 


(26.1) (i) dom(p) 2 A, is finite for every « € X; 
(ii) {n: p(n) = 1} is finite. 


The set P is partially ordered by inverse inclusion: p < q iff p extends q. 

If p and q are incompatible, then {n: p(n) = 1} # {n: q(n) = 1}; and it fol- 
lows that P satisfies the countable chain condition. 

If G is a generic filter on P, then I[G] = MA], where 


(26.2) A = {n: p(n) = 1 for some p € G} 
The argument given in Lemma 23.10 shows that 
(26.3) X = {a<w,:A qo A, is infinite} 


A typical application of almost disjoint forcing is the following: Let N[X] 
be a generic extension of the ground model Nt where X ¢ w’'; furthermore, 
assume that wt") = w? Let of = {A,: a < @,} be an almost disjoint family in 
MM, and let us consider the notion of forcing P = Py, in M[X]. If Gc P is 
generic over IN[X], then M[X][G] = MLX][A], where A is defined by (26.2). 
Note that w?U14) = @®. 

Now in MN[X][A], the set X satisfies the condition (26.3); and since 7 € M, 
it follows that X € ILA], and we have 


M[X][A] = WA] 
Thus we have found a generic extension [A] of M such that A Sw and 
X € MLA]. 
In other words, under certain conditions one can generically code a set 
X ca, byasetAca. 


Example I. Let Wt be a model of ZFC. There is a generic extension M[A] of VN, 
where A ca, such that w4] = j® and w?' is collapsed. 


284 4. SOME APPLICATIONS OF FORCING 


Proof. First we add generically (in the usual way) a collapsing map f of w, onto 
2, such that w, is preserved. There is in M[f] a set X <a, such that 
MX] F |w?'| =&,. Then we apply the method described above to find a 
generic extension IA] of WM such that ACw and X € MA], and that 
of41=of 


The method of almost disjoint forcing can be generalized to uncountable 
cardinals. For instance, let o = {A,: a <w,} be an almost disjoint family of 
subsets of w, (i.e, |Aa © Ag| < No whenever a # f). If X is a subset of w,, we 
can define P., , by a straightforward generalization of (26.1), replacing w by w, 
and “finite” by “at most countable.” Py is Xo-closed; and assuming 
2° — \,, P satisfies the &j-chain condition and hence preserves cardinals. 

This generalization enables us, under certain conditions, to code generically 
a set X cw, bya set A <a, (which in turn might be coded by A’ cw). 


Exercise 26.1. Let Mt be a model of ZFC + GCH. There is a generic extension [A] of 
M, where A < w, such that wP"4) = wP wP4) = wP, and w¥ is collapsed. 


Perfect Set Forcing 


Several interesting results have been obtained by employing as forcing 
conditions perfect sets of reals, or a variant of such conditions. I shall present 
here two such results. 

Let Mt be a model of ZFC. We say that a set of ordinals A is minimal over M 
if A ¢ Mand if for every set of ordinals X € MA], we have either A € M[X ie or 
xXeEM. 


Theorem 64 (Sacks). Let Mt be a model of AFC. There exists a generic extension 
Mx] of M where x is a real, such that x is minimal over M. 


Exercise 26.2. A Cohen-generic real is not minimal over the ground model. 
[Show that P is isomorphic to P x P, and therefore W[x] = W{[x,][x2], where x, is 
Cohen-generic over and x. is Cohen-generic over Mi{x,]. Consequently, x, ¢ Mand 


x & M[x,].] 


We note in passing that if B is a simple complete Boolean algebra, then the 
corresponding generic extension is minimal. In connection with the problem of 
existence of a simple complete Boolean algebra, it is known that the algebra 
used in the proof of Theorem 64 is not simple (it is not rigid). 

Let me recall that a set of reals is perfect if it is nonempty, closed, and has no 
isolated points. The following lemma is instrumental in the proof of Theorem 
64. 

Let Seq denote the set Seq = |)» "{0, 1} of all finite 0, 1-sequences. Let 
{P,: s € Seq} be a family of perfect sets a that: 


(26.4) (i) sot implies P, > P,; 
(ii) Pso © Ps = ©, for all s € Seq. 
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It is easy to see that 


(26.5) a U P= VU (Pon 


n=0 sen{0,1} Sf € {0,1} n=0 


Let us call the set (26.5) the fusion of {P,: s € Seq}. 


Lemma 26.1 (Fusion Lemma). Let {P,: s € Seq} be a family of perfect sets sat- 
isfying (26.4). Furthermore, assume that the diameter of P, tends to 0 with increas- 
ing length of s, i.e., 

(26.6) lim (diameter P,,,)=0 (all fe °{0, 1}) 


noo 


Then the fusion of {P,:s € Seq} is a perfect set. 


Proof. For each f: w— {0, 1}, let Py =()?-o Py; the fusion is the set 
P=\) {P,:fe °{0, 1}}. By (26.5), P is a closed set. By (26.6), each P, is non- 
empty and has exactly one element: P , = {x ,}. We shall show that no x, is an 
isolated point of P. 

Let ¢ > 0. There exists n such that the diameter of Py, is < e. Let g: o> 
{0, 1} be such that g|n = f |n and g(n) # f(n). Then x, # x,and |x,—x,| <e. 
Thus x, is not isolated and it follows that P is perfect. 


Let us recall the Cantor—Bendixson analysis of closed sets: Every uncount- 
able closed set is the union of a perfect set and a countable set. One of its 
consequences is part (a) of the following lemma, which is a very weak instance 
of a general theorem to be proved in Chapter 7. 


Lemma 26.2. 


(a) If P and Q are perfect sets, then either P ~ Q or P — Q contains a perfect 
subset. 
(b) For every perfect set P there exist perfect sets Q, < P, Q, <P such that 


Q:92,=2. 


Proof. (a) Let U be the complement of Q. The open set U is the union 
U = (J@.0 I, of countably many closed intervals (with rational endpoints). 
Each Pol, is either perfect or finite, and so P—-Q=PnNU= 
J2-o (P 7 I,) either contains a perfect subset or is at most countable. In the 
latter case, P ~ Q is uncountable and hence contains a perfect subset. 

(b) Easy. @ 


Proof of Theorem 64. The forcing conditions are the perfect sets of reals (in M) 
and P < Q just in case P< Q. 

Thus P and Q are incompatible if and only if P \ Q does not contain a 
perfect subset. (Then by Lemma 26.2 there exists Q@,<@Q such that 


PQ: = ©.) 
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Let G be an M-generic set of conditions. (By Lemma 26.2b, G is not in M.) 
We shall first show that there is a real xg € IM[G] such that M[G] = M[xg]. 

Every condition P, being a closed set, is the complement of a certain union 
of open intervals with rational endpoints (in M). If we carry out the same 
construction in MN[G], we obtain a perfect set P* = P™°; clearly, we have 
P = P* ~ M, and moreover, P* is the closure of the set P (in IN[G]). 

Let us consider (in MN[G]) the collection F = {P* : P € G} of perfect sets. F 
has the finite intersection property and, by genericity of G, contains sets of 
arbitrarily small diameter. Hence its intersection contains a single element 
X =X! 


(26.7) (\ P* = {xg} 


PeG 


The following lemma shows that 2N[G] = Mx]. 
Lemma 26.3. G € IN[x]. 


Proof. For each condition P, let P* = P®t1. as before, P = P* © Wt and 
P* = P* ~ Mx]. We shall show that 


(26.8) G ={P:xe P*} 


thus giving a definition of G in M{[x]. 

On the one hand, if P € G, then x € P* and so x € P*. On the other hand, 
let P ¢ G. By the genericity of G, ifa condition is compatible with every element 
of G, then it is itself in G. Thus there is Q, € G such that P and Q, are 
incompatible. Now it follows by Lemma 26.2a (and by genericity again) that 
there is Q e G such thatQ <Q, and PNQ=@. 

We may also assume that Q is bounded, and then P and Q have positive 
distance; i.e., there is ¢ > 0 such that any p € P and qe Q have distance > «. 
Thus in IN[G], P* and Q* have distance > ¢. This means that we have found 
Qe G such that P* ~ Q* = ©. 

Hence x € Q* and therefore x ¢ P*. Thus we have x ¢ P*, and (26.7) is 
proved. @ 

We shall show that x is minimal over IN. Let X be a set of ordinals in IN[G]; 
we wish to show that either X € Mor x € M[X]. 

Let X be a name for X. Let D, and D, be the following sets of conditions: 


D, = {P: P decides & € X for all a} 
D, = {P: (VQ < P)% such that Q does not decide & € X} 


Clearly D = D, U D, isadense set of conditions and so G m D # @. If there is 
P,€Go D,, then X € M because 


X ={a:P,tae X} 


So let us assume that G 1 D, is empty, let P, € G 7 D and let us show that 
XG E IMLX]. 
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For every P © P2, we construct a family {P,: s € Seq} as follows: 
For s = @, we let Pg = P. 
Having chosen P, for all s € Seq of length n, we pick P,o and P,, so that: 


(26.9) (i) Pyo < P, and P,, ¢ P,; 
(ii) Poo 1 Ps = D3 
(iii) the diameter of both P,) and P,, is at most 1/n; 
(iv) there exists a = a, such that 


Po ta,eX and P,, ta, ¢ X 


Condition (iv) can be satisfied because P, © P, and P, € D,. 

The family {P,: s € Seq} satisfies (26.4) and (26.6), and therefore its fusion 
Qp is a perfect set. Since the set of conditions {Q,: P & P,} is dense below P, 
and P, ¢€ G, there exists P € P, such that Q, € G. Let us consider such P, and 
the corresponding family {P,: s € Seq}. 

For every n € w, we have 


Ops \) {P,:s €"{0, 1}} 
and so there is a unique s of length n such that P, e G. Moreover, if P, € G, then 
by (26.9(iv)) 
PoEeG iff aeXx 
and 
P., EG iff a,¢X 
Thus if we define in IN[X] a function f: w — {0, 1} as follows (by induction): 


0 if a,€X 
n= b 
F(n) 1 if ap, ¢ X 
we have for each s € Seq, 
(26.10) P,eG iff scf 


We shall complete the proof by showing that xg € M[X]: Let P* denote, for 
each condition P, the perfect set P™™! in IML[X], and let us consider the intersec- 
tion (in IN[X]) 


(26.11) (\ Phi 
n=0 


By (26.9)(iii), the set in (26.11) has exactly one element y. Similarly, the intersec- 
tion (in IN[G]) 


(26.12) (\ Ph 

n=0 
(where P* = P™®}) has also exactly one element; and since x, € P*,, for all n 
(because P,,, € G), it follows that y = xg. This shows that xg € MN[X], and so 
Xg is minimal over J. 
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An argument employing the fusion lemma is used below to show that 
forcing with perfect sets does not collapse &,. If, in addition, one assumes that 
2%° = &, holds in WM, then there are only &, forcing conditions, and so all 
cardinals above (and including) &, are preserved. 


Lemma 26.4. If f € M[G] is a function from w into w'', then the range of f is 
bounded by some a < wt. 


Proof. Let f be a name for a function from @ into w,. It suffices to show that for 
every condition P there exists a stronger condition Q and an ordinal « < w, 
such that 


(26.13) Q tran(f)ca 


Let P be a condition. We construct a family {P,: s € Seq} as follows: 
For s = @, we let Pg = P. 
Having chosen P, for all s € Seq of length n, we pick P,) and P,, so that: 


(26.14) (i) Pio <P, and P,, < P,; 
(ii) Poo 1 Ps = D3 
(iii) the diameter of both Po and P,, is at most 1/n; 
(iv) there exist countable ordinals «9 and a,, such that 


Pol f(i)=Go and Py f(t) =& 


Then we let Q be the fusion of {P,: s € Seq}, and let « be a countable ordinal 
greater than all «,, s € Seq. 

Let us show that Q and « satisfy (26.13). Otherwise, there is Q, S Q, and 
there is n € w such that 


(26.15) Q, tf (i) > 6 


However, since Q < |} {P,:s € "{0, 1}}, there exists s € Seq of length n such 
that Q, 4 P, contains a perfect subset Q,. Then by (26.14)(iv), Q, forces 
f (i) = &,, contrary to assumption (26.15). Hence Q forces that the range of fis 
bounded by «a, and the lemma follows. 


Exercise 26.3. Every function f: w + w in M[G] is majorized by some g: w > a, g € Vt. 

[Use fusion: For each s € "{0, 1} consider m, such that P, + f(m) = m,; then let 
g(n) = max{m, : s € "{0, 1}}.] 

In the proof of Theorem 64 we could have used perfect sets in the Baire 
space, i.e., perfect trees T < Seq; cf. Section 4 (with the same results since “N is 
homeomorphic to the set of all irrationals). In that case, if G is a generic set of 
perfect trees, one has DG] = Mf], where fis the unique infinite path through 
all TeG. 


Exercise 26.4. Formulate and prove a fusion lemma for perfect trees T < Seq. 


The following example (due to Namba) uses a generalization of perfect trees. 
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Example II. Let Dt be a model of ZFC and 2*° = &,. There is a generic exten- 
sion M[G] of M such that wf = wP and cf™A(~wR) = w. 


What makes this example interesting is that w, is collapsed, but its 
cofinality is changed not to «, (as is the case when the “ ordinary” collapse is 
performed) but to w. It follows from Jensen’s work on singular cardinals that in 
the absence of large cardinals, this example is the only possible nontrivial 
change of cofinality. For more, see Jensen’s covering theorem in Section 30. 

Let S be the set of all finite sequences of ordinals less than w,: 


S = J "@ 
. =0 
A tree is a set T < S such that 


(26.16) if t € T and s=t|n for some n, then s € T. 


A nonempty tree T © S is perfect if every t € T has &, extensions s > ¢ in T. 
(Note that then every t € T has &, incompatible extensions in T.) 

In analogy with perfect sets in the Baire space, we have a Cantor-Bendixson 
analysis of trees T < S: Let 


T’ = {t € T: t has &, extensions in T} 


and let Ty = T, T,+1 = Tz, Tz = ( \p<a Ty if @ is a limit. Let 6 < ws be the least 
@ such that T, = T,. Then T, is either empty or perfect. 

If T has no perfect T < T, then the above procedure leads to T, = @, and 
we can associate with each t € T an ordinal number 


(26.17) hy(t) = the least « such that t ¢ T,,, 
If s< t, then h;(s) > h(t), and for every t € T, 
(26.18) |{se T:t Ss and h;(s) = hz(t)}| < &, 


Now let me describe the notion of forcing that is used in this example. 

Let P be (in the ground model Mt) the set of all perfect trees T < S, partially 
ordered by inclusion. We shall show that in the generic extension, w, has 
cofinality w and @, is preserved. 

If G is a generic set of conditions, we define in I[G] a function f: w > was 
follows: 


f(n)=a = iff 3ITeG 3se€ T such that s(n) =« 


An easy argument using genericity of G shows that f(n) is uniquely defined for 
each n and that the function f maps w cofinally into w%. 

Let me prove now that w, is preserved in the extension by showing that 
every f: w — {0, 1} in MG] is in the ground model. Thus let T be a condition, 
let fe WM, and let 


T fis a function from @ into {0, 1} 
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We shall find a stronger condition that decides each f(vi); that is, we shall find a 
function g: w— {0, 1} such that some condition stronger than T forces 
S (mt) = g(n), for all n. 

We proceed as follows. By induction on length of s, we construct, for each 
s € S, conditions T, and numbers «, € {0, 1} such that: 


(26.19) (i) ifs, Ss), then T,, 2 T,, 

(ii) if length(s) = n, then T, ‘t f{(wH=¢4 

(iii) for every n, the conditions T,, s€"w , are mutually incompat- 
ible, and moreover, there are mutually incompatible sequences 


t, € S, s €"@, such that for each s € "w, 
t, € T, and for allte T,, eithert Ct,ort,St 


The “moreover” clause in (iii) is stronger than incompatibility of the condi- 
tions and implies that any condition stronger than |_),..., T; is compatible 
with some T,, s € "w.. 

The construction of conditions satisfying (26.19) is straightforward: We let 
tz = @ and Ty<T be any condition that decides f(0): Tz t £(0) = ag. 
Having defined T,, t,, and a, for s € "w. we first pick %, incompatible exten- 
sions t,;, i< @ , of t, in T,, and then find T,;¢ T, and a,;, i< w2, such that 
T, + f(n + 1) =a,; and that each te T,; is compatible with ¢,;. Note that if 
S; SS, then t,, S t,, 

For any function g g: w — {0, 1}, we define a tree T(g) S S (not necessarily a 
perfect tree) as follows: If B = (Bo, ..., B,» is a finite sequence of zeros and 


ones, we let 


(26.20) T(B)=\) {T,:s € "wy and (Bo, -.., Bad = (gy +++ Uses «2-9 Wer} 


and 


(26.21) T(g) = (\ T(g|n) 
Each T(f) is a condition (a perfect tree) and by the remark following (26.19), we 


have : : 
T(B) t f(k) = Br (k =0,..., n) 


Thus, if we show that there is at least one g: w — {0, 1} such that the tree T(g) 
contains a perfect subtree, our proof will be complete. 


Lemma 26.5. There exists g: w— {0, 1} such that T(g) contains a perfect 
subtree. 


Proof. Let us assume that no T(g) has a perfect subtree. Then by (26.18) there 
exists, for each g: w — {0, 1}, a function h,: T(g) > w3 such that h,(s) > ht) 
whenever s & t, and that for each t € T(g), there are at most %, elements s 2 t 
in T(g) such that h,(s) = h,(t). 
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By induction, we construct a sequence sy < s; < --: CS, < --: such that for 
each n, s, € "w,. Having constructed s,, we consider the node t,, of T,, . Since 
there are only &, functions g: w — {0, 1}, there exists i < w, such that h,(t,,;) < 
h,(t,,) for all g for which h,(t,,;) is defined. We let s,4, = s,°i. 

Given the sequence s,, n = 0, 1, ..., we consider the function g: w — {0, 1} 
defined by 


g(n) =, , n=0,1,... 


Now, by (26.20) and (26.21), each t,, belongs to T(g), and so h,(t,,) is defined for 
all n. However, this yields a descending sequence of ordinals h,(t,,) > h,(t,,) > 
‘++, a contradiction. 


Degrees of Constructibility 
The relation between two sets of ordinals 
(26.22) x is constructible from y, ie. x € L[y] 


is a transitive relation (and reflexive). Thus one may be tempted to investigate 
the partial ordering of the corresponding equivalence classes, the degrees of 
constructibility. One might even expect a certain similarity between degrees of 
constructibility and degrees of recursive unsolvability (Turing degrees) in- 
vestigated in recursion theory. 

Unlike the case for Turing degrees, there has been no systematic study of 
degrees of constructibility. There are a few facts known and a few results that I 
should mention. 

Theorem 64 provides an example of a minimal degree. Using a similar 
technique, models have been obtained where the degrees of constructibility 
form various finite patterns. Not much is known about, however, how, for 
instance, the initial segments of degrees look in general. (One result worth 
mentioning is a model in which the nonconstructible degrees have order-type 
w*, i.e., the order-type of negative integers.) 

Any two degrees have a least upper bound. (This is easy: If A and B are sets 
of ordinals, let C = [A x B] where I is the canonical mapping of Ord? onto 
Ord; the degree of C is the l.u.b. of the degrees of A and B.) The following 
theorem of Hajek, stated here without proof, shows that the same is not true for 
lower bounds: 

It is consistent that there are two reals X, Y, Cohen-generic over L, such that 
the constructibility degrees of X and of Y have no greatest lower bound. 

It follows that L[X] > L[Y] is not a model of ZFC (and it is unclear 
whether it is even a model of ZF). 

The situation is similar for suprema and infima of countable sequences of 
degrees. For instance, if dg, d,,..., d,,... is an increasing (or decreasing) 
sequence of L-degrees, then its supremum (infimum) may or may not exist. 
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A related problem is the structure of transitive models of ZFC (containing 
all ordinals). Above, I mentioned an example of two models IN, and IM, of 
ZFC such that 9, © Mt, is not a model of ZFC. Similarly, there is an example 
of a decreasing sequence M) > M, >--- > M,>-°: of models such that 
(\e-0 Wt, is not a model. Or consider this: 


Exercise 26.5. If Mo < Mt, <-+- c M, <--: is a strictly increasing sequence of models 
(containing all ordinals), then U = (25 Mt, is not a model of ZF. 

{If U 7 V, € U for all , then there is n such that U 7 V, € Mt, for arbitrarily large 
a; hence UC M,.] 


A somewhat better picture can be obtained when generic extensions are 
used. For instance: 


Exercise 26.6. If Bo 2 B; 2>:-- > B,2>--: is a sequence in M of complete Boolean 
algebras and if G c B is generic over I, then 


N= a MG A B,] 


is a model of ZF. 
[® is transitive and closed under Gédel operations. To show that for each a, 
V, 0 Ne R, note that for every n, Vz 0 Ne M[G - B,]: 


V,AN= a (Vz WIG, 0 By) 


where G, = G 2 B,.] 


Even when we have a sequence of models IN[G 4 B,] as in Exercise 26.6, 
the intersection need not satisfy the axiom of choice. I shall conclude this 
discussion with the following lemma, which shows that in some cases the 
intersection of a decreasing sequence of models of ZFC is a model of ZFC: 


Lemma 26.6. Let « be a cardinal and let B be a x-distributive complete Boolean 
algebra. Let By) > B, >::- > B,2°*',« < k, be a descending k-sequence of com- 
plete subalgebras of B, and let B, = ( \a<x B,. If G is an M-generic ultrafilter on 
B, and G, = G 2 B, for all « < k, then 
() {6} = H6,] 

Proof. Clearly, G,€ M[G,] for all «<x, and so M[G,] is included in the 
intersection. To prove the opposite inclusion, it suffices to show that every set 
of ordinals A that is in each MG,], « < x, belongs to DYG,]. 

Let A be a set of ordinals, A € M{G,] for all a < x. Working in YG], we 
assign to each « <x a B,-valued name A, for A. Since B is x-distributive, it 
follows that the sequence {A, : « < x} is in Mt 

We wish to define a B,-valued name A, for A. For each ordinal €, we shall 
define w, = ||f € A, || € B,, and then show that A is the G,-interpretation of 
A,; 1.€., that w, € G if and only if € € A. 
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Let € be an ordinal; I shall describe the construction of w = w,. For each 
a<k, let u,=|€¢A,|| € B,. By x-distributivity, there exists a partition 
{p;: ie I} of B such that for each a <x and each ie /, either p; <u, or 
D;'uU,=90. Hence for each «<x there exists I,G I such that 
u, = ¥ {p;:i € 1,}. We let 


(26.23) W = Di (Pi: Wo Va > ty pj < uy} 


We shall show that w e B,, i.e, w € B, for alla < x. Let « < x. It suffices to 
show that for each p; < w there is v € B, such that p; < v < w. Thus let p; < w. 
Then there is %9 > « such that p; < ug for all B > ao. Let v=[] {ug: B = ao}. 
Clearly v € B,; and also p; < v. By the choice of the p;, there is J < I such that 
v=) {p,:j € J}. Now if p; < v, then by (26.23), p; < w; hence v < w, and we 
have p; < v < w. It follows that w e B, for all « < k. 

It remains to show that for each €, the element w = w, is in G if and only if 
&€€ A. Let p; be the unique p; that is in G. Then w é€ G just in case p; < w. If 
éeéA, then u,€ G and p; <u, for each a, and hence p; < w. Conversely, if 
pi <w, then p; < u, for eventually all a; hence u,€ Gandsogée A. Hf 


Genericity of Extensions 


At the conclusion of Part II, I shall very briefly touch the question of 
genericity of extensions of models. If IN and M are models of ZFC (with the 
same ordinals), the question is, When is the model 9a generic extension of the 
model M? Or more specifically, Which transitive models of ZFC containing all 
ordinals are generic extensions of the constructible universe? 

It is known that in the presence of large cardinals, the universe is not a 
generic extension of L. There are also several results that characterize generic 
extensions. The following theorem shows that the universe is a generic exten- 
sion of the class of all hereditarily ordinal definable sets (at least if V = L[A] for 
some set A). 


Theorem 65 (Vopénka). Let V = L[A] where A is a set of ordinals. Then V is a 
generic extension of the model It = HOD. There is a Boolean algebra B € Mt 


complete in Wt, and there is an ultrafilter G < B, generic over M such that 
V = DIG}. 


Proof. Let x be such that A & k. We let 
C =OD n P(P(x)) 


be the family of all ordinal definable sets of subsets of x. Let us consider the 
partial ordering (C, ©). 

First I claim that there is a hereditarily ordinal definable partially ordered 
set (B, <) and an ordinal definable isomorphism 1 between (C, <) and 
(B, <): There is a definable one-to-one mapping F of OD into the ordinals. 
The set C is an ordinal definable set of ordinal definable sets and so F|C is an 
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OD one-to-one mapping of C onto F[C]. We let B = F[C], and define the 
partial ordering of B so that (B, <) is isomorphic to (C, ¢). Since | - C7? is 
an OD relation, we have (B, <) € HOD. 

Now (C, ©) is clearly a Boolean algebra. Moreover, if X ¢ C is ordinal 
definable, then |) X is ordinal definable and so |) X = )° X. Hence the 
algebra C is OD-complete; and using the OD isomorphism 2, we conclude that 
(B, <) is a complete Boolean algebra in IM = HOD. 

Now we let 


H={ueC:Aeu} 


Clearly, H is an ultrafilter on C, and if X < H is OD, then (| X € H. Hence 
G = n[H] is an Mt-generic ultrafilter on B. 

It remains to show that V = IN[G]. Let f: x > B be the function defined by 
f(a) = n({Z © k: a € Z}). Clearly fis OD, and sof € Mt = HOD. Now we note 
that for every a < k, 


aeA iff f(«)eG 
and therefore A € IN[G]. Now it follows that V = L[A] = N[G]. 


PART III 


Large Sets 


CHAPTER 5 
MEASURABLE CARDINALS 


27. THE MEASURE PROBLEM 


Let S be an infinite set. A measure on S (a nontrivial o-additive measure, to 
be more precise) is a real-valued function » on P(S) such that: 


(27.1) (i) u(@) = 0 and y(S) = 1; 
(ii) if X ¢ Y, then u(X) < u(Y); 
(iti) u({a}) = 0 for alla eS (nontriviality); 
(iv) if X,,n=0, 1, 2,..., are pairwise disjoint, then 


m (U X = py H(X,)  (a-additivity) 


It follows from (ii) that u(X), the measure of X, is nonnegative for every X ¢ S; 
in a special case of (iv) we get u(X U Y) = u(X) + u(Y) whenever X 1 Y= O 
(finite additivity). 

More generally, let ¥ be a o-complete field of sets. A measure on F is a 
real-valued function uz on F satisfying (i)}(iv). Thus a measure on S is in fact a 
measure on P(S). 

An example of a measure on a a-complete field of sets is the Lebesgue 
measure on the field of all Lebesgue measurable subsets of the interval [0, 1] = 
{x : 0 <x < 1}. The Lebesgue measure has, in addition to (i)-(iv), the following 
property: 


(27.2) if X is congruent by translation to a measurable set Y, then X is 
measurable and p(X) = y(Y). 


It is well known that there exist sets of reals that are not Lebesgue measur- 
able, and in fact that there is no measure on [0, 1] with the property (27.2) 
(translation invariant measure): 


Exercise 27.1. Let M be a maximal (under ©) subset of [0, 1] with the property that 
x — y is not a rational number, for any pair of distinct x, y € M. Show that M is not 
Lebesgue measurable. 
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[Consider the sets M, = {x + q:x € M} where q is rational. They are pairwise 
disjoint and [0, 1] ¢ \) {M,:¢e€ @- [-1, 1}} <= [-1, 2].] 


The natural question to ask is whether the Lebesgue measure can be extended 
to some measure (not translation invariant) such that all subsets of [0, 1] are 
measurable, or whether there exists any measure on [0, 1]. Or, whether there 
exists a measure on some set S. 

The investigation of this problem has lead to important discoveries in set 
theory, opening up a new field, the theory of large cardinal numbers, which has 
far-reaching consequences both in “abstract” set theory and in descriptive set 
theory. 

A measure py on S is two-valued if u(X) is either 0 or 1 for all X ¢ S.Ifpisa 
two-valued measure on S, let 


(27.3) U={X ©S:p(X)= 1} 


It is easy to verify that U is an ultrafilter over S. For instance, let me show that 
if XeU and YeU, then XOAYeEU. If w(X)=n(Y)=1, then 
X =(X — Y)U(X 4 Y)and Y=(Y—X) U(X 0 Y). If u(X  Y) were not 
1, then u(X — Y) = n(Y — X) = 1, and we would have p(X U Y) =2. 

Next we note that the ultrafilter U is o-complete. This is so because p is 
o-additive, and an ultrafilter U over S is o-complete if and only if there is no 
partition of S into countably many disjoint parts S = | )*_9 X, such that 
X,, ¢ U, for all n. In fact: 


Exercise 27.2. An ultrafilter over S is x-complete if and only if there is no partition of S 
into less than x pieces, S = |)a<) Xa, y < k, such that X, ¢ U for all a < y. 


Thus if p is a two-valued measure on S, U is a a-complete ultrafilter over S. 
Conversely, if U is an o-complete ultrafilter over S, then the following function 
is a two-valued measure on S: 


1 if XeU 
(27.4) u(X) = 0 if X¢U 


Let y be a measure on S. A set A € S is an atom of p if u(A) > 0 and if for 
every X © A, we have either u(X) = 0 or p(X) = pA). 

If » has an atom A, then 
(27.5) U ={X ©S:n(X 7m A) =pn(A)} 


is again a o-complete ultrafilter over S. 

A measure p on S is atomless if it has no atoms. Then every set X ¢ S of 
positive measure can be split into two disjoint sets of positive measure: 
X =Y vu Z,and p(Y)>0, n(Z) > 0. 

Exercise 27.3. If 1 is an atomless measure on S, there exists Z < S such that p(Z) = 4. 


More generally, given Zg & S, there exists Z < Zp such that y(Z) = 3p(Zo). 
[Construct a sequence S = Sp 2S; 2°*'2>S,2°°*, a < wy, such that u(S,) > 4, 
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and if u(S.) > 4, then 4 < y(S.+1) < u(S.); if o is a limit ordinal, let S, = (\p<a Sg. There 
exists a < w, such that u(S,) = 4.] 


We shall eventually prove various strong consequences of existence of a 
nontrivial o-additive measure and establish the relationship between the mea- 
sure problem and large cardinals. Our starting point is the following theorem 
which shows that if a measure exists, then there exists at least a weakly inacces- 
sible cardinal. 


Theorem 66 (Ulam). If there is a a-additive nontrivial measure on S, then either 
there exists a two-valued measure on S and |S| > the least (strongly) inaccessible 
cardinal, or there exists an atomless measure on 2*° and 2®° > the least weakly 
inaccessible cardinal. 


Theorem 66 will be proved in a sequence of lemmas, which will also provide 
additional information on the measure problem and introduce basic notions 
and methods of the theory of large cardinals. First we make the following 
observation. Let x be the least cardinal that carries a nontrivial o-additive 
two-valued measure. Clearly, x is uncountable and is also the least cardinal 
that has a nonprincipal countably complete ultrafilter. And we observe that 
such an ultrafilter is in fact k-complete: 


Lemma 27.1. Let « be the least cardinal with the property that there is a nonprin- 
cipal o-complete ultrafilter over x, and let U be such an ultrafilter. Then U is 
k-complete. 


Proof. Let U be a o-complete ultrafilter over x, and let us assume that U is not 
k-complete. Then there exists a partition {X,: « < y} of x such that y < x and 
X, ¢ U for all « < y. We shall now use this partition to construct a nonprinci- 
pal o-complete ultrafilter over y, thus contradicting the choice of x as the least 
cardinal that carries such an ultrafilter. 

Let f be the mapping of x onto y defined as follows: 


f(x)=a iff xeEX, (xex) 


Now, any mapping of k onto y induces a a-complete ultrafilter over y; we define 
D¢ P(y) thus: 


(27.6) ZeD iff f_,(Z)eU 


(We leave it to the reader to verify this.) Moreover, our mapping fis such that D 
is nonprincipal: Assume that {a} € D for some a < y. Then X, € U, contrary to 
our assumption on X,. Thus y carries a o-complete nonprincipal 
ultrafilter. 1 


We are now ready to define the central notion of this chapter. An uncount- 
able cardinal k is measurable if there exists a k-complete nonprincipal ultrafilter 
U over x. 
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By Lemma 27.1, the least cardinal that carries a nontrivial two-valued 
o-additive measure is measurable. Note that if U is a x-complete nonprincipal 
ultrafilter over x, then every set X € U has cardinality x because every set of 
smaller size is the union of less than x singletons. For similar reasons, k is a 
regular cardinal because if x is singular, then it is the union of less than x small 
sets. The next lemma gives a first link of the measure problem with large 
cardinals. 


Lemma 27.2. Every measurable cardinal is inaccessible. 


Proof. We have just given an argument why a measurable cardinal is regular. 
Let me show that measurable cardinals are strong limit cardinals. Let x be 
measurable, and let us assume that there exists 2 < x such that 2? > x; we shall 
reach a contradiction. 

Let S be a set of functions f: A > {0, 1} such that |S| =x, and let U bea 
k-complete nonprincipal ultrafilter over S. For each « < A, let X , be that one of 
the two sets {fe S: f(a) = 0}, {fe S: f(a) = 1} which is in U, and let ¢, be 0 or 
1 accordingly. Since U is x-complete, the set X = (),<, X, is in U. However, X 
has at most one element, viz. the function f that has the values f(x) = «,. A 
contradiction. 


Let us now turn our attention to measures that are not necessarily two- 
valued. Let u be a nontrivial o-additive measure on a set S. In analogy with 
(27.3) we consider the ideal of all null sets: 


(27.7) I, = {X © S: p(X) = 0} 
I, is a nonprincipal o-complete ideal over S. Moreover, it has these properties: 


(27.8) (i) {x}eJ for every x ES; 
(ii) every family of pairwise disjoint sets X ¢ S that are not in J is at 
most countable. 


To see that (ii) holds, note that if W is a disjoint family of set of positive 
measure, then for each integer n > 0, there are only finitely many sets X €¢ W of 
measure > 1/n. 

A o-complete nonprincipal ideal J over S is called o-saturated if it satisfies 
(27.8). More generally, a k-complete nonprincipal ideal J over S is k-saturated if 
it satisfies (27.8)(i) and if every disjoint family W < P(S) of sets not in J has size 
<K. 

Let me make a small digression: Let J be a x-complete nonprincipal ideal 
over S, and let B be the quotient Boolean algebra B = P(S)/I. Note that B is 
x-saturated (cf. (17.15)) just in case there is no W c P(S) of size x such that 
X ¢ 1 for each X e Wand X m Y «I whenever X and Y are distinct elements 
of W. 


Exercise 27.4. Let S, I, and B be as above. Show that B is x-saturated if and only if J is 
x-saturated. 
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[If WaP(S)—JI has size x, and X 1 YeI whenever X#YeEW, let 
W = {X,:a<xk}, and let Z, = X.— \Jg<a XQ; the family {Z,: « < x} is disjoint, and 
Z, € 1 for each a.] 


The following lemma is an analog of Lemma 27.1: 
Lemma 27.3. 


(a) Let x be the least cardinal that carries a nontrivial o-additive measure and let 
be such a measure on x. Then the ideal I, of null sets is k-complete. 

(b) Let « be the least cardinal with the property that there is a o-complete 
o-saturated ideal over x, and let I be such an ideal. Then I is x-complete. 


Proof. (a) Let us assume that J, is not x-complete. There exists a collection of 
nuli sets {X, : « < y} such that y < x and that their union X has positive mea- 
sure. We may assume without loss of generality that the sets X,, « < y, are 
pairwise disjoint; let m = p(X). 

Let f be the following mapping of X onto y: 


f(x)=a iff xeEX, (xeEX) 
The mapping f induces a measure v on y: 


279) WZ) =" u(f-s(2) 


The measure v is g-additive and is nontrivial since v{a} = u(X,) = 0 for each 
ae€y. This contradicts the choice of x as the least cardinal that carries a 
measure. 

(b) The proof is similar. We define an ideal J over y by: Z € J iff f_,(Z) € I. 
The induced ideal J is c-complete and o-saturated. 


Let {r;: i € I} be a collection of nonnegative real numbers. We define 


(27.10) >¥ r= sup{> r;,: E isa finite subset of J} 
ie! ieE 
Note that if the sum (27.10) is finite (ie., is not 00), then at most countably 
many terms r; are nonzero. 
Let x be an uncountable cardinal. A measure p on S is called x-additive if for 
every y < x and for every disjoint collection X,, « < y, of subsets of S, we have 


(27.11) »(U x,] = ¥ u(X,) 


a<y a<y 


Exercise 27.5. Let 4 be a two-valued measure, and let U be the ultrafilter of all sets of 
measure one. The measure yp is x-additive if and only if U is x-complete. 


If u is a x-additive measure, then the ideal J, of null sets is k-complete. The 
converse is also true, and we get a better analog of Lemma 27.1 for real-valued 
measures: 
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Lemma 27.4. Let ys be a measure on S, and let I, be the ideal of null sets. If I, is 
k-complete, then is x-additive. 


Proof. Let y < x, and let X,, « < y, be disjoint subsets of S. Since the X, are 
disjoint, at most countably many of them have positive measure. Thus let us 
write 


{X,:a<y}={¥,:n=0, 1, 2,...} U{Z,:a<y} 


where each Z, has measure 0. Then we have 


HU s)-alG 4) «(Uy 2) 


a<y a<y 


Now first y is o-additive, and we have 


“(0 ¥) = 5 an 
n=0 n=0 
and secondly J, is x-complete and 


“(U z,)=0= > 4(Z,) 


a<y a<y 


Thus (J. X)= Ya w(X.) 


Corollary. Let « be the least cardinal that carries a nontrivial o-additive measure 
and let y be such a measure. Then yp is x-additive. 


An uncountable cardinal x is real-valued measurable if there exists a nontriv- 
ial x-additive measure y on x. By the corollary above, the least cardinal that 
carries a nontrivial o-additive measure is real-valued measurable. We shall 
show that if a real-valued measurable cardinal x is not measurable, then 
k < 2° Note that if u is a nontrivial x-additive measure on k, then every set of 
size < k has measure 0, and moreover x cannot be the union of less than x sets 
of size < x. Thus a real-valued measurable cardinal is regular. We shall show 
that it is weakly inaccessible. 

We shall first prove the first claim made in the preceding paragraph. 


Lemma 27.5. 


(a) If there exists an atomless nontrivial o-additive measure, then there exists a 
nontrivial a-additive measure on some kK < 2*°. 

(b) If I is a o-complete a-saturated ideal over S, then either there exists ZS S 
such that I|Z ={X <Z:X e€]I} is a prime ideal, or there exists a a- 
complete o-saturated ideal over some x < 2®°. 


Proof. (a) Let » be a measure on S. We construct a tree T of subsets of S, 
partially ordered by reverse inclusion. The Oth level of T is {S}. Each level of T 
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consists of pairwise disjoint subsets of S of positive measure. Each X € T has 
two immediate successors: We choose two sets Y, Z of positive measure such 
that YU Z=X and Yn Z= @.If a is a limit ordinal, then the ath level 
consists of all intersections X = ().<, X such that each X; is on the éth level 
of T and such that X has positive measure. 

We observe that every branch of T has countable length: If {X.:€ <a}isa 
branch in T, then the set {Y;:¢<a}, where Y, = X,— Xz,,, is a disjoint 
collection of sets of positive measure. Consequently, T has height at most @. 
Similarly, each level of T is at most countable, and it follows that T has at most 
2*° branches. 

Let {b, : a < k}, k < 2*°, be an enumeration of all branches b = {X,: € < y} 
such that (),<, X, is nonempty; for each « <x, let Z,= (\ {X : X € b,}. The 
collection {Z, : « < k} is a partition of S into x sets of measure 0. 

Using what is by now a standard argument, we induce a measure v on Kk as 
follows: Let f be the mapping of S onto x defined by 


Sf(x)=a iff xeZ, (xeS) 
and let 


W(Z) = u(f_ 1(Z)) 
for all Z < x. It follows that v is a nontrivial o-additive measure on x. 


(b) The proof is similar. We define a tree T as above and then induce an 
ideal J over x by letting Ze J ifff_,(Z)e/. © 


The proof of Lemma 27.5 shows that if 4 is atomless, then there is a 
partition of S into at most 2° null sets; in other words, y is not (2*°)* -additive. 
Hence if « carries an atomless x-additive measure, then x < 2*° and we have: 


Corollary. If is a real-valued measurable cardinal, then either x is measurable 
or kK < 2°, 

Similarly, if k carries a K-complete o-saturated ideal, then either k is measur- 
able or x < 2%°, 


The measure v obtained in (a) above is atomless; this follows from the fact 
that x < 28° and Lemma 27.2. 


Exercise 27.6.* Prove directly that the measure v defined in the proof of Lemma 27.5a is 
atomless. 

[Assume that Z is an atom of v, and let Y=f_,(Z). If X € T is such that 
u(Y ~ X)#0 and if X,, X,. are the two immediate successors of X, then either 
u(Y 0 X,)=0o0r uw(Y 7 X2) = 0. Prove by induction that on each level of T there is a 
unique X such that u(Y 7 X) # 0, and that these X’s constitute a branch in T of length 
@,; a contradiction.] 


By Lemma 27.5a, if there exists an atomless o-additive measure, then there 
is one on some x < 2*°. Clearly, such a measure can be extended to a measure 
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on 2%°: For X & 2%°, we let u(X) = u(X 7 x). Thus we conclude that there 
exists an atomless g-additive measure on the set R of all reals. It turns out that 
using the same assumption, we can obtain a o-additive measure on R that 
extends Lebesgue measure. This can be done by a slight modification of the 
proof of Lemma 27.5: 

Using Exercise 27.3, we construct for each finite 0-1 sequence s, a set X,c S 
such that X 4 = S, and for every s € Seq, X59 U X51 = Xs, X50 O X51 = OS, and 
U(X 0) = u(X51) = 4° u(X,). Then we define a measure v, on “2 by 


v1(Z) = wl {X,: fe Z}) 


where X,= (x9 Xy,, for each fe °2. Using the mapping F: °2 (0, 1] 
defined by 


we obtain a nontrivial g-additive measure v on [0, 1]. This measure agrees with 
Lebesgue measure on all intervals [k/2”, (k + 1)/2"], and hence on all Borel sets. 
Every set of Lebesgue measure 0 is included in a Borel (in fact, G,) set of 
Lebesgue measure 0 and hence has v-measure 0. Every Lebesgue measurable 
set X can be written as X = (B— N,) U N2, where N, and N, have Lebesgue 
measure 0, and hence the Lebesgue measure of X is equal to v(X ). Thus v agrees 
with Lebesgue measure on all Lebesgue measurable subsets of [0, 1]. 

We shall now show that a real-valued measurable cardinal is weakly inac- 
cessible. The proof is by a combinatorial argument, using matrices of sets. 

An Ulam matrix (more precisely, an Ulam (%,, X%o)-matrix) is a collection 
{Aun i % <@,,n < @} of subsets of w, such that: 


(27.12) (i) ifo #8, then A,, 7 Ag, = ©, for every n<a; 
(ii) for each a, the set w, — | )®o A,,, is at most countable. 


See Fig. 27.1. 


Aoo Aor Aon 
Ato Ay, Ai, 


FIGURE 27.1. An (&,, &o)-matrix. 


An Ulam matrix has &, rows and &, columns. Each column consists of 
pairwise disjoint sets, and the union of each row contains all but countably 
many elements of @,. 
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Lemma 27.6. An Ulam matrix exists. 


Proof. For each € < @, let f; be a function on w such that € ¢ ran(f;). Let us 
define A,, for a < mw, and n<w by 


(27.13) CEA, iff f(n)=a 


If n <q, then for each € € w, there is only one « such that € € A,,, namely 
a = f(n); and we have property (i) of (27.12). If « <,, then for each € > 
there is an n such that f,(n) = a and hence (w, — |) o Aan) & «; that verifies 
property (ii). © 


Using an Ulam matrix, we can show that there is no measure on ,: 


Lemma 27.7. There is no nontrivial o-additive measure on w,. More generally, 
there is no o-complete o-saturated ideal over wy. 


Proof. Let {A,.,:& < @,, n < @} be an Ulam matrix. Assuming that we have a 
measure On @,, there is for each a some n=n, such that A,, has positive 
measure (because of (27.12)ii). Hence there is an uncountable set W ¢ w, and 
some n < w such that n, = n for all « € W. Then {A,, : a € W} is an uncount- 
able, pairwise disjoint (by (27.12)i) family of sets of positive measure; a 
contradiction. Ml 


A straightforward generalization of Lemmas 27.6 and 27.7 gives the result 
mentioned above: 


Lemma 27.8. If « = 1*, then there is no x-complete o-saturated ideal over k (not 
even a k-saturated ideal). 


Corollary. Every real-valued measurable cardinal is weakly inaccessible. 


Proof. For each € < A*, we let f, be a function on A such that € € ran(f,), and 
let 


CE Ay iff fen) =o 


Then {A,,,:«<A*,4 <A} is an Ulam (A*, A)-matrix, that is a collection of 
subsets of A such that: 


(27.14) (i) Aan © Ag, = @ whenever « # B < At, andy <A; 
(ii) |A* — nea Aan| <4 for each a < *. 


The proof of Lemma 27.7 easily generalizes to show that no x-saturated x- 
complete ideal exists over kx. Mi 


Lemma 27.8 completes the proof of Theorem 66: If there is a o-additive 
nontrivial measure on S, then either the measure has an atom A and we can 
construct a two-valued measure on S via a o-complete nonprincipal ultrafilter 
over A, and then |S| > the least measurable cardinal, which is inaccessible; or 
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the measure on S is atomless and we construct, as in Lemma 27.5, an atomless 
measure on 2*°, and then 2*° > the least real-valued measurable cardinal, which 
is weakly inaccessible. @ 


We conclude this section with an application of the concept of a scale that 
we introduced in Section 24. Historically this result is interesting since it 
preceded Theorem 66 by showing that the assumption of existence of a nontriv- 
ial o-additive measure violates the continuum hypothesis. 

We recall (cf. (24.27)) that a x-scale is a x-sequence of functions f,: w > a, 
a <x, such that fo <f, <---<f. <--: and that for every g € w > w there is 
a<xk with g <f,. 


Lemma 27.9. If there exists a x-scale, then x is not a real-valued measurable 
cardinal. 


Proof. Let f,,« <x, be a x-scale. We define an (Np, No)-matrix of subsets of x 
as follows: For n, k < a, let 


(27.15) aeA, iff f,(n)=k (wer) 

Since for each n and each a there is k such that a €.A,,, we have 
\) Ank =K 
k=0 


for every n= 0, 1, 2,.... 
Now assume that y is a nontrivial x-additive measure on x. For each n, let 
k, be such that 


H(A,o U An Ur Ank,) = 1 ae (1/2"* ) 


and let B, = Ayo U«'* U A,y,- If we let B= ()2-9 B,, then we clearly have 
u(B) > 2. 

Let g: w > w be the function g(n) = k,. If a € B, then by the definition of B 
and by (27.15), we have 


f.(n) < g(n) 


for all n = 0, 1, 2, ...; hence g Xf,. However, since B has positive measure, B 
has size x, and therefore we have g Xf, for cofinally many « < x. This contra- 
dicts the assumption that the f, forma scale. @ 


Corollary 1. (which also follows from Lemma 27.7). If there is a measure on 2*°, 
then 28° >). 


(Because an &,-scale exists.) 


Corollary 2. If Martin’s axiom holds, then 2*° is not a real-valued measurable 
cardinal. 
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28. ULTRAPOWERS AND ELEMENTARY EMBEDDINGS 


In the preceding section we introduced measurable cardinals and showed 
that measurable cardinals are inaccessible. That result was obtained by a more 
or less straightforward application of the definition of measurability. To obtain 
much stronger results, we shall borrow from model theory a powerful method 
which is well suited for measurable cardinals—the method of ultrapowers. 

In Section 7 (cf. (7.7)) we defined the reduced product of a collection of sets 
modulo a filter (over the set of indexes). Reduced products, not just of sets but 
of models, are a useful tool in model theory, and become particularly helpful 
when the filter is an ultrafilter. 

Let S be a set and let U be an ultrafilter over S. For each x € S, let Ube a 
model of some language Y, the same language for eeach x € S. For clarity of 
exposition, let me assume that ¥ is the language of set theory, Y = {e}, and 
that all formulas of Y have only the binary predicates = and e. (The sub- 
sequent discussion of ultraproducts is however valid for arbitrary languages as 
well.) 

Thus for each x € S, we have a model 


Wt, = (Ay, Ex) 
of the language of set theory. Let us consider the Cartesian product 
P= || A, 


xeS 


and let us consider the following equivalence relation =* over P: 


(28.1) f=*g iff {xeS:f(x)=g(x}}eU (£96 P) 


As we have seen in Section 7, the relation = * is indeed an equivalence relation, 
due solely to the fact that U is a filter. 

For each f € P, let [f] be the equivalence class mod =*, and let A* be the 
collection of all equivalence classes of all fe P: 


Ale (I A,)/=* 
For f, g € P, we define 
(28.2) fetg iff {xEeS:f(x)E,g(x)}eU 


and we note that =* is a congruence with respect to e*, ie. iff, =* f,, 
9, =* g2, and f, €* g;, then f, e* g,. Thus we can define a binary relation 
over A* (and by abuse of notation denote it e* as well) as follows: 


(28.3) [fle*[g] iff ferg 
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Now, consider the model %* = (A*, €*), which is called the ultraproduct of 
Q., x € S (mod U): 


(28.4) WU* = Ulty{, :x € S} 


The importance of ultraproducts is due mainly to the following basic 
property of ultraproducts: 


Lemma 28.1 (Fundamental Theorem of Ultraproducts). Let U be an ultrafilter 
over S and let 2* be the ultraproduct of A,., x € S (mod U). 


(a) If @ is a formula, then for any f,, ...,f,€ | ]xes Ax» 
(28.5) We offi) --. [A] if {xe S: U1, F oLf,(x),..., A(x)]} eU- 
(b) Ifo is a sentence, then 
Wea iff {xeS: A, Fofeu 
Part (b) is a consequence of (a). Note that by the lemma, the satisfaction of g at 


[f1], ..., [f,] does not depend on the choice of representatives f,, ..., f, for the 
equivalence classes [ f;], ..., [.f,]. Thus we may further abuse the notation and 


write 
WF Of, ..- fl 
It will also be convenient to adopt a measure theoretic terminology. If 


{x eS: F o[fi(x), ...,f(x)]}} e U 


we say that Y, satisfies p(f,, ..., f,) for almost all x, or that WU, F o(f;, ...,f,) 
holds almost everywhere. In this terminology, the fundamental theorem states 
that (f;,...,f,) holds in the ultraproduct just in case for almost all x, 


o(\;, ---.f,) holds in Q,. 


Proof of Lemma 28.1. We shall prove (a) by induction on complexity of form- 
ulas. We shall prove that (28.5) holds for atomic formulas, and then prove the 
induction step for 1, A, and J; then it follows that (28.5) is true for all 
formulas. 

Atomic formulas: First we consider the formula u = v, and we have 


WeEf)=[9) iff ([f=[9] 
if f=*g 
if  {x:f(x)=g(x)}eU 


iff {x: UU, F f(x) =g(x)}eU 
For u € v, we have 


we (flelg] if [f] &* [9] 
iff = {x :f (x) E, g(x)} e U 
iff = {x: UW, F f(x) € g(x)} Ee U 
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Logical connectives: First we assume that (28.5) holds for g and show that it 
also holds for 1 (here we use that U is an ultrafilter): 


U*F Te[f] iff not U* F off] 
if {x ULF o[f(x)} ¢ U 
if (x: UF oLfoeU 
iff {x:%U, F Te[f(x)}eU 
Similarly, if 28.5 is true for @ and w, we have 
User pay iff W*F mand Uk y 
iff {x: 9, F p}e U and {x: UF py} e U 
iff {x: UF eaps}eU 


(The last equivalence uses this fact: X € U and Ye U iff X An Ye U.) 
Existential quantifier. We assume that (28.5) is true for g(u, v;, ..., v,) and 
show that it remains true for the formula Ju g. Let us assume first that 


(28.6) WF ww off, .... fil 

Then there is g € [],.s5 A, such that %* F g[g, f,, ...,f,], and therefore 
(28.7) fx, F olg(x), fila), ---.K00]} € U, 

and it clearly follows that 

(28.8) {x O, F du ou, f,(x), ...,f,(x)]} € U 


Now let us assume that (28.8) holds. For each x € S, let u,. € A, be such that 
WF olu,, fi(x), ...,f,(x)] if such as u, exists, and arbitrary otherwise. If we 
define g € [].<s A, by g(x) = u,, then we have (28.7) and therefore 


w* F og, fis _ Sal 
Now (28.6) follows. 


Exercise 28.1. Let U be a principal ultrafilter over S, such that {x} € U. Show that the 
ultraproduct 2* is isomorphic to ,. 


Let us consider now the special case of ultraproducts, when each 1, is the 
same model 2. Then the ultraproduct is called an ultrapower of : 


(28.9) W* = Ulty (A) 
An important corollary of the fundamental theorem is 


Lemma 28.2. An ultrapower of a model is elementarily equivalent to A, i.e., for 
any sentence o we have 


Wea iff WEoe 
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Proof. By part (b) of Lemma 28.1 we have Y* F o iff {x : WF o} € U, but 
{x : WF o} is either S or empty, according to whether 21 o or not. 


We shall now show that a model Y is elementarily embeddable in its 
ultrapower. If U is an ultrafilter over S and 2* = Ulty(2U), we define the natural 
embedding j: 21 > U* as follows: For each a é€ A, let c, be the constant function 
with value a: 


(28.10) c,(x)=a (for every x € S) 

and let 

(28.11) j(a) = [c4] 

Lemma 28.3. The natural embedding j: WU — 2* is an elementary embedding, i.e., 
(28.12) We pla,,...,a,] iff  W*Lj(a,), ..., j(a,)] 


for any formula o. 


Proof. By the fundamental theorem: Q* F g[j(a)] iff 2* F g[c,] iff 2 F g[a] 
for almost all x iff UF g[a]. @ 


Exercise 28.2. If U is a principal ultrafilter, then j is an isomorphism between I and 
Ult(2). 


In Chapter 2 we introduced models of set theory as (possibly proper) 
classes endowed with a binary relation, the interpretation of the membership 
predicate e. As is the case with many model-theoretical concepts and construc- 
tions, the method of ultraproducts can be used in the context of these models of 
set theory. For instance, let us consider the ultrapower of the universe (V, €) 
modulo a given ultrafilter U over S. 

Let us consider the class of all functions f with domain S; the equivalence 
relation =* and the relation e* are defined as before: 


(28.13) f=*g iff {xeS:f(x)=g(x)}}eU 
(28.14) fetg iff {xeES:f(x)eg(x)}p}e_eU 


We encounter a slight difficulty when dealing with the equivalence classes [f] 
since each equivalence class is a proper class. However, we can avoid all com- 
plications by using the trick introduced in (9.3): We simply define 


(28.15) Lf] = [9 :f=* g and Vh (h =* f— rank h > rank g)} 
Now we let 
Ult = Ulty(V) 


be the class of all [f] where f is a function on S, and consider the model 
Ult = (Ult, e*) (here we make the same abuse of notation as in (28.3) and 
furthermore use the symbol Ult to denote both the class and the model). 
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A quick glance at the proof of the fundamental theorem of ultraproducts 
should convince the reader that the theorem is true also in the present context. 
That is, if p(x,,..., x,) is a formula of set theory, then 


(28.16) UltE p([fi),..-.[f]) iff {x eS: o(f,(x),.... A(x}pe U 
If o is a sentence, then 


(28.17) Utko iff o 


and so we may say that the ultrapower is elementarily equivalent to the 
universe. Moreover, using the constants c, (defined in (28.10)), we obtain a 
function (which is a proper class definable from U) 


in: V>UIt 
defined by ze 


(28.11) ju(a) = [ea] 


and the function jy , the natural embedding of V in Ult, is an elementary embed- 
ding of the universe in the model Ult: We have 


(28.18) Q(a,,...,@,) iff  Ult F p(jay, ..., ja,) 
whenever @(x,, ..., X,) is a formula of set theory. 


The most important applications of ultrapowers in set theory are those in 
which the (Ult, €*) is well founded. As we shall show presently, well-founded 
ultrapowers are very closely related to measurable cardinals. 

The model Ulty(V) is well-founded (cf. (9.8)) just in case (i) every nonempty 
set X < Ult has a e*-minimal element, and (ii) ext(f) is a set for every f, where 


ext(f) = {[g]: 9 €* f} 


The second condition is clearly satisfied for any ultrafilter U: for every g e* f 
there is h =* g such that rank h < rank f. As for condition (i), this is satisfied if 
and only if there exists no infinite descending €* sequence 


fo 2*hi a* + oF f at: (ke a) 
of elements of the ultrapower. 


Exercise 28.3. Let U be a nonprincipal ultrafilter over w. Then Ulty(V) is not well 
founded. 

[For each k € a, let f, be a function on w such that f,(n) = n — k for all n > k. Then 
fo 3* fi 3* fo 3* ++: is a descending e*-sequence in Ult.] 


Lemma 28.4. If U is a o-complete ultrafilter, then (Ult, €*) is a well-founded 
model. 


Proof. We shall show that there is no infinite descending €*-sequence in Ult if 
U is a o-complete ultrafilter over S. Let us assume that fo, fi, ...,f,, -..issuch a 
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descending sequence. Thus for each n, the set 
X, = {x €S: fas s(%) € fi()} 


is in the ultrafilter. Since U is c-complete, the intersection X = (\?_» X, is also 
in U and hence nonempty; let x be an arbitrary element of X. Then we have 


fo(x) 3 fix) 3 fa(x) 9° 
an infinite descending €-sequence, which is a contradiction. 


In fact, o-completeness of U is a necessary and sufficient condition for 
well-foundedness of the ultrapower: 


Exercise 28.4. If U is not o-complete, then Ulty(V) is not well-founded. 
[There exists a countable partition {X,: n = 0, 1, 2, ...} of Ssuch that X, ¢ U for all 
n. For each k, let f, be a function on S such that f,(x) = n — k for all x e X,.] 


By the Mostowski collapsing theorem (Theorem 28), every well-founded 
model is isomorphic to a transitive model (and the collapsing isomorphism is 
unique). Thus if U is o-complete, there exists a one-to-one mapping z of Ult 
onto a transitive class such that f €* g if and only if x([f]) € x({g]). In order to 
simplify notation, we shall identify each [f] with its image n([f]). Thus if U is 
o-complete, the symbol Ult denotes the transitive collapse of the ultrapower, 
and for each function f on S, [ f] is an element of the transitive class Ult; we say 
the function f represents [f] € Ult. 


Exercise 28.5. Every ordinal number «@ is represented by a function f: S > Ord. 


If U is principal and x € S is such that U = {X : xo € X}, then Ult = V and 
[f] =f(xo) for each f. The natural embedding jy is the identity mapping. The 
situation is more interesting when U is a nonprincipal o-complete ultrafilter. 
Let us consider (without loss of generality) a nonprincipal o-complete 
ultrafilter U over a cardinal number x. Let us denote the ultrapower by M, 
M = Ult,(V), and let j = jy be the natural embedding: 


(28.19) jiVoM 


Since j is elementary, it is clear that if « is an ordinal, then j(«) is an ordinal; 
moreover, « < B implies j(«) < j(f). Thus we have « < j(a) for every ordinal 
number a. Note that j(w + 1) = j(«) + 1, and j(n) = n for all natural numbers n. 
It is also easy to see that j(w) = w: If [f] <a, then f(a) < w for almost all 
a <x, and by o-completeness, there exists n < w such that f(«) = n for almost 
all «. By the same argument, if U is A-complete, then j(y) = y for all y < A. 
We have proved (Lemma 27.1) that if there exists a nonprincipal o- 
complete ultrafilter, then there exists a cardinal x that carries a nonprincipal 
x-complete ultrafilter. Thus let us assume further that U is a nonprincipal 
k-complete ultrafilter over x. (And hence j(y) = y for all y < x.) We shall show 


28. ULTRAPOWERS AND ELEMENTARY EMBEDDINGS 311 


that j(x) > «. Let d (the diagonal function) be the function on x defined by 
(28.20) d(a)=a  (a<xk) 


Since U is x-complete every bounded subset of x has measure 0 and so for 
every y < k, we have d(a) > y for almost all «. Hence [d] > y for all y < x and 
thus [d] > «. However, we clearly have [d] < j(x) and it follows that j(x) > k. 


Exercise 28.6. Let U be a nonprincipal o-complete ultrafilter over S and let A be the 
largest cardinal such that U is A-complete. Then j(A) > A. 

[Let {X,: a <A} be a partition of S into sets of measure 0; let f be a function on S 
such that f(x) =a if x e X,. Then [f] > A.] 


We have thus proved that if there is a measurable cardinal, then there is an 
elementary embedding j of the universe in a transitive model M such that j is 
not the identity mapping; let us call j a nontrivial elementary embedding of the 
universe. We shall use this to prove the following theorem: 


Theorem 67 (Scott). If V = L, then there are no measurable cardinals. 


Proof. Let us assume V = L and that measurable cardinals exist; let x be the 
least measurable cardinal. Let U be a nonprincipal x-complete ultrafilter over x 
and let j: V > M be the corresponding natural embedding. As we have shown, 
i(k) > k. 

Since V = L, the only transitive model containing all ordinals is the 
universe itself: V = M = L. Since j is an elementary embedding and xk is the 
least measurable cardinal, we have 


M F j(k) is the least measurable cardinal; 


and hence, j(k) is the least measurable cardinal. This is impossible since 
i(k)>*. @ 


If there exists a measurable cardinal, then we obtain a nontrivial elementary 
embedding of the universe. Let me show that conversely, if j: V-+M is a 
nontrivial elementary embedding then there exists a measurable cardinal. (A 
word of caution: “There exists a nontrivial elementary embedding of V” or 
even “j is an elementary embedding of V” is not a statement expressible in the 
language of ZF.) 


Lemma 28.5. [fj is a nontrivial elementary embedding of the universe, then there 
exists a measurable cardinal. 


Proof. Let j: VM be a nontrivial elementary embedding. Notice that there 
exists an ordinal « such that j(«) # «; otherwise, we would have rank(jx) = 
rank(x) for all x, and then we could prove by induction on rank that j(x) = x 
for all x. 

Thus let x be the least ordinal number such that j(x) #« (and hence 
i(k) > k). It is clear that j(n) = n for all nand j(w) = w since 0, n + 1, and w are 
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absolute notions and j is elementary. Hence k > w. We shall show that x is a 
measurable cardinal. 
Let D be the collection of subsets of x defined as follows: 


(28.21) XeD if xKej(X) (Xx) 


Since k < j(k), i.e, « € j(k), we have x € D; also @ ¢ D because j(@) = @. 
Using the fact that j(X © Y)=j(X)  j(Y) and that j(X) ¢ j(Y) whenever 
X © Y, we see that D isa filter: If x € j(X) and k € j(Y), then k €j(X - Y); if 
X ¢Yand x € j(X), then x € j(Y). Similarly, j(« — X) = j(«) — j(X) and thus 
D is an ultrafilter. 

Disa nonprincipal ultrafilter: For every a < x, we have j({x}) = {j(«)} = {a}, 
and so x ¢ j({a}) and we have {a} ¢ D. We shall now show that D is x-complete. 
Let y <x and let 2 = (X,:a<y) be a sequence of subsets of « such that 
Kk € j(X,) for each « < y. We shall show that (),<, X, € D. In M (and thus in 
V), j(2) is a sequence of length j(y) of subsets of j(x); for each « < y, the j(«)th 
term of j(2%) is j(X,). Since j(«) = a for all a < y and j(y) = y, it follows that 
i(Z) = (i(X,): 4 < py). Hence if X = (\,<, X,, we have j(X) = (\a<,i(X.)- 
Now it is clear that xk € j(X) and hence XE D. @ 


The construction of a x-complete ultrafilter from an elementary embedding 
described in (28.21) gives rise to a neat commutative diagram of elementary 
embeddings: 


Lemma 28.6. Let j: VM be a nontrivial elementary embedding, let x be the 
least ordinal moved, and let D be the ultrafilter over k defined in (28.21). Let 
jp: V — Ult be the natural embedding of V in the ultrapower Ult ,)(V). Then there 
is an elementary embedding k of Ult in M such that k(jp(a)) = j(a) for all a: 


Vieee oe) eo Sy 


Ult 
FIGURE 28.1 


Proof. For each [f] € Ult, let 
(28.22) K(LF]) = GP )M«) 


(Here f is a function on x and j(f) is a function on j(x).) 
We shall first show that definition (28.22) does not depend on the choice of f 
representing [f]. If f = p g, then the set X = {a : f(a) = g(«)} is in D and hence x 
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is in the set 
H(X) = { < j(k) : (fa) = (ig)(a)} 


Therefore (if)(c) = (ig)(«). 

Next we show that k is elementary. Let g(x) be a formula and let 
Ult § o([f]); we shall show that M F o(k([f])). The set X = {a : p(f(«))} is in 
D and hence x belongs to 


H(X) = {a < jl): M F e((if )(a))} 
Since (jf )(x) = k([f]), we have M F o(k([f])). 
Finally, we show that k(jp(a)) = j(a) for all a. Since jp(a) = [c,], where c, is 
the constant function on x with value a, we have k(jp(a)) = (j(ca))(). Now j(ca) 
is the constant function on j(x) with value j(a) and hence (j(c,))(k) = j(a). @ 


Before we continue our investigation of elementary embeddings, notice that 
if j: V > M, then the model M is determined by the function j: 


Exercise 28.7. If j is an elementary embedding of the universe in a transitive model M, 
then M = Uae ora i(V,)- 


If X is a class defined by a formula 9, then j(X) is the class of the model M, 
defined in M by the same formula g. Note that j(X) = Jzcorai(X - V,). In 
particular, M = j(V). 

We proved in Lemma 27.2 that every measurable cardinal is inaccessible. 
We shall now obtain some stronger results, as a consequence of the following 
simple lemma. 


Lemma 28.7. Let j be an elementary embedding of the universe and let x be the 
least ordinal moved (i.e., j(k) > k). If C is a closed unbounded subset of x, then 
kK € j(C). 


Proof. Since j(a) = « for all «<x, we have j(C) 0 k =C. Thus j(C) 29 x is 
unbounded in x; and because j(C) is closed (in j(V) and hence in the universe), 
we have ke j(C). @ 


Corollary. Every measurable cardinal k is a Mahlo cardinal, and hence x is the 
kth inaccessible cardinal. 


Proof. Let x be a measurable cardinal; we shall show that the set X of all 
regular cardinals « <x is stationary in x. Let j: VM be an elementary 
embedding such that x is the least ordinal moved (e.g., let j = jy where U isa 
nonprincipal x-complete ultrafilter). Since x is a regular cardinal in M, we have 
k € j(X). Now if C is any closed unbounded subset of x, we have j(X 4 C)# @ 
because x € j(X) ~ j(C) and hence X ~ C # ©. Thus X is stationary. @ 


The above argument can be pushed further: Let X denote the set of all 
Mahlo cardinals below x. Since k is Mahlo, it is a Mahlo cardinal in M and so 
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k € j(X). The same argument as above shows that X is stationary and thus x is 
the xth Mahlo cardinal. 

One can formulate an abstract version of the preceding argument. We 
define the Mahlo operation on classes of ordinals: If X is a class, let 


(28.23) M(X) = {a: X - «@ is stationary in «} 


If X is the class of all inaccessible cardinals, then M(X) is the class of all Mahlo 
cardinals.) 


Exercise 28.8. Let j be an elementary embedding of the universe and let x be the least 
ordinal moved. If X is a class of ordinals such that x € j(X), then x € M(X). 


While measurable cardinals induce elementary embeddings of the universe 
in a transitive model, the following theorem shows that no nontrivial elemen- 
tary embedding exists of V into itself. 


Theorem 68 (Kunen). If j: VM is a nontrivial elementary embedding, then 
M¢V. 


The proof below makes use of the following combinatorial lemma: 


Lemma 28.8. Let 4 be an infinite cardinal such that 2* = A®°. There exists a 
function F:°A — A such that whenever A is a subset of 4 of size A and y < A, there 
exists s €°A such that F(s) = y. 


(The lemma is in fact true for every infinite 2.) 


Proof. Let {(A,, y,): © < 2%} be an enumeration of all pairs (A, y) where y < A 
and A is a subset of 4 of size 4. We define, by induction on «, a sequence s,, 
a < 2’, of elements of °A as follows: If « < A, then since AX° = 2* > ||, there 
exists s, € “A, such that s, # sg for all B <a. 

For each « < 27, we define F(s,) = y, (and let F(s) be arbitrary if s is not one 
of the s,). The function F has the required property: If A < 4 has size A and 
y <A, then (A, y) = (A,, y,) for some a, and then y, = F(s,). 


Proof of Theorem 68. Let us assume that j is a nontrivial elementary embedding 
of V in V. Let k = ky be the least ordinal moved; Ky is measurable, and so are 
K1 = j(ko), K2 = j(k,), and every «,, where x,,, = j(x,). Let A = lim,..,, K,- 
Since j((K,:n<@)) = Cj(k,)in <@) = (kya,in<@), we have j(d)= 
lim, ... j(k,) =A. Let G = j[A] = [j(a): a < A}; we shall use the set G and 
Lemma 28.8 to obtain a contradiction. 

The cardinal A is the limit of a sequence of measurable cardinals and hence 
is a strong limit cardinal. Since cf 2 = w, we have 2? = A®*°. By Lemma 28.8 
there is a function F: °A — A such that F[°A] = for all A © A of size A. Since j 
is elementary, and jw = w and jd = A, the function j(F) has the same property. 
Thus, considering the set A = G, there exists se °G such that (jF)(s) = x. 

Now, s is a function, s: w— j[A], and hence there is t: @ A such that 
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s(n) = j(t(n)) for all n<q. It follows that s = j(t). Thus we have x = 
(iF )(jt) = j(F(t)); in other words, x = j(a) where a = F(t). However, this is 
impossible since j(«) = a for alla <x, and j(k)>K. & 


Exercise 28.9. If j: V > M is a nontrivial elementary embedding, if x is the least ordinal 
moved, and if A = lim{k, j(x), j(j(«)), ...}, then there exists A < A such that A ¢ M. 

[Assuming that M contains all bounded subsets of A, the above proof that G ¢ M 
goes through.] 


Let me now consider ultrapowers and the corresponding natural embed- 
dings jy: V > Ult. To introduce the following lemma, let us observe that if 
j: VM and ifx is the least ordinal moved, then j(x) = x for every x € V,, and 
i(X) 0 V, = X for every X ¢ V,. Hence VM, , = V4, (and PM(x) = P(x)). 


Lemma 28.9. Let U be a nonprincipal x-complete ultrafilter over k, let 
M = Ult,(V) and let j = jy be the natural embedding of V in M. 


(a) “M cM, ie. every K-sequence (a,:«<) of elements of M is itself a 
member of M. 

(b) UéM. 

(c) 2" < (2")M < j(x) < (2*)*. 

(d) If A is a limit ordinal and if cf A = x, then j(A) > lim,.., j(a); ifcf A # K, then 
5A) = lim,.., j(a). 

(e) If A> is a strong limit cardinal and cf 4 # x, then j(A) = A. 


Proof. (a) Let (a;: & < x) be a x-sequence of elements of M. For each & < k, 
let g, be a function that represents a,, and let h be a function that represents x: 


laJ=a;,, [h]=x 


We shall construct a function F such that [F] = (a;: € <x). We let, for each 
a<k, 


F(a) = <ge(a) :E< h(a)) 


Since for each «, F(a) is an h(a)-sequence, [F] is a x-sequence. Let € < k; we 
want to show that the th term of [F] is a;. Since [h] > €, we have € < h(a) for 
almost all «; and for each « such that € < h(a), the €th term of F(a) is g{a). But 
[ce] = € and [g.] = a,, and we are done. 

(b) Assume that U e€ M, and let us consider the mapping e of “x onto j(x) 
defined by e(f) =[f]. Since “x € M and U e M, the mapping e is in M. It 
follows that M F | j(k)| < 2". This is a contradiction since k < j(k) and j(x) is 
inaccessible in M. 

(c) 2" < (2")M holds because PM(x) = P(x) and M < V; (2*)™ is less than 
j(x) since j(«) is inaccessible in M; finally, we have | j(x)| = 2* and hence 
I(x) < (2")*. 

(d) IfcfA =k, let A = lim,., 4, and let f(x) = A, for all a < x. Then [f] > 
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j(A,) for all « < x and [f] < j(A). If cf 2 > x, then for every f: x > A there exists 
a < A such that [f] < j(a). If cf 4 =y <x, let A = lim,_, ,; for every f: x >A 
there exists (by x-completeness) v < y such that [f] <j(A,). 

(e) For every a <A, the ordinals below a are represented by functions 
f: «>a; hence | j(x)| < |"a| <A; by (d) we have j(A) = lim,.., j(a)=2. 


Remark. Note that in (e) it suffices to assume that cf A # « and a" < J for all 
cardinals « < 4. 


Normal Measures 


We defined the notion of a normal filter in (7.18); a filter is normal if it is 
closed under diagonal intersections. If D is a nonprincipal x-complete 
ultrafilter over « and if D is normal (as a filter), then we call D a normal 
(two-valued) measure on xk. 


Lemma 28.10. Let D be a nonprincipal x-complete ultrafilter over x. Then the 
following are equivalent : 


(i) D is normal. 
(ii) If f is such that f(a) <a for almost all «, then there is y <x such that 
f (a) = y for almost all a. 
(iii) In the ultrapower Ultp(V), 


k = [d] 


where d is the diagonal function. 
(iv) For every X <x, X € D if and only if k € jp(X). 


Thus D is normal just in case the diagonal function is the least nonconstant 
function (i.e., the least function that is not constant almost everywhere). 


Proof. (i) — (ii): Let us recall that the diagonal intersection of {X,: y < x} is 
the set 


A X,={a<K:ae () X,} 
y<K y<a 
Let D be closed under diagonal intersections and let f be a regressive function 
on a set Y € D. If we assume that f is not constant almost everywhere, then for 
each y < x, the set X, = {a € Y: f(a) # y} is in D. Let X = A,<, X,.Foreach 
a € X, we have f(x) > « because f(a) = y for all y <a. A contradiction. 
(ii) > (iii): Obvious. 
(iii) > (iv): If X < x, then X € D if and only if d(x) € X for almost all a, that 
is if and only if [d] € jp(X). If [d] = x, we get X € D iff x € j(X). 
(iv) — (i): Let us assume that X € D iff x € jp(X) and let us show that D is 
closed under diagonal intersections. Let X ,, y < x, be such that x € j(X,) for all 
y <x, let X = A,.,. X, and let us show that k € j(X). Now j(X) is (in Ult) the 
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diagonal intersection of j({X ,: y < x}), and x € j(X) just in case x € j(X ,) for all 
y <x. Thus we have x € j(X) andsoXeD. @ 


The following lemma shows that normal measures on measurable cardinals 
exist and in fact can be obtained from a given measure in a canonical way: 


Lemma 28.11. Every measurable cardinal carries a normal measure. If U is a 
nonprincipal x-complete ultrafilter over x, then there exists a function f: k > k 
such that 

(28.24) D={X cx:f_,(D)€ U} 

is a normal measure. 


We denote the measure D obtained from U as in (28.24) by D = f,(U), and 
call D a projection of U (by f). 


Proof. Let f: x + « be a function such that [f] = x in the ultrapower Ult,(V). 
It is easy to see that for any function f: «+x, D=f,(U) is a x-complete 
ultrafilter (see also (27.6)). Since [f] > y for every y < x, we have f_ ,({y}) ¢ U,. 
and so D is nonprincipal. 

In order to show that D is normal, let us consider a function h: k > x such 
that h(E) < € on a set X € D, and let us show that h is constant on some set in 
D. Let g be the function on x defined by 


g(x) = h( F(a) 
We have g(a) <f(«) for all « € f_,(X); and since f is the least nonconstant 
function in Ulty, there is Y € U such that g is constant on Y. Then h is constant 


onf[Y] and f[Y]—¢D. @ 


Exercise 28.10. Let j be an elementary embedding of the universe, let x be the least 
ordinal moved, and let D = {X < x: x € j(X)} (cf. 28.21). Then D is a normal measure 
on k. 

[Let f be a function regressive on some X € D. Then (jf )(x) < x and show that if 
y = (if )(x), then f(a) = y almost everywhere.] 


If D is a normal measure on xk, then every closed unbounded subset of x has 
measure 1. (In other words, every X € D is stationary.) This follows either from 
the characterization of normality in Lemma 28.10(iv) or using the fact that ifa 
set X € x is disjoint from a closed unbounded set C, then there exists a regres- 
sive function f on X that is unbounded and nondecreasing: 


(28.25) f(x)=sup(C na) = (ae X) 
This and the fact that « is represented by the diagonal function are used in 
numerous applications of normal measures. For instance, we have: 


Lemma 28.12. If D is a normal measure on k, then the set of all inaccessible 


cardinals below k has measure one. Similarly, almost all cardinals below xk are 
Mahlo. 
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Proof. Simply because Ultp  [d] is inaccessible, and Ultp * [d] is Mahlo 
(compare with the corollary of Lemma 28.7). 


One important reason the above proof works is that since x is inaccessible 
(in the universe), x is also inaccessible in the ultrapower; similarly, since x is 
Mahlo, x is Mahlo in Ult, etc. We shall use arguments like this for other 
properties of x; however, measurability of x need not be preserved (and is not 
preserved if x is the least measurable cardinal). 


Exercise 28.11. If x is measurable, then there exists a normal measure D on x such that 
Ultp(V) F x is not measurable. 

[Let D be a normal measure such that jp(x) is the least possible ordinal; let 
M = Ult,(V). If x is measurable in M, then there is a normal measure U on x such that 
U é€ M. Since P(x) < M, the ultrapower Ulty is a class in M. By Lemma 28.9c (applied 
in M), we have jy(k) < ((2")*). Since ((2")* )“ <jp(k), we get a contradiction.] 


Note that in the exercise above almost all (mod D) cardinals below x are 
nonmeasurable. 

If D is a normal measure on x, then D extends the closed unbounded filter 
on x. We shall see later that this property does not necessarily imply normality. 
Let f be a function on x; let us say that f is monotone if f(a) < f(B) whenever 
a< Bp. 


Exercise 28.12. Let U be a nonprincipal x-complete ultrafilter over x. Then U extends 
the closed unbounded filter if and only if the diagonal function is the least nonconstant 
monotone function in Ulty. , 

[If U extends the closed unbounded filter and if f is monotone and regressive on 
some X é U, then since X is stationary, f is constant on an unbounded set and hence 
constant almost everywhere. If U does not extend the closed unbounded filter, then use 
(28.25) to get a nonconstant monotone function regressive on X € U.] 


Let us consider the relation D < U (the Rudin-Keisler order) among non- 
principal x-complete ultrafilters over x, defined as follows: 


(28.26) D<U iff D=h,(U) forsome h:k>xK 


The relation < is transitive and induces a partial ordering among the equiv- 
alence classes, where D = U means D< U and U <D. Let D< U denote 
D<UandU¢€D. 


Exercise 28.13. If D=h,(U), then the function k: Ultp(V)— Ulty(V) defined by 
k([f]p) = Lf ¢ AJu is an elementary embedding. 


It follows that if f is an ordinal function, then [f]p <[f oh], and in 
particular [d], < [h]y. Another consequence is that if D < U, then jp(k) < jy(x). 

If the function h in (28.26) is one-to-one, or at least one-to-one on some set 
X €U, then D=U because U = g,(D) where g = h~'. Moreover, [f]p = 
[f °h]y for every f, and Ultp(V) = Ulty(V). Also, [d]p = [h]u- 
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If U is a nonprincipal x-complete ultrafilter over x, let 6(U) = [f]y where f 
is the least ordinal function that is one-to-one on a set X € U. 


Exercise 28.14. If D < U, then 6(D) < 6(U). Consequently, the Rudin-Keisler order is 
well-founded. 

[Let D < U. In view of the discussion above, we may assume that the diagonal 
function is the least one-to-one function in both Ultp and Ulty. Let D = h,(U). Claim: 
h(a) <a almost everywhere. (Otherwise let f(£) be the least € such that h(a) = €; fis 
one-to-one since € = h(f(é)), and f() < € almost everywhere mod D.) Since D < U we 
have {hu < [d]u, and so 6(D) = (d]> < [hu < (d]u = 6(U).] 


Measurable Cardinals and Cardinal Arithmetic 


One of the remarkable consequences of existence of measurable cardinals is 
that if the generalized continuum hypothesis holds below a measurable car- 
dinal x, then 2" = x*. In fact, as we shall see in the next chapter, the failure of 
the GCH at a measurable cardinal has rather strong consequences. For now, 
we shall just use the ultrapower to show that 2" depends on the behavior of 2% 
below x. 


Lemma 28.13. Let « be a measurable cardinal. If 2“ >*, then the set 
{a <«:2*>«a*} has measure one, for every normal measure on x. 
Consequently, if 2* = a* for all cardinals « < x, then 2" = x*. 


(As for the notation, note that {a < x : wis a cardinal} is closed unbounded and 
hence has a normal measure one.) 


Proof. Let D be a normal measure on x, and let M = Ult,(V). If 2* = a«* for 
almost all «, then, since [d]p = x, we have 


MF 2% = xt 


In other words, there is a one-to-one mapping in M between P™(x) and (k*)™. 
However, PM(k)= P(x) and (k*)<x* (in fact, (k*)“=x* because 
P(x) = P(k)), and so 2*=x*. @ 

Similarly, we have: 


Exercise 28.15. If D is a normal measure on x and {a : 27 < a**} e D, then 2" <x**. 
More generally, if B < « and {X,: 2™* < Na+} € D, then 2** < Rag. 
[If f is such that f(%.) = Na+, for all a cx, then [f]p = (Na+ jm)” < Re+e-] 


Exercise 28.16. If D is a normal measure on x and {w:2**<N,+.}€D, then 
2 << Rysge 
[If f (a) = Na+a, then [f] = (Reon) 


A similar method can be used for singular cardinals of measurable 
cofinality. The following results (which have been partly superseded by the 
more general theorems of Silver and Galvin-Hajnal; see Section 8) illustrate 
the method. 
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Lemma 28.14. Let x be a measurable cardinal, let D be a normal measure on k 
and let j: V-+M be the corresponding elementary embedding. Let A> be a 
strong limit cardinal of cofinality x. Then 2? < j(A). 


Proof. We recall that by Lemma 28.9(d), since cf A = k, we have j(A) > A. We 
shall show that 


(28.27) 24 = AE < (AK)M < (HOM < j(A) 
The first equality in (28.27) holds because A is a strong limit. We have 
AX < (A")M because ("A)” = "A. As for the last inequality, we have 
M F j(A) is a strong limit cardinal 
and since A < j(A) and j() < j(A), we have M § 2 < j(A). 
For applications of the lemma, see Exercises 28.18-28.20 below. 


Exercise 28.17. Let 4 be a singular cardinal such that x = cf is measurable. If 2* = at 
for all « < A, then 2? = 4*. 

[Let D be a normal measure on x; let A = [e]p. For almost all w, e(a)* < (e(«))*, and 
so Ult F AX <A*. Thus 24 = 2" < (A")M < (At) cat] 


The result of this exercise is a special case of Theorem 23. In fact, Silver’s 
original proof was motivated by measurable cardinals and is similar to the 
present method. I shall present the ultrapower proof in Chapter 6. 


Exercise 28.18. Let x be measurable and let 4=,,, be a strong limit. Then 
2+ < Ran # 

[Use Lemma 28.14: j(A) = (Ni +e)” < Niort joos Hk) + He) < (2")* J 
Exercise 28.19, Let x be measurable, let A be a strong limit, cf 2 = x, such that 1 < &,. 


Then 2* < &,. (Compare with Theorem 24.) 
[Use Lemma 28.14: If 4 = &,, then j(A) = (Nya) < Nay, and f(a) < (a*)* <A] 


Exercise 28.20. Let ®(a) denote the ath fixed point of &, i.e., the ath ordinal € such that 
N, = ¢. Let x be measurable and let A = ®(« + x) bea strong limit. Then 2? < ®((2")*). 
[Use Lemma 28.14 as in Exercise 28.18, and use the fact that (®(a))™ < ®(a) for all 


a.] 


The above applications of the ultrapower modulo a normal measure on k 
can be expressed in a general abstract form (see also Lemma 32.2): 


Lemma 28.15. Let x be a measurable cardinal and let D be a normal measure on 
k. Then the model (V,,;,€) is isomorphic to the ultraproduct 
Ultp{(Vz41, €> 1 @ < K}. The function 


nx)=[Kx nV:a<K)] (xe Ky) 
is an isomorphism. 


Proof. Exercise. @ 


29. INFINITARY COMBINATORICS 321 


Corollary. Let p be a formula. Under the assumptions of the lemma, if x € V,,.and 
SCV, we have 


(28.28) Vear F o(x,S) iff fo: Yay Fk o(x,SaVjjeD 
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In this section, I shall introduce a new method, which in conjunction with 
the method of ultrapowers will enable us to obtain various consequences of 
large cardinal axioms. The method, which uses combinatorial arguments, has 
wide applications in model theory, and its most remarkable application in set 
theory (Section 30) is a mixture of combinatorial and model-theoretic 
techniques. 


Partition Properties 


Let us consider the following argument (the pigeonhole principle): If seven 
pigeons occupy three pigeonholes, then at least one pigeonhole is occupied by 
three pigeons. More generally: If an infinite set is partitioned into finitely many 
pieces, then at least one piece is infinite. 

Recall that a partition of a set S is a pairwise disjoint family P = {X ;: i € I} 
such that |);.,; X;=S. With the partition P we can associate a function 
F: SI such that F(x) = F(y) if and only if x and y are in the same X € P. 
Conversely, any function F: S—I determines a partition of S. (I shall 
sometimes say that F is a partition of S.) 

For any set A and any natural number n > 0, 


(29.1) [A ={X SA: |X| =n} 


is the set of all subsets of A that have exactly n elements. It is sometimes 
convenient, when A is a set of ordinals, to identify [A]" with the set of all 
sequences (a,,..., a,» in A such that a, <-::<a,. We shall consider parti- 
tions of sets [A]" for various infinite sets A and natural numbers n. Our starting 
point is the theorem of Ramsey dealing with finite partitions of [w]". 

If {X;: i € I} is a partition of [A]", then a set H < A is homogeneous for the 
partition if for some i, [H]" is included in X;; that is, if all the n-element subsets 
of H are in the same piece of the partition. 


Lemma 29.1 (Ramsey’s Theorem). Let n and k be natural numbers. Every parti- 
tion {X ,, ..., X,} of [w]" into k pieces has an infinite homogeneous set. 

Equivalently, for every F: [w]" > {1, ..., k} there exists an infinite H © w 
such that F is constant on [H}". 


Proof. By induction on n. If n = 1, the lemma is trivial, so we assume that it 
holds for n and prove it for n+ 1. Let F be a function from [w]"*' into 


322 5. MEASURABLE CARDINALS 


{1,..., k}. For each aea, let F, be the function on [w — {a}]" defined as 
follows: 
F,(X) = F({a} vu X) 


By the induction hypothesis, there exists for each aéq@ an infinite set 
H, © w — {a} such that F, is constant on [H,]". We construct an infinite se- 
quence {a;: i = 0, 1, 2, ...}: We let ay = 0, and 


a;4, = the least element of H,, bigger than a; 


It is clear that for each i € w, the function F,,, is constant on [{a,,: m > i}]"; let 
G(a;) be its value. Now there is an infinite subset H & {a; : i € w} such that G is 
constant on H. It follows that F is constant on [H]"*'; this is because for 
Xy<*1'<Xq41 in H we have F(x,,..., Xn+1) = Fy,(%2,---,Xn+1)) 


To facilitate our investigation of generalizations of Ramsey’s theorem, I 
shall now introduce the arrow notation. Let x and 4 be infinite cardinal num- 
bers, let n be a natural number and let m be a (finite or infinite) cardinal. The 
symbol 


(29.2) kK — (A)P, 
(read: x arrows A) denotes the following partition property: Every partition of 
[x]" into m pieces has a homogeneous set of size 4. In other words, every 


F: [x]" > m is constant on [H]" for some H © x such that |H| = A. Using the 
arrow notation, Ramsey’s theorem is expressed as follows: 


(29.3) Now (Nolkk (nk eo) 
The subscript m (in 29.2) is usually deleted when m = 2, and so 
Kk > (A) 


is the same as k > (A)3. 

The relation x — (A), stays true if x is made larger or if A or m are made 
smaller. A moment’s reflection is sufficient to see that the relation also remains 
true when n is made smaller. 

Obviously, the relation (29.2) makes any sense only if x > A and k > m; if 
m = x, then it is clearly false. Thus we always assume 2 < m< x anddA<k.If 
n= 1, then (29.2) holds just in case either « > A, or k = A and cf x > m. We 
shall concentrate on the nontrivial case: n > 2. 

We start with two negative partition relations 


Lemma 29.2. For all « and A, 
2" p (A) 


In other words, there is a partition of 2" into x pieces that does not have an infinite 
homogeneous set. 


Proof. In fact, our partition has no homogeneous set of size > 3. Let 
S = *{0, 1} and let F: [S]? > x be defined by F({f, g}) = the least a < x such 
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that f(x) # g(a). If f, g, h are distinct elements of S, it is impossible to have 
F({f, 9}) = FF h}) = F({g, h}). © 


Lemma 29.3. For every k, 
2" A (K*)3 


(Thus the obvious generalization of Ramsey’s theorem, namely &, > (&,)3, is 
false.) 

To construct a partition of [2"]? that violates the partition property, let us 
consider the linearly ordered set (P, <) where P = “{0, 1}, and f < g if and only 
if f (w) < g(a) where « is the least « such that f(a) # g(«) (the lexicographic 
ordering of P). 


Lemma 29.4. The lexicographically ordered set “{0, 1} has no increasing or 
decreasing x* -sequence. 


Proof. Assume that W = {f,:«<«*}c 2 is such that f, < f; whenever a < B 
(the decreasing case is similar). Let y <x be the least y such that the set 
{faly:a<x«*} has size «*, and let Zc W be such that |Z| =x* and 
fly #gly for f, g € Z. We may as well assume that Z = W, so let us do so. 

For each a<x*, let €, be such that f,|€,=f,4:|¢, and f,(&,) =0, 
Sus 1(€,) = 1; clearly &, < y. Hence there exists € < y such that € = €, for x* 
elements f, of W. However, if § = €,= €, and f,|¢ = f,|é, then fy <f,,, and 
Sa <fp+13 hence f, = f,. Thus the set { f,|€: a < x*} has size x*, contrary to the 
minimality assumption on y. @ 


Proof of Lemma 29.3. Let 2" = A and let {f, : « < A} be an enumeration of the 
set P = “{0, 1}. Let < be a linear ordering of A induced by the lexicographic 
ordering of P: «< Biff, <fy. 

Now we define a partition F: [A]? > {0, 1} by letting F({a, B}) = 1 when the 
ordering < of {«, 6} agrees with the natural ordering; and letting F({«, B}) = 0 
otherwise. If H <A is a homogeneous set of order type x*, then {f,: « € H} 
constitutes an increasing or decreasing x*-sequence in (P, <); a 
contradiction. Mf 


By Lemma 29.3, the relation x — (&,)? is false if x < 2°. On the other hand, 
if k > 2®° then x > (,)? is true, as follows from this more general theorem: 


Theorem 69 (Erdés—Rado Partition Theorem). 
Sy > (Ri )Ro | 
In particular, (2*°)* + (&,)&, - 


Proof. We shall first prove the case n = 1 since the induction step parallels 
closely this case. Thus let x = (2%°)* and let F: [k]? > @ be a partition of [x]? 
into No pieces. We want to find a homogeneous H c x of size &. 

For each a € k, let F, be a function on x — {a} defined by F(x) = F({a, x}). 
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We shall first prove the following claim: There exists a set A < x such that 
| A| = 2*° and such that for every countable C c A and every u € x — C there 
exists v € A — C such that F, agrees with F, on C. 

To prove the claim, we construct an w,-sequence Ag © A, S'S AZE'’—" 
a < wy, of subsets of x, each of size 2°, as follows: Let Ap be arbitrary, and 
for each limit a, let A, = les A,. Given A,, there exists a set A,,, > A, of 
size 2®° such that for each countable C c A, and every u € x — C there exists 
v € A,+, — C such that F, agrees with F,, on C (because the number of such 
functions is < 2%°). Then we let A = |),<, Az, and clearly A has the required 
property. 

Next we choose some a € x — A, and construct a sequence {x,:« <q} in 
A as follows: Let x be arbitrary, and given {x,: B < a} = C, let x, be some 
v € A—C such that F, agrees with F, on C. Let X = {x,: a <a}. 

Now we consider the function G: X > w defined by G(x) = F {x). It is clear 
that if « < f, then F({x,, xg}) = F,,(x.) = F(x.) = G(x,). Since the range of G 
is countable, there exists H © X of size &, such that G is constant on H. It 
follows that F is constant on [H]’. 

Thus we have proved the theorem for n = 1. The general case is proved by 
induction. Let us assume that 27, —(%,)%, and let F: [x]"*’ +a, where 
k=). For each aex, let F,:[k —{a}]"+w@ be defined by F(x) = 
F(x u {a}). As in the case n = 1, there exists a set A < x of size J,,such that for 
every Cc A of size |C| < 3,_, and every u € x — C there exists ve A—C 
such that F, agrees with F, on [C]". 

Next we choose a ex — A and construct a set X ={x,:a< A} ,}cA 
such that for each a, F,, agrees with F, on [{x,: B < a}]”. 

Then we consider G:[X]">w where G(x)=F,(x). As before, if 
Oy << Oqyy, then F({Xa,. --+5 Xanes$) = G({Xa4s +++) Xagt): By the induction 
hypothesis, there exists H.< X of size &%, such that G is constant on [H]". It 
follows that F is constant on [H]"*’. 


It can be proved that for each n, the partition property 2} — (&,)40' is best 
possible. The property also generalizes easily to larger cardinals. For each x, let 
€XPo(k) = K and exp, 4 ,(K) = 2°*Pr™, 


Exercise 29.1. For every x, (exp,(x))* > (k*)2*?. 


In particular, we have (2")* > (x*)?. 

Both Ramsey’s theorem and the Erdés-Rado theorem have numerous 
applications in model theory. The following easy application of the Erdés- 
Rado theorem in point set topology is of some interest to us. We recall that if 
(P, <) and (Q, <) are two partially ordered sets such that sat(P) = 
sat(Q) =, (that is, both satisfy the countable chain condition) then 
sat(P x Q) is not necessarily %,; see Exercise 22.4, and also Theorem 53 and 
the discussion preceding Lemma 20.3. 
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Exercise 29.2. If P and Q are partially ordered sets such that sat(P) = sat(Q) = &,, then 
sat(P x Q) <(2)*. 

[Let x = (2®°)* and let {x,: a <x} be an incompatible subset of P x Q. For all «, 
B <x, let F({a, B}) = 0 or 1 according to whether the first coordinates of x, and x, are 
incompatible or compatible. Apply the Erdés—Rado theorem and get either &%, incom- 
patible elements of P or 8, incompatible elements of Q.] 


A natural generalization of the partition property (29.2) is when we allow A 
to be a limit ordinal, not just a cardinal. Let x, n and m be as in (29.2) 
and let « > 0 be a limit ordinal. The symbol 


(29.4) K > (a), 


stands for: For every F: [x]" > m there exists H & x of order-type a such that F 
is constant on [H]". 

There are various results about the partition relation (29.4). For instance, it 
has been proved that 8, — (a)? for all « < w,. The analogous case for %, is 
unclear: If 2% = &,, then & > (w,)? (by Erdés-Rado). However, it is consis- 
tent (with 2%° = &,) that &, + (@, + @w)? (either by forcing or in L, using the 
principle W in (24.16)). Moreover, it is not known whether & > (@, + @)? is 
consistent. 


In the positive results given by the Erdés—Rado theorem, the size of the 
homogeneous set is smaller than the size of the set being partitioned. A natural 
question arises, whether the relation x > (x)? can hold for cardinals other than 
kK=@Q. 

A cardinal x is weakly compact if it is uncountable and satisfies the partition 
property x > (x)?. The reason for the name “weakly compact” is that these 
cardinals satisfy a certain compactness theorem for infinitary languages; we 
shall investigate weakly compact cardinals in some detail in Section 32. 


Lemma 29.5. Every weakly compact cardinal is inaccessible. 


Proof. Let x be a weakly compact cardinal. To show that x is regular, let us 
assume that x is the disjoint union |) {A,:y<A} such that <x and 
|A,| <x for each y <A. We define a partition F: [k]? > {0, 1} as follows: 
F({a, B}) = 0 just in case a and £ are in the same A,. Obviously, this partition 
does not have a homogeneous set H € x of size k. 

That x is a strong limit cardinal follows from Lemma 29.3: If « < 2? for 
some A<x, then because 2*4(A*)?, we have x~(A*)? and hence 


k~(x). @ 


We shall prove in Section 32 that every weakly compact cardinal x is the 
kth inaccessible cardinal. 

I shall now give an equivalent formulation of weak compactness. Recall 
that an Aronszajn tree is a tree of height q, all of whose levels are at most 
countable and which has no uncountable branches (see Lemma 22.3). For any 
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regular uncountable cardinal x, let us call an Aronszajn x-tree a tree of height x 
with levels of size <x and with no branches of size x. I shall look into this 
generalization of Aronszajn trees later in this section; for now let us just say 
that x has the tree property if there is no Aronszajn x-tree, that is, if every tree of 
height « with small levels has a branch of size x. 


Lemma 29.6. 


(a) If « is weakly compact, then x has the tree property. 
(b) If x is inaccessible and has the tree property, then x is weakly compact, and in 
fact K — ()?, for every m < k. 


Proof. (a) Let x be weakly compact and let (T, < 7) bea tree of height x such 
that each level of T has size < x. Since x is inaccessible, |T| = x and we may 
assume that T = x. We extend the partial ordering < ; of k toa linear ordering 
<:Ifa<y, B, then we let « < f; if « and B are incomparable and if € is the first 
level where the predecessors «,, 8; of a and f are distinct, we let « < £ if and 
only if a, < B;. 

Let F: [x]? — {0, 1} be the partition defined by F({a, B}) = 1 just in case < 
agrees with < on {a, B}. By weak compactness, let H < x be homogeneous for 
F, |H| =k. 

We now consider the set B & x of all x € « such that {2 € H: x <7; a} has 
size K. Since every level has size < x, it is clear that at each level there is at least 
one x in B. Thus if we show that any two elements of B are < ;-comparable, we 
shall have proved that B is a branch in T of size kx. 

Thus assume that x, y are incomparable elements of B; let x < y. Since both 
x and y have x successors in H, there exist a < B < y in H such that x <;a, 
y <7 B, and x <, y. By the definition of <, we have « <8 and y <f. Thus 
F({a, B}) = 1 and F({y, B}) = 0, contrary to the homogeneity of H. 

(b) Let « be an inaccessible cardinal with the tree property, and let 
F: [k]? +1 be a partition such that |I| <x. We shall find a homogeneous 
H © k of size k. 

We construct a tree (T, <) whose elements are some functions t: y > J, 
y <x. We construct T by induction: At step « < x, we put into T one more 
element t, calling it t,. Let tp = @. Having constructed to, ..., tg, ...,B <a, let 
us construct t, as follows, by induction on &. Having constructed t,|é, we look 
first whether t, | € is among the tg, 8 < a (note that for € = 0 we have t,|0 = 9). 
If not, then we consider t, constructed: t, = t,|€. If t,|€ = t, for some B <a, 
then we let ,(¢) = i, where i = F({B, a}). 

(T, S) is a tree of size k; and since x is inaccessible, each level of T has size 
<x and the height of T is x. It follows from the construction that if tz < t,, 
then B < a and F({f, «}) = t,(length(t,)). By the assumption, T has a branch B 
of size x. If we now let, for each i € J, 


(29.5) H; = {a: t, € Band t,"i € B} 
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then each H; is clearly homogeneous for the partition F, and at least one H; has 
sizexk. Mf 


It should be mentioned that an argument similar to the one above, only 
more complicated, shows that if x is inaccessible and has the tree property, then 
k — (x)}, for all n € w,m < x. We have proved that every measurable cardinal x 
is inaccessible and is in fact the xth inaccessible cardinal. We shall now improve 
on this as follows: 


Lemma 29.7. Every measurable cardinal k is weakly compact. Moreover, if D is a 
normal measure on k, then the set {a < « : a is weakly compact} is in D. 


Proof. Let x be a measurable cardinal. To show that x is weakly compact, it 
suffices to prove the tree property. Let (T, <) bea tree of height x with levels of 
size < x. We consider a nonprincipal x-complete ultrafilter U over T. Let B be 
the set of all x € T such that the set of all successors of x is in U. It is clear that 
B is a branch in T and it is easy to verify that each level of T has one element in 
B; thus B is a branch of size x. 

Let D be a normal measure on x and consider the elementary embedding 
jp: VM where M = Ult,(V). Since P(x) = P(x), it follows that x is weakly 
compact in M, and since [d]p = x, we have {a : « is weakly compact} e D. @ 


We shall consider a generalization of the partition properties introduced so 
far. But first let us consider this: If A is an infinite set of ordinals and « an 
ordinal, let [A]* denote the set of all increasing a-sequences in A. The symbol 


(29.6) k= (A)? 


denotes: For every partition F: [x]* > {0, 1} of [«]* into two pieces, there exists 
a set H of order type A such that F is constant on [H]*. 


Exercise 29.3. For all infinite cardinals x, « # (w)”. 

[For s, t € [k]° let s =t iff {n: s(n) ¢ t(n)} is finite. Pick a representative in each 
equivalence class. Let F(s) = 0 if s differs from the representative of its class at an even 
number of places; let F(s) = 1 otherwise. F has no infinite homogeneous set.] 


Let me introduce now the following partition property: Let « be an infinite 
cardinal, let « be an infinite limit ordinal, a <x, and let m be a cardinal, 
2 <m<tk. The symbol 


(29.7) Kk (a)<° 


denotes the property that for every partition F of the set [k]<° = J®o [x]" 
into m pieces, there exists a set H © x of order type a such that for each n € w, F 
is constant on [H]". (Again, the subscript m is deleted when m = 2.) We say that 
H is homogeneous for F. 


Exercise 29.4. w + (w)<°. 
[For x € [w]<°, let F(x) = 1 if |x| € x, and F(x) = 0 otherwise. If H & w is infinite, 
pick n € H and show that F is not constant on [H]".] 
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We shall see later that the least x such that x 4 (w)<® is inaccessible, and 
greater than the least weakly compact cardinal. But first let us investigate the 
stronger property. 


(29.8) K > (x)*° 


The cardinals that satisfy the partition relation (29.8) are called Ramsey car- 
dinals. We shall show that every measurable cardinal is Ramsey and use this 
property to improve considerably on Scott’s theorem (Theorem 67). Note that 
since No is not Ramsey, every Ramsey cardinal is weakly compact and hence 
inaccessible. 


Theorem 70. Let « be a measurable cardinal, let D be a normal measure on x, and 
let F be a partition of [k]~® into less than x pieces. Then there exists a set H € D 
homogeneous for F. Hence every measurable cardinal is Ramsey. 


Proof. Let D be a normal measure on x, and let F be a partition of [k]<° into 
less than x pieces. It suffices to show that for each n = 1, 2, ..., there is H, € D 
such that F is constant on [H,]"; then H = ()_, H, is homogeneous for F. 

We prove, by induction on n, that every partition of [x]" into less than x 
pieces is constant on [H]" for some H € D. The assertion is trivial for n = 1, so 
we assume that it is true for n and prove that it holds also for n+ 1. Let 
F: [x]"** +1, where |I| <x. For each « <x, we define F, on [x — {a}]" by 
F,(x) = F({a} U x). 

By the induction hypothesis, there exists for each a < x a set X, € D such 
that F, is constant on [X,]"; let i, be its constant value. Let X be the diagonal 
intersection 


X={a<K:ae() X,} 


y<a 


We have X € D since D is normal; also, if y <a, <---<«a, are in X, then 
{a, ..., &,} € [X,]" and so F({y, a, ..., a }) = F,({o, ..., a,}) = i,. Now, there 
isi ¢ J and H € X in Dsuch that i, = i for all y € H. It follows that F(x) = i for 
allxe[H]"**’. @ 


Exercise 29.5. If D is a normal measure on x, then the set of all Ramsey cardinals 
below x has D-measure 1. 
[As in Lemma 29.7.] 


Exercise 29.6. Let D be a normal measure on « and let f: [k]“° + be such that 
S (x) = 0 or f(x) < min(x) for all x € [k]<° (min(x) is the least element of x). Then there 
is H € D such that for each n, f is constant on [H]". 

[By induction, as in Theorem 70. Given f on [x]"*', let fa(s) =f({a} VU s) for 
a < min(s); f, is constant on [X,]" with value y, < a. Let X be the diagonal intersection 
of X,, «<x, and let y and H < X be such that H € D and y, = y for all « € H.] 
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Let U be a x-complete nonprincipal ultrafilter over k. For each n = 1,2, ..., 
we define an ultrafilter U,, over [k]" as follows: If X ¢ [k]"*?, let 


(29.9) X a = {x € [K]": « < min(x) and {a} U x € X} 
We let U, = U, and define by induction 
(29.10) XeUys, iff  {a:X.¢U,$eU 


(Thus X e€ U, iff for almost all a,, for almost all a, ..., for almost all «,, 
{a,,..., @,} € X.) It is easy to verify that each U,, is a nonprincipal x-complete 
ultrafilter over [x]". Moreover, if Z € U, then [Z]" € U,,. 


Exercise 29.7, If U is normal and X € U,, then there is H € U such that [H]" ¢ X. 
[Either X or [«]" — X contains [H]" for some H € U, by Theorem 70. It must be X 
since [H]" € U,.] 


Partitions and Models 


Partition theorems play an important role in model theory, and I shall have 
more opportunity to present some applications in the next section. For now, let 
us consider a model 


(29.11) WU = (A, P*,..., F¥,...,c%,...) 
of a (not necessarily countable) language # 
(29.12) at gees Coereng cee 


Let x be an infinite cardinal and let us assume that the universe A of the model 
Q contains all ordinals a <K: ADK. 

A set I © x is a Set of indiscernibles for the model 2 if for every n € w, and 
every formula (vj, ..., 0,); 


(29.13) WME ploy, ..., &] iff WF gfB,,..., Bil 


whenever a, <-:: <a, and B, <-:: < B, are two increasing sequences of ele- 
ments of I. 


Exercise 29.8. Let F: [k]<° — {0, 1}, and let F, = F |[k]", for each n. Let I be a set of 
indiscernibles for the model (x, <, F,, Fy, F3,...). Then J is homogeneous for the 
partition F. 

[Consider the formula F, (01, ..., %) = Fa(B1, ---5 Bn)-] 


Thus the partition properties are, in a way, a special case of existence of 
indiscernibles. We shall now show that on the other hand, partition properties 
imply existence of indiscernibles in models: 


Lemma 29.8. Let « be an infinite cardinal and assume that 


K> (a3. 


330 5. MEASURABLE CARDINALS 


where a is a limit ordinal and A is an infinite cardinal. Let ¥ be a language of size 
< Aand let U be a model of Y such that A > x. Then % has a set of indiscernibles 
of order type a. 


Proof. Let ® be the set of all formulas of the language Y. We consider the 
function F: [k]“° + P(®) defined as follows: If x € [k]" and x = {a,,..., &} 
where a, <--: <a,, then 


F(x) = {p(v,, ..., v,) ED: WE ploy, ..., a,]} 


The function F is a partition into at most 2* pieces and thus has a homogen- 
eous set |! <x of order-type «. It is now easy to verify that J is a set of 
indiscernibles for YU. 


We shall see in Section 32 that for a given limit ordinal «, the least « that 
satisfies x — (a)*° is inaccessible and satisfies x > (a)*° for all A <x. Now we 
shall prove this for Ramsey cardinals. 


Lemma 29.9. If « > (k)<° and if A is a cardinal less than x, then k > (k);°. 


Corollary. If « is a Ramsey cardinal and if 21 > x is a model of a language of size 
<k, then XU has a set of indiscernibles of size x. 


Proof. Let F:[«]“° >A be a partition into 1 <x pieces. We consider the 
following partition G of [x]<° into two pieces: If a, <-**<a,<O%44< 
“++ <Q, are elements of x and if F({a,,..., a$) = F({on+ 1 ---» %2,}), then we 
let G({a,, ..., %,}) = 1; for all other x € [k]*°, we let G(x) = 0. 

Now, let H ¢ x be a homogeneous set for G, |H| = x. We claim that for 
each k and each x € [H]”*, G(x) = 1: This is because |H | = x > A, and there- 
fore we can find a,<---<a,<O4,<*''<a, in HA such that 
F (oss «+5 %}) = F({aips 1 +--y zu} 

It follows that H is homogeneous for F: If a, <-:- <a, and B, <-:: < B, 
are two sequences in H, we choose a sequence y, <-:: < y, in H such that both 
a, <p, and B, < y,. Then 


G({o, seey Ons Vio eee nt) es G({B,, 38,9 Bas Vio se Yn}) =1 


and hence 
F({a,, were an}) = F({y1, oes Yn}) = F({B,, nin ae9: B,}). a 


The combinatorial methods introduced in this section will now be 
employed to obtain a result on measurable cardinals considerably stronger 
than Scott’s theorem in the preceding section. Let me first make a few observa- 
tions about models with definable Skolem function. 

Let 21 be a model of a language Y such that % > x and let J € « be aset of 
indiscernibles for 2. Let us assume that the model Y has definable Skolem 
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functions; i.e., for every formula* e(u, v,,..., v,) there exists an n-ary function h, 
in Q{ such that: 


(i) h, is definable in Y, ie., there is a formula W such that 


Y=hl(x1,.--,%,) iff = UE Ly, x4, Xn] 


for all y, x,,..., x, € A; and 
(ii) h, is a Skolem function for @ (see Section 10). 


Let B < QI be the closure of J under all functions in Y and all the functions h,, 
g a formula. 8% is an elementary submodel of YI, and in fact is the least elemen- 
tary submodel of YI that includes the set J; let us call 8 the Skolem hull of I and 
let us say that I generates 8. 

We augment the language of by adding function symbols for all the 
Skolem functions h, and call Skolem terms the terms built up from variables 
and constant symbols (which are 0-ary functions) by applications of functions 
in £ and the Skolem functions. Since B is an elementary submodel of 2, the 
interpretation of each Skolem term t is the same in % as in I. For every 
element x € 8 there is a Skolem term t and indiscernibles y, <--- < y, (ele- 
ments of J) such that 


(29.14) Cat al heer Al ona fT eee 


Now if y is a formula of the augmented language, i.e., if y also contains the 
Skolem terms, it still does not distinguish between the indiscernibles: If 
a, <-*'<a,and B, <--: < B, are two sequences in I, then (a, ..., ,) holds 
(either in 2 or in B) if and only if p(B, ..., B,) holds. 


Theorem 71 (Rowbottom). If x is a Ramsey cardinal, then the set of all con- 
structible reals is countable. More generally, if 4 is an infinite cardinal less than x, 
then |P*(A)| =. 

Proof. Let « be a Ramsey cardinal and let 4 < x. Since x is inaccessible, we 
have P“(A) < L,.. Consider the model 


(29.15) W= CL,, € PHA), a)aca 


Q is a model of the language ¥ = {e, Q, c,},<, where Q is a one-place 
predicate (interpreted in 2 as P(A) ~ L) and c,, « < A, are constant symbols 
(interpreted as ordinals less than or equal to A). Since x is Ramsey, there exists a 
set I of size x of indiscernibles for QI. 

The model 2 has definable Skolem functions: Since x is inaccessible, L,, is a 
model of ZFC + V = L and therefore has a definable well-ordering (see also 
Exercise 13.14). Thus let 8 < L, be the elementary submodel of 2 generated by 
the set J. Every element x € & is expressible as x = t(y,, ..., y,) where t is a 
Skolem term and y, <-:: < y, are elements of J. 


*n>0. 
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We shall now show that the set S = P'(A) ~ B has at most A elements. 
Since S is the interpretation in 8 of the one-place predicate Q, it suffices to 
show that there are at most A elements x € 8 such that B F Q(x). 

Let t be a Skolem term. Let us consider the truth value of the formula 


(29.16) t(oty, «+5 O,) = t(B1, ---» By) 


for a sequence of indiscernibles a, <---<a,< B,<-+-:<,. The formula 
(29.16) is either true for all increasing sequences in J or false for all increasing 
sequences in I. If (29.16) is true, then it is true for any two sequences 
a, << a,, By <-:: < B,,inI: Pick y,, ..., y, bigger than both a, and 8, and 
then t(a,,..., &,) = t(y1,---, Yn) = (By, ---, B,). If (29.16) is false, then we 
choose xk increasing sequences 


a <tt<al Soper eal eee ee ae (ES) 
in I and then t(a, ..., o§) # t(a', ..., «”) whenever € # 7. In conclusion, the set 


(29.17) {t(ay, ..., Uy) <-**' <a, are in J} 


has either one or x elements. 

Now we apply this to evaluate the size of the set S. We know that |S| <x 
because S € P'(A) & P(A) and x is inaccessible. If t is a Skolem term for which 
the set (29.17) has size x, then t(a,, ..., a,) is not in S, for any a, <-:'<a,inJ; 
by indiscernibility, Q(t(«,,..., «,)) is true or false simultaneously for all increas- 
ing sequences in J. Thus if t(w,, ..., a,) € S, the set (29.17) has only one element. 

However, since | /| < A, there are at most A Skolem terms. And since every 
x € B has the form t(a,, ..., ,) for some Skolem term and a, <--- <a, in J, it 
follows that |S| <A. 

Thus we have proved that S = Q* = P*(A) m B has at most 4 elements. 
Now 8 <L, and | 8| = x; hence the transitive collapse of 8 is L, and we have 
an isomorphism 


nB~L, 
Since each « < A has a name in Y, we have 2 u {A} <¢ Band so n(X) = X for 


each XCA in %B. In particular x(X)= xX for all X eS; and since 
g"*! = n[S] = S, we have 


S = P(A) 0 n[B] = PL(A) 0 L, = P*(A) 


This completes the proof: On the one hand, we proved that |S| <A; and on 
the other hand, |P"(A)| >A; thus |P'(4)| =2. 


Exercise 29.9. If k is Ramsey, then &, is inaccessible in L. 
[Show that P“I(w) is countable for every x € w.] 


Exercise 29.10. If x is Ramsey, and A < x, then every set definable in (L,, €, #),<, has 
size either k or < /. 
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The proof of Theorem 71 is an important application of the Ramsey 
property of x and can be used in a more general situation. Below we give an 
abstract version of the result just proved. 


Lemma 29.10. Let « be a Ramsey cardinal, and let A be an infinite cardinal less 
than x. Let = (A, ...) be a model of a language £ such that | £| < A, and let 
Az2k. If PSA is such that |P|<x then A has an elementary submodel 
®B = (B,...) such that |B| = and |P 7 B| <A. 
Moreover, if X & A is of size at most A, then we can find 8 such that X © B. 
Moreover, if « is a measurable cardinal and D is a normal measure on x, then 
we can find 8 such that Bn k € D. 


Proof. First we add to the language ¥ one unary predicate whose interpreta- 
tion is the set P; we also add constant symbols for all x € X. Next we find some 
Skolem functions h, (in (A, ..., P, X)xex) for every formula g, and extend the 
language further by adding function symbols for the functions h, . 

Next we find a set of indiscernibles I € xk, of size x, for the expanded model 
QU; if x is measurable and D is a normal measure, we find I € D. We let B be the 
elementary submodel of U’ generated by /. As in the proof of Theorem 71, one 
proves that if |P A B| <x then |PO B| <4. @ 


Let us consider now models of a countable language ¥ with a designated 
one-place predicate Q. A model YI = (A, Q", ...) of Z is said to have type (x, A) 
if |A| =« and |Q*| =A. One of the favorite subjects of model theorists is 
investigation of possible types of models of a given theory—so-called two- 
cardinal problems. Many of these problems are either independent of ZFC or 
lead to large cardinals. 

Let us call a cardinal x > &, a Rowbottom cardinal if for every uncountable 
A <k, every model of type (x, A) has an elementary submodel of type (k, No). 

By Lemma 29.10, every Ramsey cardinal is Rowbottom. Using the argu- 
ment from Exercise 29.9, one can see that if there is a Rowbottom cardinal, then 
X, is inaccessible in L. 

Let us call an infinite cardinal x a Jonsson cardinal if every model YI (of a 
countable language) of size x has a proper elementary submodel 8 of size x 
(ie. BS Wand B + A). Clearly every Rowbottom cardinal is Jonsson. 

Both these properties can be formulated in terms of partitions. For 
instance: 


Exercise 29.11.* An infinite cardinal x is a Jonsson cardinal if and only if for every 
F: [k]<° > x there exists H < x of size x such that the image of [H]<° under F is not the 
whole set x. 

[To show that the condition is necessary, consider the model (x, <, Fy, F2, Hit) 
where F,, = F |[x]". To show that the condition is sufficient, let = (x, ...) bea model. 
Let {h,:n <q} be a set of Skolem functions for YU, closed under composition and 
arranged so that each h, is n-ary. For each xe [k]", let F(x) =h,(x). If H <x, the 
image of [H]<° under F is an elementary submodel of Y.] 
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We shall see in Section 32 that existence of Jonsson cardinals has the same 
strong consequences we stated in Theorem 71; in particular, there are no 
Jonsson cardinals if V = L. 


Exercise 29.12. Xo is not a Jonsson cardinal. 
[Let 2 = (w, f) where f(n) =n — 1 for alln>0.] 


It has been proved among other things that no &,, n <q, is a Jonsson 
cardinal and that the least Jonsson cardinal is either weakly inaccessible or has 
cofinality w. While it is consistent (relative to ZFC + there exists a measurable 
cardinal) that all Jonsson cardinals are Ramsey cardinals, there is also a model 
in which a Rowbottom (and hence Jonsson) cardinal exists and has cofinality 
w. One of the still open questions is whether &,, can be Jonsson. 

Somewhat more is known about Rowbottom cardinals: 


Exercise 29.13. If k is a Rowbottom cardinal, then either x is weakly inaccessible or 
cfk =o. 

[To show that x = A* is not Rowbottom, let f, be a one-to-one mapping of « onto A, 
for each a, such that A<a<k. Let U = (x, 4, <, R) where R(q, B, ) iff f,(B) = y. If 
(B, Ba A, <,RO B®) <A and |B|=x, let « be the Ath element of B; then 
f,[B 0 a] S Bo Aand hence [Bn Al =A>No. 

To show that x is not Rowbottom if k > cfk =A >No, let f be a nondecreasing 
function of x onto 4 and use f to produce a counterexample.] 


A related problem is Chang’s conjecture: Every model of type (% 2, &,) has 
an elementary submodel of type (&,, Xo). Chang’s conjecture is consistent 
relative to the theory ZFC + “there exists a Ramsey cardinal.” We shall show 
in Section 32 that Chang’s conjecture has the strong consequences stated in 
Theorem 71. 

For the following exercise, we recall that functions f and g on @, are almost 
disjoint if f(a) # g(«) for all a > some %. 


Exercise 29.14.* If there is a family ¥ of & almost disjoint functions f: w, + @ then 
Chang’s conjecture fails. 

[Consider a model % with the universe ¥ U w, and the designated predicate w,. If 
(GU B,B,...) <M and |Y| =,, |B| =No, then B ¢ a for some a < w,. Show that 
S (a) # g(a) for all f, g € Y, a contradiction.] 


Trees 


We dealt with trees of height w, quite extensively in Sections 22 and 24. We 
shall now look at trees of larger height. In Lemma 29.6 we proved that for an 
inaccessible cardinal x, nonexistence of an Aronszajn x-tree is equivalent to 
weak compactness. There is a close relationship between partitions and trees; 
the following equivalence can be extracted from the proof of Lemma 29.6: Let 
us call a tree T binary if each x € T has at most two immediate successors. 


Exercise 29.15.* Let « be a cardinal and 4a regular cardinal. Then x > (A)? holds if and 
only if every binary tree of size x has a branch of length 2. 
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We have called a tree of height « an Aronszajn tree if all its levels have size 
<x and if it has no branch of length x; x has the tree property if there is no 
Aronszajn tree of height x. The tree property of cardinals has been studied in 
some detail; let me consider the case k = %,. This case is representative of the 
general case when x is the successor of a regular cardinal. 

In Lemma 22.3 I presented a construction of an Aronszajn tree of height a. 
This construction can be generalized to &, provided 2*° = &, (or any x = A* 
such that 1<* = A). Instead of the set Q of all rational numbers, we consider a 
linearly ordered set Q of size %, such that every a < w,can be embedded in any 
interval of Q (e.g., let Q be the lexicographically ordered set of all finite se- 
quences of countable ordinals). 

We construct a tree T whose elements are certain bounded increasing se- 
quences in Q of length < w,. We proceed very much as in Lemma 22.3: We try 
to obey the same condition (22.4). The difference is at limit steps of cofinality w; 
if cf a =q@, then we simply extend all «-branches represented by bounded 
a-sequences in Q. By the assumption 2*° = &, their number is only &,, and so 
the ath level has still size %,. At limit steps of cofinality w, we do more or less 
the same as in Lemma 23.3. We extend only some branches so that the size of 
the limit level is 8, and that the condition (22.4) is satisfied. 

The Aronszajn w,-tree constructed thus under the assumption 2*° = &, is 
special (see Section 24): Its nodes are one-to-one functions from some a < @, 
into a fixed set of size &%,, and the ordering of the tree is by inclusion. Special 
Aronszajn trees are of interest to model theorists: There is a sentence that has a 
model of type (k*, x) just in case there exists a special Aronszajn «* -tree. 

There is a model of set theory in which 2*° = &, and no special Aronszajn 
@,-trees exist. This consistency result therefore establishes consistency of the 
statement: “There exists a model of type (%,, No) that has no elementarily 
equivalent model of type (%2, &%,)” (this statement is known to be false if the 
continuum hypothesis holds). 

The above-mentioned consistency result is relative to the consistency of 
“there exists a Mahlo cardinal.” This assumption is necessary since it has also 
been proved that “there is no special Aronszajn @,-tree” implies that &. is a 
Mahlo cardinal in L. (It is easy to see that . is inaccessible in L: If X. is a 
successor cardinal in L, then there exists A © w,, such that w%!4) = w, and 
w5!4] = @,—see Exercise 15.8. In L[A], 2*° = &, holds and hence there exists a 
special Aronszajn w,-tree T. It is obvious that T is a special Aronszajn @ »-tree 
in the universe.) 

Similarly, if8, has the tree property (that is, if there are no Aronszajn trees 
of height w,, special or otherwise), then &, is weakly compact in L; and the 
statement “, has the tree property and 2*° = &,,” is consistent relative to the 
existence of weakly compact cardinals. 

Let me finally consider a generalization of Suslin trees. If x is a regular 
cardinal, we call a Suslin x-tree a tree whose height is « and that has no 
branches of length x and no antichains of size x. 
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If M is a model of ZFC + GCH and if x = A* is a successor of a regular 
cardinal (in M), then a straightforward generalization of the forcing notion 
(22.6) yields a generic extension Y[G] in which there is a Suslin x-tree: The 
forcing conditions are normal «-trees, « <x, whose nodes are functions 
t: BA. The generalization consists in adding one more requirement on the 
trees T € P: If « < height(T) is a limit ordinal of cofinality < x, then b: «+A 
that represents a branch in the tree T, = {t € T : dom(t) < a} belongs to the ath 
level of T. Since A<? = A, it is possible to satisfy this requirement and still have 
|T| <A. The proof that MN[G] has a Suslin x-tree follows closely the case 
k=. 

The construction of a Suslin tree in L also generalizes to higher cardinals. 
As before, let me concentrate on the simplest generalization, the case k = \ 4. 

Let us consider the analog of the diamond principle (22.15) for %.; since we 
will distinguish between ordinals of cofinality w and cofinality w,, let me be a 
little more general. Let E be a stationary subset of w,. 


(29.18) (E) There exists a collection of sets {S, : « € E} such that for every 
X Cay, the set 


{fae E:X na=S,} 
is a stationary subset of w,. 


The principle }(E) is proved in L exactly as Lemma 22.9. The easiest construc- 
tion of a Suslin w,-tree in L follows closely the proof of Lemma 22.8. We let 
E = {a: cf « = w,}. We construct a tree by induction on levels. We do different 
things at limit levels of cofinality w and at limit levels of cofinality @,. 
If cf « = @, then we construct the ath level by extending all branches in T,; 
since 2*° = &,, the ath level has still size & ,. If cf « = w,, then we use ((E) to 
destroy potential antichains of size &,. Note that since all branches are ex- 
tended at cofinality w levels, the tree T, for cf « = w, has a plenty of «-branches: 
Each x € T, has an a-branch going through x. The proof that the resulting tree 
is a Suslin w,-tree follows closely Lemma 22.8. 

There is another, more sophisticated construction of a Suslin w,-tree in L 
(which, unlike the construction above, generalizes to successors of singular 
cardinals). Let me recall the box principle D (cf. 24.18) which is true in L. The 
construction uses the box principle and the principle }(E) for every stationary 
set of ordinals of cofinality w. Roughly speaking, the © principle is used to 
destroy antichains, while [1 enables us to keep going at limit levels of cofinality 
@,. In this construction, not all branches are extended at cofinality w levels. 

Now a modification of ©(E) for E = {«: cf a = w} has been proved from 
GCH alone. Since it is also known that [7 is true unless 8, is a Mahlo cardinal 
in L, it follows that if GCH holds and &, is not Mahlo in L, then there exists a 
Suslin w,-tree. 

There is a model of ZFC in which 2*° = &\, and there are no Suslin w,-trees. 
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The construction uses a measurable cardinal, and the model satisfies 2"! = &3. 
It is still open whether nonexistence of Suslin w.-trees is consistent with the 
GCH. 
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We have shown in the previous two sections that existence of measurable 
cardinals contradicts the axiom of constructibility, and in fact the incompatibil- 
ity of measurable cardinals with V = L is quite substantial: If there is a mea- 
surable cardinal, then there are only countable many constructible reals and &, 
is inaccessible in L. We shall now use more model theoretical methods to 
obtain quite striking consequences of existence of measurable cardinals. 

Before stating the main theorem of this section, let me define (or recall) the 
notions involved. Let % = (A, ...) be a model (of a language ) and let 
X CA. An element aeéA is definable from X if there exists a formula 
p(u, v1, ..., v,) of ZY, and some x,, ..., x, € X such that 


(30.1) QF ais the unique u such that @(u, x1, ..., x,). 


Let J be a limit ordinal and let J < 4 be a set of ordinals in L,. The set J is a set 
of indiscernibles for L, if for every formula ¢(v,, ..., v,) of the language of set 
theory 


(30.2) L,F ofo,,...,0,] iff L,F offi,..., B,] 
whenever a, <--- <a, and B, <--- < B, are two increasing sequences in I. 
Theorem 72. If there exists a measurable cardinal, then: 


(A) If « and A are uncountable cardinals and x < A, then (L,., €) is an elemen- 
tary submodel of (L,, €). 

(B) There is a unique class S of ordinals containing all uncountable cardinals 
such that for each uncountable cardinal x: 
(a) Sk has order type x, and if k is regular, then S ~ x is closed and 

unbounded in x; 

(b) So x is a set of indiscernibles for (L,, €); 
(c) every aé L,, is definable in L, from S - x. 


Elements of the class S are the Silver indiscernibles for L. The proof of Theorem 
72 will constitute about half of this section. Thus I shall first state some con- 
sequences of the conclusion of Theorem 72. 

By the reflection principle, if @ is a formula, then there exists an uncount- 
able cardinal « such that 


LF (xy, ..-,X,) iff LL, F (x4, ---, Xn) 
for all x,,..., x, € L,,. By (A), we have then 
LF (x1, ..-, Xn) iff Ly F p(x, ---, Xq) 
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for all cardinals A > x and all x,, ..., x,. In view of this, we can define satisfac- 


tion in L for all formulas g € Form: If p(v,, ..., v,) is a formula of the language 
L= {e} and if (a, ..., a,) is an n-termed sequence in L, we define 
(30.3) LE ofa, ..., aq] 


as follows: For every uncountable cardinal k« such that a,,..., a,€ L,, 


LF p[ay, ..., ay]: 
Note that this gives us a truth definition for the constructible universe (see 
14.17): For each sentence a, let #0 be its Gédel number and let 


T = {#o0: Ly, Fo} 
Then given any actual (metamathematical) sentence o of set theory, we have 
(30.4) #oeT iff Leo 


(Note that the set T is constructible but not definable in L: Otherwise, T would 
be a truth definition in L. Hence the (real) cardinal &, is not definable in L.) 
As a consequence of (A) we have 


(30.5) (Ly, €) <<L, €) 


for every uncountable cardinal x. (We can unabashedly write (30.5) since we 
have defined satisfaction for L.) 


Corollary 1. Every constructible set definable in L is countable. 


Proof. If x € L is definable in L by a formula g, then by (30.5) the same formula 
defines x in L,, and hence xe Ly,. @ 


In particular, every ordinal number definable in L is countable. 
It follows from (B) and (30.5) that the Silver indiscernibles are indeed 
indiscernibles for L: If y(v;, ..., v,) is a formula, then 


(30.6) LE olay, ..., &] iff LE g[B,,..., Bil 


whenever a, <‘*'<a, and B,<-:-<, are increasing sequences in S. 
Moreover, every constructible set is definable from S in the following sense: If 
ae L, there exists an increasing sequence <y,, ..., 7,» of Silver indiscernibles 
and a formula such that 


LF ais the unique x such that @(x, y;, .-., Yn) 
Corollary 2. Every uncountable cardinal is inaccessible in L. 


Proof. (For each a, &, denotes the real &,, not &£.) Since L F &, is regular, we 
have 


LE, is regular 
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for every « > 1. Similarly, L — &,, is a limit cardinal, and hence 
LEX, is a limit cardinal 
for every « > 1. Thus every uncountable cardinal (and in fact every ye S) is 
an inaccessible cardinal in L. @ 
Corollary 3. Every uncountable cardinal is a Mahlo cardinal in L. 


Proof. By Corollary 2, every Silver indiscernible is an inaccessible cardinal in 
L. Since S 4% w, is closed unbounded in w,, &, is a Mahlo cardinal in L. 


Corollary 4. For every a >, |V,0 L| < |a|. In particular, the set of all con- 
structible reals is countable. 


Proof. The set V, > L is definable in L from a. By (30.5), V,7 L is also 
definable from « in L, where x is the least cardinal > a. Hence V, 0 Lc Lg for 
some f such that |«| = |f|. However, |L,;| = |B|. @ 


By (30.6), every formula ¢(v,,..., v,) is either true or false in L for any 
increasing sequence (yj, ..., ),) of Silver indiscernibles; moreover, the truth 
value coincides with the truth value of 


(30.7) Ly, F @[&y, «+5 Ral 
since Ly, < L and &;, ..., &, are Silver indiscernibles. Thus let us define 
(30.8) 0* = {o: Ly, F o[1, ---, Ral} 


(zero-sharp). Later in this section we shall give another definition of the set 0*, 
not depending on the conclusion of Theorem 72. We shall show that the (new) 
definition of 0* is absolute for transitive models of set theory containing all 
ordinals and that a set 0* satisfying the definition exists if and only if the 
conclusion of Theorem 72 holds (and then 0% is as in 30.8). With this equiv- 
alence in mind, I shall henceforth use the statement 


“O* exists” 


to denote the conclusion of Theorem 72; i.e., (A) and (B). 


The axiom “0* exists” admits a considerably simpler formulation. We shall 
prove: 


Theorem 73 (Kunen). The following are equivalent: 


(i) O* exists. 
(ii) For some limit ordinal A, the model (L,,€) has an uncountable set of 
indiscernibles. 
(iii) There exists a nontrivial elementary embedding of L into L. 


It will also follow from the proof of Theorem 72 that the conclusion “0* 
exists” follows not only from existence of a measurable cardinal but in fact 
from weaker assumptions, like “there exists a Ramsey cardinal.” 
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Review of L 


Constructible sets were introduced in Section 12, and we proved in Sections 
12 and 13 that constructibility and the corresponding well-ordering <, are 
absolute for models of sufficiently many axioms of ZF. In particular, we have 
defined the function «++ L, (in 12.2) and the canonical well-ordering of L 
(Section 13) and showed that both are absolute for all adequate transitive sets. 

We shall need a somewhat finer property of constructibility, namely that 
both the function «++ L, and the well-ordering <, are absolute for every L,, 
where J is a limit ordinal. This does not necessarily follow from our definition 
of L, in (12.2) and so we have to amend slightly the defining formula as to 
obtain this absoluteness result. (However, the sets L, remain the same.) 

First we weaken the definition (13.9) of adequacy: Let us call a transitive set 
M adequate if (a) M is closed, (b) if U € M, then G(U) € M where 


G(U) = (F(x, y): x, ye U, i =1,..., 10} 


and (c) if « € M, then (Ly: B <a) e M. 

Then we prove the analog of Lemma 13.2: We show that the function 
at» L, is absolute for every adequate transitive M. The Gédel operations, as 
well as the operation © are absolute and defined in M. Neither cl(X) nor 
def(X) is necessarily defined in M, but since the function W(U, n) defined in 
(13.13) is absolute, we easily see that the formula x € def(U) is absolute: 


xedef(U) — xGU and Ijinxe W(U VU {U},n) 


And hence def“(U) = def(U) for each U € M. 

Now, the standard definition of L, by induction (13.14) is absolute for M, 
because for each a the function f in (13.14) is unique, f = (Ly: B <a), and 
def(f(&)) = Le4, € M for each € <a. 

The second part of Lemma 13.2 also goes through: If M is an adequate 
transitive set and satisfies the axiom of constructibility, then M = L, for some 
limit ordinal . 

The definition (13.7)}-(13.8) of the canonical well-ordering <, is easily seen 
to be absolute for adequate transitive sets. 

Next we show that each L, where Ais a limit, is adequate. If x, y € L,, then for 
each i= 1,..., 10, &{x, y)S L,42 and hence € L,,3. Thus L, is closed. If 
UeL,, then G(U) € L,,3 and is definable over L,,3, hence € L,,4. Thus if 
U € L, then G(U) € L,. Finally, we prove by induction on A that if« € L,, then 
(Ly: B <a) € L,. If x < Aisa limit ordinal, then L, is adequate by the induc- 
tion hypothesis and so (L,: B <a) is definable in L,; hence (L,: B <a) € 

L,+1 © L,. And clearly, if (Ly: B <a) € L, then (Ly: B<a+1)eL,. 

Finally, as in Lemma 13.3, adequacy is a syntactical property ofa transitive 
set: There is a sentence © such that a transitive set M is adequate if and only if 
M & ©. Thus we have: 
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Lemma 30.1. 


(i) The function «++ L, and the canonical well ordering of L are absolute for 
every L,, where A is a limit ordinal. 

(ii) If M is transitive and (M, €) is elementarily equivalent to some L,, A a 
limit, then M = L, for some «. In particular, if M <(L,, €) where 1 is a 
limit, then M is isomorphic to some L,,a <1. @ 


We shall now use the canonical well-ordering of L to endow the models L, 
with definable Skolem functions. For each formula ¢(u, 1, ..., v,), let h, be the 
n-ary function defined as follows: 


the <,-least u such that g(u, v1, ..., v,) 


C08) Piast) = @ otherwise 


We call h,, y € Form, the canonical Skolem functions. 

For each limit ordinal 4, hi* is an n-ary function on L,, the 
L,-interpretation of h,, and is definable in Ch xe. 

When dealing with models (L,, €), we shall freely use terms and formulas 
involving the h, since they as definable functions can be eliminated and the 
formulas can be replaced by €-formulas. For each limit ordinal A, the functions 
hi, @ € Form, are Skolem functions for (L,, €) and so a set M ¢ L, is an 
elementary submodel of (L,, €) if and only if M is closed under the hi*. If 
X ¢ L,, then the closure of X under the hz is the smallest elementary submodel 
M <L, such that X ¢ M, and is the collection of all elements of L, definable in 
L, from X. 

The fact that the well-ordering < , of L, is definable in L, uniformly for all 
limit ordinals 2 (by the same formula) now brings the following benefit: 


Lemma 30.2. If « and B are limit ordinals and if j: L,—> Lg is an elementary 
embedding of (L,, €) in (Lg, €), then for each formula and all x, ...,X,€ La, 


(30.10) REACT %1), «++» i) = i(HE ers se) 
Hence j remains elementary with respect to the enriched language 
L* = {e} u {h,: p € Form}. 


Proof. The mapping j is elementary with respect to formulas involving 
<,. 


Models with Indiscernibles 


The method of this section is based on a theorem of Ehrenfeucht and 
Mostowski in model theory, stating that every infinite model is elementarily 
equivalent to a model that has a set of indiscernibles of prescribed order-type. 
We shall deal only with models (L,, €) (and models elementarily equivalent to 
these); Lemma 30.3 is a special case of the Ehrenfeucht-Mostowski theorem. 
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Let A be a limit ordinal, and let 21 = (A, E) be a model elementarily 
equivalent to (L,, €). The set Ord" of all ordinal numbers of the model 2 is 
linearly ordered by E; let us use x < y rather than x E y for x, y € Ord™. A set 
I < Ord® is a set of indiscernibles for if for every formula g, 


(30.11) WE elxy, ..-, Xa iff WF oly, ..., Val 


whenever x; <-:: <x, and y, <--: < y, are elements of J. Let hy denote the 
Y-interpretation of the canonical Skolem functions (30.9). Given a set X € A, 
let us denote #*(X) the closure of X under all h3, p € Form. The set #"(X) is 
the Skolem hull of X and is an elementary submodel of 2. 

If I is a set of indiscernibles for 2, let X(QI, I) be the set of all formulas 
—(v4, .--, 0,) true in Q for increasing sequences of elements of J: 


(30.12) plu, ..., Up) € TW, I) WE —[x,, ..., x,] for some x, ..., x, € 1 
such that x, <-°-<x, 


A set of formulas 2 is called an E.M. set (Ehrenfeucht-Mostowski) if there 
exists a model I elementarily equivalent to some L,, A a limit ordinal, and an 
infinite set I of indiscernibles for 2 such that Y = L(A, /). 


Lemma 30.3. If = is an E.M. set and « an infinite ordinal number, then there 
exists a model X and a set of indiscernibles I for 2 such that: 


(a) X = L(A, 1); 

(b) the order-type of I is «; 

(c) UW = #%(I). 

Moreover, the pair (U, I) is unique up to isomorphism. 

Proof. We prove uniqueness first. Let (2l, /) and (8, J) be two pairs, each 
satisfying (a), (b), (c). Since both J and J have order-type «, let 2 be the 
isomorphism between I and J. We shall extend z to an isomorphism between 
and 8. 

Since Y is the Skolem hull of J, there is for each a € Ya Skolem term 
t(v,,..-, %) (a combination of the Skolem functions h,) such that 
a= t"[x,,..., X,] for some x, < ++: < x, in I; similarly for B, J. Thus we define 
(30.13) m(t™[X1, ---5 Xl) = C(x), ..., 2(x,)] 
for each Skolem term ¢ and all x,,..., x, € J such that x, <---<x,. Since 
X(, 1) = X(B, J), we have 


(30.14) 


Pixie dS) = 6 es val i tyne, He, Se ayia ce teys| 


Erg essen Balas as Vel iff 8 [nx,,..., mx] E® Olay, --.. mal 
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for any terms f,, t, and indiscernibles x, y: Let z,, ..., 2,4, be the enumeration 
of the set {x,,...,X,, Vis +++» Ym} in increasing order. Then the equality in 
(30.14) holds (simultaneously in 9 and %) just in case (v4, ..., Untm) € Z 
where (z,...,Zn+m) is the formula that says that ¢,[x,,...,x,]= 
to[y1, ---> Yn]: Hence x is well-defined by (30.13) and is an isomorphism be- 
tween 2 and B extending the order-isomorphism of I and J. 

To prove existence of a model with indiscernibles with properties (a), (b), 
(c), we use the compactness theorem. Since © is an E.M. set, there exists 
(Qo, Io) such that & = L(y, Ip). Let us extend the language {e} by adding « 
constant symbols c;, ¢ < «. Let A be the following set of sentences: 


(30.15) c,isanordinal (all € <a) 
Ce <C, (all €, m such that €< <a) 
P(Ce,s -++s Cz,) (all g € X and all €, <---<&, <a) 


We shall show that every finite subset of A has a model. Let D < A be finite. 
There exist €, <-:: < €, such that c;,, ..., cz, are the only constants mentioned 
in D. Let a(cz,, ..., Cz,) be the sentence that is the conjunction of all sentences 
in D. 

Since I 9 is infinite, there are i,, ...,i, € Ig such that i, <--- <i,. Let us take 
the model 2) and expand it by interpreting the constant symbols c;,, ..., cz, as 
iy,..., i,. Since = L(Wp, Ip) and D cA, it is clear that Wo F ofi,, ..., i,J and 
hence the expansion (Wo, ij, ..., i) is a model of o, hence of D. 

By the compactness theorem, the set A has a model IN = (M, E, eh 
Let I = {c#": € < a}. I is a set of ordinals of Mand has order-type a. It is clear 
that if (v,,...,v,) is an  eformula and €,<:-:-<€,, then 
(M, E> § o[c®, ..., c] if and only if g € £. Thus / isa set of indiscernibles for 
<M, E). Now we let A be the Skolem hull of J in (M, E). Since 2 = A, E) is 
an elementary submodel of (M, E), it follows that J is a set of indiscernibles for 
MW, X(, 1) = =, and that #™(1) = 7-1) = A. Hence (Yl, 1) satisfies (a), 
(b), (c). 


For each E.M. set © and each ordinal a, let us call the (2; «)-model the 
unique pair (2, /) given by Lemma 30.3. The uniqueness proof of Lemma 30.3 
easily extends to give the following: 


Lemma 30.4. Let = be an E.M. set, let a < fB, and let j:a— 8B be order- 


preserving. Then j can be extended to an elementary embedding of the 
(2, «)-model into the (X, B)-model. 


Proof. Extend j as in (30.13). 1 


We shall eventually show that a measurable cardinal implies existence of an 
E.M. set © having a certain syntactical property (remarkability) and such that 
every (2, «)-model is well-founded. Let us investigate well-foundedness first. 
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Lemma 30.5. The following are equivalent, for any given E.M. set 2: 


(i) For every ordinal a, the (, «)-model is well-founded. 
(ii) For some ordinal « > @,, the (Z, «)-model is well-founded. 
(iii) For every ordinal a < w,, the (Z, «)-model is well-founded. 


Proof. (i) > (ii) is trivial. 

(ii) > (iii): If (QU, J) is the (2, «)-model and if B <a, let J be the initial 
segment of the first 8 elements of J; let 8 = #*(J). Clearly, (B, J) is the 
(Z, B)-model. Since a submodel of a well-founded model is well-founded, it 
follows that if B<a and the (Z,«)-model is well-founded, then the 
(2, B)-model is also well-founded, and thus (ii) implies (iii). 

(iii) — (i): Let us assume that there is a limit ordinal a such that the 
(2, «)-model is not well-founded; let (2U, 1) be the model. There is an infinite 
sequence ay, @,,a7,...in Wsuch that a, E ap, az E ay, etc. Each a, is definable 
from J; that is, for each n there is a Skolem term t, such that a, = t7[x1, ..., X4,] 
for some X,, ..., X,, € J. Therefore there is a countable subset I of J such that 
a, € #"(Io) for all n € w. The order-type of J) is a countable ordinal B and 
(#"(Io), Io) is the (Z, B)-model. This model is clearly non-well-founded since it 
contains all the a,. Hence for some countable B, the (2, B)-model is not 
well-founded. 


I shall now define remarkability. To avoid unpleasant surprises in the 
middle of a proof, let me from now on consider only (2, «)-models where a is an 
infinite limit ordinal. 

Let us say that a (2, «)-model (YI, /) is unbounded if the set I is unbounded 
in the ordinals of YI, that is, if for every x € Ord” there is y € I such that x < y. 


Lemma 30.6. The following are equivalent, for any given E.M. set x: 


(i) For all a, the (2, «)-model is unbounded. 
(ii) For some a, the (X, «)-model is unbounded. 
(iii) For every Skolem term t(v,,...,U,) the set & contains the formula 


Q,(Vy, ---5 Up41) Stating 
(30.16) if t(vy, ..., v,) is an ordinal, then t(v,, ..., U,) < Up41- 


Proof. (i) > (ii) is trivial. 

(ii) > (iii): Let (QU, 7) be a (2, «)-model, where « is a limit ordinal, and 
assume that J is unbounded in Ord”. To prove (iii), it suffices to show that for 
any t, (30.16) is true in YI for some increasing sequence x, <-*: < x,,,in/. Let 
t be a Skolem term. Let us choose x, <--: < x, € J and let y = [x,, ..., x,}- If 
y ¢ Ord*, then (30.16) is vacuously true; if y € Ord™, then there exists x,,, € I 
such that y < x,,,, and we have WF t[x,, ..., Xa] < Xaea- 

(iii) > (i): Let (QU, 1) be a (Z, «)-model, where « is a limit ordinal, and 
assume (iii). To prove that I is unbounded in Ord™, let y € Ord”. There is a 
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Skolem term t and x, <-:: < x, € 7 such that y = r[x,, ..., x,]. Now if x, , is 
any element of J greater than x,, (iii) implies that y<x,,,. @ 


Thus we say that © is unbounded if it contains the formulas (30.16) for all 
Skolem terms ¢. 

Let « be a limit ordinal, « > @, and let (YI, 1) be the (2, «)-model. For each 
& <a, let ig denote the €th element of J. We say that (2, I) is remarkable if it is 
unbounded and if every ordinal x of 2 less than i,, is in #({i, : n € w}). 


Lemma 30.7. The following are equivalent for any given unbounded E.M. set Z: 


(i) For all a > @, the (Z, «)-model is remarkable. 
(ii) For some a > @, the (2, «)-model is remarkable. 
(iii) For every Skolem term t(x,,...,X%ms Vis +++» Yn) the set X contains the 
formula (p(X, --+5 Xms Vis +++ no 215 +++5 Zp) Stating 


(30.17) if t(xy,---, Xms Vis +++» Yn) is an ordinal and 


t(X4, +. Xm> Vio --+s Va) < Vay 
then 


ERs £6 ae Vi Vy Oh to ee oe eal 


Moreover, if (2, 1) is a remarkable (X, «)-model and y < « is a limit ordinal, then 
every ordinal x of WU less than i, is in #"({ig: € < y}). 


Proof. (i) > (ii) is trivial. 

(ii) > (iii): Let a > q@ be a limit ordinal and let (U, J) be a remarkable 
(Z, w)-model. To prove (iii), it suffices to show that for any ¢, (30.17) is true in YI 
for some increasing sequence x, <***<Xm< yy <"''<y,a<24<°°'< 2, in 
I. Let t be a Skolem term. We let x1 <°°°<X_<yy<00'<Ya<21< 
++ < z,€1 be such that x,,..., x,, are the first m members of IJ and that y, is 
the wth member of J, y, = i,,. Now if a = "(x 1, ..., Ym) is an ordinal of Yt and 
less than y,, we have, by remarkability of (Yl, J), ae #™({i, : n < w}). Hence 
there is k < w, k > m, and a term s such that 


(30.18) QL ty, o2s5 Xie Vives Val = SLigy cess ty] 


In other words (30.18) says that Y satisfies a certain formula glio, ..., ix, 
V1, +++» VaJ- By indiscernibility, 2 also satisfies pip, ..., ig, Z1, ---s Zn}, LE, 


(30.19) QF tis essa Xp 249 oeds 2) = Sligo h] 


Therefore t | x45.54 5. igs Vis os 09 Vol = UM tys tes Mops Sys oy Zale 

(iii) > (i) and “ moreover”: Let (2, /) be a (2, «)-model, where « > @ is a 
limit ordinal, and assume (iii). Let y > @ be a limit ordinal and let x € Ord" be 
less than i,, the yth element of J. We shall show that x € #({i,: € < y}). Since 
W= #%(I), there is a Skolem term t and x1 <+**}<X_< yi << ynEl 
such that y, =i, and x = 0 [x), ..., Xms Vis +++» Yn). Let us choose wy, ..., Wp 
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and z,,..., Z, in I such that 
Ke KH Wy SS WS << Zp 
Now since x < y,, it follows from (30.17) that 
DE exis ee Vases Val Stir es ei eazal 
However, by indiscernibility, this implies that 
QF vies Me Wis oes Wy] = yy Mew Seal 
and hence x = t™[x1,..., Xms Wi +++) Wal Therefore xe #"(i,:€<y). 


Thus we say that £ is remarkable if it is unbounded and contains the 
formulas (30.17) for all Skolem terms t. 

The important consequence of remarkability is the following: Let (2, I) be 
a remarkable (£, «)-model and let y < a be a limit ordinal. Let J = {ig: € < y} 
and let B = #*(J). Then (B, J) is the (Z, y)-model, and the ordinals of B form 
an initial segment of the ordinals of I. 

Another consequence of remarkability is that the indiscernibles form a 
closed unbounded subset of the ordinals. Let (2, /) be the (2, «)-model. We say 
that the set I is closed in Ord™ if for every limit y < «, i, is the least upper bound 
(in the linearly ordered set Ord”) of the set {i,: & < y}. 


Lemma 30.8. If (2U, I) is remarkable, then I is closed in Ord™. 


Proof. Let y < bea limit ordinal. If x is an ordinal of 2 less than i,, then by 
remarkability, x is in the (2, y)-model B = #({i, : € < y}). However, since Z is 
unbounded, 8 is an unbounded (%, y)-model and hence x < i, for some € < y. 
Hence i, is the least upper bound of {i,:¢ < y}. 


Proof of Theorem 72 


Let us call an E.M. set 2 well-founded if every (2, «)-model is well founded, 
and let us consider the statement 


(30.20) There exists a well-founded remarkable E.M. set. 


We shall prove Theorem 72 in two steps: First we shall show that both (A) and 
(B) are consequences of the assumption that there exists a well-founded re- 
markable E.M. set, and then we shall show that if there exists a measurable 
cardinal, then (30.20) holds. (Note that by Lemma 30.5 it suffices to find a 
well-founded remarkable model with uncountably many indiscernibles.) 

Thus let us assume that there is a well-founded remarkable E.M. set and let 
x be such set. 

For every limit ordinal «, the (£, «)-model is a well-founded model elemen- 
tarily equivalent to some L,, and so by Lemma 30.1 is (isomorphic to) 
some L,. 
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Lemma 30.9. If « is an uncountable cardinal, then the universe of the 
(Z, «)-model is L,. 


Proof. The (2, «)-model is (Lg, 1) for some B; since || = x, we clearly have 
B =k. To prove that B = x, assume that B > x. Since J is unbounded in f and 
has order-type x, there is a limit ordinal y < x such that x < i,. By remarkabil- 
ity, all ordinals less than i, are in the (X, y)-model YU = #({i,: € < y}). This is a 
contradiction since on the one hand we have x © YI, and on the other hand 
[U|=|y|<*. @ 


For each uncountable cardinal x, let I, be the unique subset of x such that 
(L,, I.) is the (2, «)-model. By Lemma 30.8, I, is closed and unbounded in k. 


Lemma 30.10. If « <A are uncountable cardinals, then 1, 1k =I,, and 
HOU SH 1e, 


Proof. Let J be the set consisting of the first x members of I, and let 
W= #'(J). Then (Ql, J) is a (Z, «)-model and the ordinals of I are an initial 
segment of A, say Ord" = B. Since (2, J) is isomorphic to (L,., I,,), it is clear that 
B=«x and J =I1,,. Hence 1, 01k = I,. 

Now since QI < L,, Q is closed under the definable function F(«) = the ath 
set in the well-ordering <,, and since Ord" = x, we have A= F[k]=L,. 


Using this lemma, we can now prove both (A) and (B) of Theorem 72, 
except for the uniqueness of S. We let 


(30.21) S = |) {, :« an uncountable cardinal} 


For each uncountable cardinal x, S 4 x = I, is a closed and unbounded set of 
order type x, and is a set of indiscernibles for (L,, €); moreover, by Lemma 
30.3c, every a é L, is definable in L, from S 7 x. Let x < A be uncountable 
cardinals. Since J, is closed in L, and I, \ x = I,,, it follows that x € I,; hence 
S contains all uncountable cardinals. Also, since L, = #'*(I,), we have 
L,<L,. 

In order to prove uniqueness of Silver indiscernibles, we first observe: 


Lemma 30.11. There is at most one well-founded remarkable E.M. set. 


Proof. Assuming that there is one such %, we define the class S as in (30.21). 
Now since Ly, is the (, &,,)-model and &, € S for each n> 1, we have 


(30.22) O(v1,.--.4,)ED iff Ly F ef, ..., i] 
which proves that 2 is unique. 
We therefore define 0* (zero-sharp): 


(30.23) 0* is the unique well-founded remarkable E.M. set if it exists. 
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Uniqueness of S now follows from: 


Lemma 30.12. For every regular uncountable cardinal « there is at most one 
closed unbounded set of indiscernibles I for L, such that L, = #'*(1). 


Proof. Let & = X(L,, 1). Since I is closed unbounded, it follows that & is 
remarkable; since x is uncountable, = is well-founded (by Lemma 30.5). Hence 
x = 0* and since (L,, I) is the (£, «)-model, we have 1 =Snx. @ 


Thus we have proved (A) and (B) of Theorem 72 under the assumption that 
0* exists (ie., (30.20)). On the other hand, if (B) holds, then 0* exists because, 
e.g., (Ly, S A @,) is a remarkable well-founded model with & , indiscernibles. 
To complete the proof of Theorem 72, it remains to show that if there is a 
measurable cardinal, then 0* exists. That will follow from: 


Lemma 30.13. Let « be an uncountable cardinal. If there exists a limit ordinal A 
such that (L,, €) has a set of indiscernibles of order-type x, then there exists y 
and I © y of order type « such that (L,, I) is remarkable. 


Then if « is a measurable cardinal, k is Ramsey; and by the corollary of 
Lemma 29.9 (L,, €) has a set of indiscernibles of order-type x. By Lemma 
30.13, there exists a remarkable model <L,, J ) where J has order-type x. By 
Lemma 30.5, £(L,, I) is well-founded and remarkable and hence 0* exists. 
Note that Lemma 30.13 also gives a proof of (i) (ii) in Theorem 73. 


Proof. Let 4 be the least limit ordinal such that (L,, €> has a set of indiscern- 
ibles of order-type x. We shall show first that there is a set of indiscernibles 
I1¢A for L,, of order-type x, such that #**(I) = L,. Let J be any set of 
indiscernibles for L, of order type x, and let X= #'*(J). Then YU ~<L, and 
hence Y% is isomorphic to some Ly, B <A, by the collapsing map 2. Now 
I = n{J] is a set of indiscernibles for L,, and #"*(I) = Ly. By the minimality of 
A, we have B = A and hence / is as claimed. 

Next we show that any such set J is unbounded in A. If not, there is a limit 
ordinal « < A such that J < aw. There is a Skolem term t and y, <---<y,€ 1 
such that « = t'[y,,..., y,]. I claim that the set J = {ie 1: i> y,} is a set of 
indiscernibles for (L,, €>. If e(v,, ..., v4) is a formula, then for any i, <--* < 
i, € J, L, satisfies g[i,,..., i,] if and only if L, satisfies the formula 
(30.24) L,F fi, .--5 i] 

The formula (30.24) is a formula about a, i,, ..., i,, and since w = t'*[y,, ..., Ya), 
there is a formula (uj, ..., u,, Vy, -.-, 0,) such that L, satisfies (30.24) if and 
only if 

(30.25) Le F Was ---s no bas oes ikl 

By indiscernibility of J, the truth of (30.25) is independent of the choice of 
i, <°:: <i, in J provided y, < i,. Hence the truth of (30.24) is independent of 
the choice of i, < -:: < i, in J. Hence J is a set of indiscernibles for L,, and this 
contradicts the minimality of 1 since « < A and the order type of J is k. 
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Finally, let I be a set of indiscernibles for A of order-type « such that 
H'*(1) = L,, and that i,, the wth element of J is least possible. I shall show 
that (L,, I) is remarkable. 

Let us assume that (L,, /) is not remarkable. Then there is a Skolem term 
t(X1,---5 Xms Vis-++> Yn) such that the following holds in L, for any 
Kk, Speer <2 eee 


(30.26) hie he Vee) 4 
and 
(30.27) | Coens cone mere, 0 ee | bien Mee an 


We now consider the following increasing n-termed sequences in I: Let uo be 
the sequence of first n indiscernibles after x,,, let u, be the first n indiscernibles 
after uo, etc.; for each « < xk, let u, be the first n indiscernibles after allu,, B < a. 
For each « < k, let 


Ya = t(x,, Ras Xm> Ug) 


By indiscernibility, applied to the formula (30.27), we have y, # yg whenever 
a + B. In fact, in (30.27) we have either < or > (in place of #); but > is 
impossible since that would mean that y,> yg whenever « <. Thus 
(yq i <x») is an increasing sequence of ordinals. 

I claim that J = {y,:a< x} is a set of indiscernibles for L,. This is so 
because for any formula g, the truth value of @(y,.,, .-., Ye,) in L, does not 
depend on the choice of y,, < ++: < y, in J because by the definition of the u,, 
the truth value of 


Ol t(X 1, --5 Xs Mays oes (X45 069 Xin May) 


does not depend on the choice of a, <--: < a. 

Hence {y,: a <x} is a set of indiscernibles for L,. Since i, is the first 
member of u,,, it follows by (30.26) that y,, < i,,. Now if A = #(J) and zis the 
transitive collapse of A, then, as we proved in the first paragraph, x[A] = L, 
and K=n{[J] is a set of indiscernibles for L, of order-type x such that 
H"(K) = L,. However, n(y,,) < Y <i, and so the wth member of K is smal- 
ler than i,,, contrary to our assumption. Hence (L,, J) is remarkable. @ 


This completes the proof of Theorem 72. 


Absoluteness of 0* 


The set 0* is not only unique if it exists, but is the unique well-founded 
remarkable E.M. set in every transitive model of ZF that contains it. And 
conversely, if Mis a transitive model of ZF containing all ordinals and 2 € M 
is such that MF (Z is a well-founded remarkable E.M. set), then 2 = 0%. This 
follows from the fact that £ = 0* can be expressed as a II, property and from 
the Lévy-Shoenfield absoluteness lemma. 
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Lemma 30.14. There is a 11, formula ®(Z) such that ®(Z) holds if and only if 
x is a well-founded remarkable E.M. set. 


Corollary. The property “& is a well-founded remarkable E.M. set” is absolute 
for every transitive model M of ZF containing all ordinals. Hence M* (0* 
exists) if and only if 0* € M, in which case (0*)™ = 0%. 


The corollary is a consequence of Theorem 36’ (the parametric version of the 
Lévy-Shoenfield absoluteness lemma). Although the theorem is stated for 
Z <a, it is applicable here since a set of formulas = can be replaced by a subset 
of w, the set of all Gédel numbers of g € X. 


Proof. A set of formulas = is a well-founded remarkable E.M. set if: 


(30.28) (a) 2 is an E.M. set; 
(b) & is remarkable; 
(c) for every a, the (2, «)-model is well-founded. 


Since (a) does not readily admit a nice formulation, we shall first replace it 
by another condition. 

Let # be the language {e, c1, C2, -.., Cn, ---} where c,, n < , are constant 
symbols. For every €-formula 9(v,, ..., v,) let @ be the sentence g(c 1p ++ Cy) Of 
Y. For each set of formulas £, let £ be the set containing (i) all @ for p é eX, (ii) 
the sentence “c, is an ordinal and c,<c},” and (iii) the sentence 
“ O(Ciy +5 Ci,) FP P(Cj> -+-5 Cj)” for every ge and any i, <-:<i,, 
it <*** <jn, (iv) all axioms of ZFC + V = L. Let 


(30.28) (a’) £ is consistent. 


Clearly if = is an E.M. set, then & is consistent for we simply interpret the 
constants c,, n < w, as some Silver indiscernibles. Conversely, if £ is consistent, 
then £ has a model and that model provides us with a (, w)-model (with 
indiscernibles c,, n < w) and the proof of Lemma 30.3 goes through. Therefore 
if & satisfies (a’), (b), and (c), we proceed as in the proof of Theorem 72 and 
prove that £ = 0*. 

Thus 2 is a well-founded remarkable E.M. set if and only if it satisfies 
(30.28)(a’), (b), (c). Now (a’) and (b) are syntactical conditions, and so the 
conjunction of (a’) and (b) is a Ay-property over HF (= V.,), the collection of all 
hereditarily finite sets. 

We shall now show that (c) can be written as a II, property of 2. If & 
satisfies (a’) and (b), then for every limit ordinal « there is a unique (up to 
isomorphism) (Z, «)-model and we can find one ((A, E), I) such that J = « and 
that <” a E) agrees with < on a. If ((A, E), a) : such, we say that 
“((A, E), a) is a (Z, «)-model.” This last property is a Ag property of £, (A, E> 
and « (with parameter V,,). Then © satisfies (c) if and only if: 


(30.28) (c’') Va V<A, E> (if ((A, E>, «) is a (2, «)-model, then (A, E> is 
well-founded). 
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Now “(A, E) is well-founded” is A, (see Section 14) and hence the conjunc- 
tion of (a’), (b), and (c’) is T1,. @ 


Exercise 30.1. The property “ is a well-founded remarkable E.M. set” is II, over HC. 
[Note that “Va the (2, «)-model is well-founded” can be replaced by Va € HC the 
(Z, «)-model is well-founded.] 


Exercise 30.2. Let Mbe a model of ZFC, let B € M be a complete Boolean algebra in M 
and let G be an M-generic ultrafilter on B. If Wt 0* does not exist, then M[G] - 0* 
does not exist. 

[All cardinals > |B*| remain cardinals in M[G]. Let y, < yz <°** < yn <*** < Yo 
be an increasing sequence of cardinals in M such that y, > | B* |. If0* exists in MG], 
then 0* = {g: L,, F o[y1, ..., yal} and hence 0* € M] 


Elementary Embeddings of L 


In Section 28 we proved that a well-founded ultrapower of the universe 
induces an elementary embedding jy: V + Ult, and conversely, ifj: V+ Misa 
nontrivial elementary embedding, then (28.21) defines a normal measure on the 
least ordinal moved by j. 

Let j be a nontrivial elementary embedding of the universe, and let M be a 
transitive model of ZFC, containing all ordinals. Let N =j(M)= 
Jaeorai(M oO V,). Then N is a transitive model of ZF and j: MN is 
elementary: 


(30.29) ME g(a,,...,4,) iff NF p(j(a,), ..., j(a,)) 


((30.29) is proved by induction on the complexity of g). In particular, if M = L, 
then j(V) - (N is the constructible universe), and so N = L, and j|L is an 
elementary embedding of L in L. Note that by Scott’s theorem, the function j| L 
is not a class in L; thus if there is an elementary embedding of L (into L), then 
VEL 

If 0* exists, then there are nontrivial elementary embeddings of L. In fact, 
let j be any order-preserving function from the class S of all Silver indiscernibles 
into S. Then j can be extended to an elementary embedding of L; we simply let 


(30.30) Ht'Dyn «+> Mal) = CD71), «Hd 


for every Skolem term t and any Silver indiscernibles y, <--- < y,. We shall 
prove that the converse is true, that if there is a nontrivial elementary embed- 
ding of L, then 0* exists. But let us first look into the duality of elementary 
embeddings and ultrapowers, in the case when the model being embedded is 
not the whole universe. 

Let M be a transitive model of ZFC containing all ordinals, and let 
j: MN be an elementary embedding; let y be the least ordinal moved by j. 
Let D be the collection of subsets X of y, X € M, defined as follows: 


(30.31) XeD_ iff ye j(x) 
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We have D < P™(y) but D is not necessarily in M. D clearly has the attributes of 
an ultrafilter: 


(30.32) (i) ye Dand @ ¢D; 
(ii) if X € Dand Ye D, then X 7 YeD; 
(iii) if X € D and Y € M is such that X C Y, then Ye D; 
(iv) for every X ¢ y such that X € M, either X or y — X is in D. 


We shall call every D satisfying (30.32) an M-ultrafilter. The M-ultrafilter D 
defined in (30.31) is also M-y-complete and M-normal: If «<y and 
{X,:€ <a} eM is such that X, € D for all <a, then (),., X,€ D; and if 
f € M is a regressive function on X € D, then f is constant on some Y € D. The 
proofs are the same as in Lemma 28.5. 

If D is an M-ultrafilter over y, one can construct the ultrapower of M 
mod D as follows: Consider, in M (!), the class of all functions f with domain 
(that is {f € M : dom(f) = y}). Using D, define an equivalence relation = * and 
e* as usual; 


(30.33) f=*g iff {«<y:f(a)=g(a)}eD 


(note that the set on the right-hand side of (30.33) is in M, and D decides 
whether f=* g or f + * g). Then define the equivalence classes and the model 


Ult = Ultp(M) 
The fundamental theorem of ultraproducts is easily verified: 
UltF o((fil---» (fl) iff {a <p: MF Offi (a), ..., fala))} © D 
If for each a € M, c, denotes the constant function with value a, then 
jo() = [ca] 


defines an elementary embedding of M in Ult (the natural embedding). 

The ultrapower of M modulo an M-ultrafilter D is not necessarily well- 
founded, even if D is M-countably-complete. However, if D is obtained from an 
elementary embedding by (30.31), then Ultp(M) is well-founded because we 
have the commutative diagram (as in Lemma 28.6): 


M j N 
Jp k 
Ult 


FIGURE 30.1 
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(If [fo] 3* [f1] 3* --- were a descending sequence in Ult, then k[ fo] 5 
k[f,] 3 --: would be a descending sequence in N.) 


Proof of Theorem 73 


If 0* exists, then there are nontrivial elementary embeddings of L; each 
order-preserving j: S— S generates one. It was proved in Lemma 30.13 that if 
some L, has uncountably many indiscernibles, then there exists a remarkable 
(L,, 1) with uncountably many indiscernibles, and by Lemma 30.5, 0* exists 
(and 0* = X(L,, I)). We shall now show that if there exists an elementary 
embedding of L, then there is L, with &, indiscernibles and hence 0% exists. 

Let j: L— Lbe an elementary embedding. We shall first replace j by a more 
manageable embedding. We let D be the L-ultrafilter defined by 


XeD_ iff yej(X) 


where y is the least ordinal moved by j. The ultrapower Ult ,(L) is well-founded 
(see Fig. 30.1) and so we identify Ult with its transitive collapse L; let jp be the 
associated natural embedding, jp: L— L. The least ordinal moved by jp is y 
(because D is L-y-complete). 


Lemma 30.15. If « is a limit cardinal such that cf x > y, then jp(k) = k. 


Proof. Every constructible function f: yx is bounded by some « < x and 
hence [ f] < [c,] (where c, is the constant function with value «). Thus jp(«) = 
lim, jp(a). Now if a < x, then |jp(«)| < |(a)"|, hence j p(x) < x. It follows 
that jp(x)=*. @f 


Let me drop the subscript D and simply assume that j: L— L is an elemen- 
tary embedding, that » is the least ordinal moved, and that j(x) = « for every 
limit cardinal x such that cf x > y. 

Let Up be the class of all limit cardinals x with cf x > y; by transfinite 
induction we define a sequence of classes Up > U, >-:: > U, ::: as follows: 


(30.34) Uns, = {kK €U,: [U, A k| =x} 
U,=() U, = (Aa limit) 
a<da 


(That is, U,,, consists of fixed points of the increasing enumeration of U,.) 
Each U, is nonempty, and in fact a proper class. To see this, verify, by induc- 
tion on a, that each U, is a proper class and is 6-closed, for each 6 with 
cf 6 > y; that is, whenever (Kz: € <6) is an increasing sequence in U,, then 
lim,..5 k; € U,. Hence each U, is nonempty, and we choose a cardinal k € U.,,. 

Thus x is such that cf x > y and x is the xth element of each U,, « < w,. We 
shall find a set of &, indiscernibles for (L,, €). 

Since j: L—> L is elementary and j(x) =x, it is clear that the mapping 
i=j|L, is an elementary embedding of (L,, €) into (L,, €). We shall use i 


354 5. MEASURABLE CARDINALS 


and the sets U, 7 kK, « < w,, to produce indiscernibles y,, « < w,, for L,. Let 
X, = U, 7 « for each « < w,, and recall that y is the least ordinal moved by i. 
For each a < w,, we let 


(30.35) M,= #"(y U X,) 
M, is an elementary submodel of L,. 

If x, is the transitive collapse of M,, then because |X,| =x, we have 
1,{M,] = L,.. Thus if we denote i, = 2; ', then i, is an elementary embedding of 
L, in L,. Let 
(30.36) Ya = i,(y) 

Lemma 30.16. 


(a) The ordinal y, is the least ordinal > y in M,. 
(b) Ifa < B and x € Mg, then i,(x) = x. In particular, i,(yg) = yg. 
(c) Ifa < B, then y, < yg. 


Proof. (a) Since y < M,, i,(y) is the least ordinal in M, greater than or equal to 
y; thus it suffices to show that y ¢ M,.Ifx € M,, then x = ¢[n,, ..., 1,] where t 
is a Skolem term and the n’s are either < y or elements of X,. For all such n, 
i(n)=n and hence i(x) = i(t(n,, ..., 7,)) = t(i(n,), -.-, i(n,)) = x. However, 
i(y) # y and so y ¢ M,. 

(b) Each x € Mg is of the form ¢[n,, ..., 7,] where the n’s are either < y or 
in X,. If y < y, then clearly i,(7) = n. If 7 € X 4, then because « < B, we have 
|X, 0n| =n and hence z,(y)=1n; in other words, i,(y) =n. Therefore 
i,(x) = x. 

(c) If a <p, then M, > Mg, and hence y, < yg. To see that y, # yg, note 
that because y, > y, we have i,(y,) > i(y) = Ya, while i,(yg) = yp. 


Lemma 30.17. If < B, then there is an elementary embedding ig: L, + L,,such 
that for every € that is either < « or > B we have i,g(yz) = yz, and izg(V2) = Yp- 


Proof. Let Mag = #'*(yq U X¢), and let i,g = m,,' where 7, is the transitive 
collapse of M,,. The mapping i,, is an elementary embedding of L, in L, . 

If 7<y,, then clearly i,g(4)= 1; in particular i,g(yz) = y, if €<a. If 
x€Mg,,,, then x = t(m;,...,,) where the n’s are either < y or € X,41. If 
n€ Xpgu1, then |X| =n and therefore i,(n) = 7. Hence i,g(x) = x for 
every x € Mg,,, and in particular i,g(y<) = yz if € > B. 

Now we shall show that i,g(y.) = yg. Since M,, > Mg, we have yz € Mag; 
and since y, < Mg, iag(Ya) is the least ordinal in M,, greater than or equal to »,; 
hence we have y, < i,g(Ya) < yp- 

Thus it suffices to show that there is no ordinal 6 € M,, such that 
Ya <6 < yg. Otherwise there is some 6 = t(€,, ...,&,, 1, ---, 4,) such that the 
¢’s are < y, and the n’s are in X, (and t is a Skolem term) and that y, < 6 < yg. 
Thus we have: 


(30.37) <L,,€) F 3€ < y, such that y, < t(é, 9) < yp. 
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The formula in (30.37) is a formula g about y,, 7, and y,. At this point, we 
apply the elementary embedding i,: L,.— L,, backward. That is, y,, the n’s and 
yp are all in the range of i,: y, = i,(y), 1 =i,(n), and y, = i,(yg); and since 
L, F @fia(y), ia(n), in(yp)], we conclude that L, § gy, n, yp], namely 


(30.38) (Lx, €) & 3€ <y such that y <1(E, ) < 94. 


Thus pick some ¢’s < y such that y < t(€, 1) < yg. Since € € y and n € X,, we 
have ¢(¢, 7) ¢ M,, which means that ¢(€, 7) is an ordinal in M, between y and 
Yg, and that contradicts Lemma 30.16a. Ml 


The proof of Theorem 73 will be complete when we show: 
Lemma 30.18. The set {y,: % < @,} is a set of indiscernibles for (L,, €). 


Proof. Let ~ be a formula and let a, <--- <a, and B, <-:: < B, be two se- 
quences of countable ordinals. We wish to show that 


(30.39) Ly F [Yay -++> Vagl iff = Ly, F plyg, ---> Veal 


Let us pick 6, <-:- <6, such that «, <6, and B, <6,. First we apply the 
elementary embedding i,, ;, and get 


Ly F Plya Seer, Yan— 1 Yan) iff L, F Ply» PCa 'g Van py Yenl 


because i,,.5,(72,) = ?s,» and preserves the other y’s. Then we apply i,,_,5,., With 
a similar effect, and by a successive application of i,,_,.5,_,, ---> iz), We get 


L,, F a tees Vaal iff L, F Lys,» reels Ys,] 


Then we do the same for the f’s and 6’s as we did for the a’s and 6’s, and (30.39) 
follows. Hf 


This completes the proof of Theorem 73. 


Exercise 30.3. Let x be an uncountable regular cardinal. If 0* exists, then for every 
constructible set X ¢ x, either X or « — X contains a closed unbounded subset. 

[Let X = t(ay,..., On, Bi, ..., Bm) where a, <--*<a,< B, <-::<,, are Silver 
indiscernibles such that «, < « < B,. Show that either X or x — X contains all Silver 
indiscernibles y such that a, < y <x: The truth value of y € t(a, B) is the same for all 
such ».] 


Exercise 30.4. Let us assume that for some uncountable regular cardinal x, every con- 
structible X ¢ x either contains or is disjoint from a closed unbounded set. Then 0* 
exists. 

[Let D be the collection of all constructible subsets of « containing a closed un- 
bounded subset. D is an L-ultrafilter and every intersection of less than x elements of D is 
nonempty; hence the ultrapower Ultp(L) is well-founded and gives an elementary em- 
bedding of L in L] 


Exercise 30.5. Assume that 0* exists. If A © w, issuch that A 7 @ € Lfor every a < @y, 
then Ae L. 


[For every a€S - a, there is t, such that A 0 a = ta(yi, ---5 Yeas Os OF, «- + Okia))s 
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Clearly, A 7 a = t,(y},..., & X2,---, Nqay+i) Since there are only countably many 
Skolem terms, and by the Fodor theorem, there is a stationary subset X of Sm w, and t, 
Vis «+s Yn Such that for all ae X, AN a=tlys,..., Yas O& No, ---> Neer) Show that 
A = tlyy, --03 Ins Nay Nos ees Regard 


The Sharps 


All results about 0* and Silver indiscernibles for L proved in the present 
section can be relativized to obtain similar results for the models L{x], where 
xc V,. 

In particular, under the assumption of existence of measurable (or just 
Ramsey) cardinals, there is for every x © V,, a unique class S, containing all 
uncountable cardinals such that for each uncountable cardinal x, S, A x isa 
set of indiscernibles for the model (L,{x], ¢, x» and all elements of L,[x] are 
definable in the model from S, 7 x. Here x is considered a one-place predicate. 
Also, for each regular uncountable cardinal x, S, 7 x is closed unbounded 
in k. 

The proof of the relativization of Theorem 72 uses models with indiscern- 
ibles (2, 1) where is elementary equivalent to some <L,[x], ¢, x) where 
A> is a limit ordinal (note that x € L,[x]). If « is a Ramsey cardinal, then 
<L,{x], € x) has a set of indiscernibles of size x, and the theorem follows. 

We define x* as the unique set 2 = X((L,[x], €, x), I) that is well-founded 
and remarkable. If x* exists, then we have 


x* ={o: (Ly [x], & x) F @[&,, -.., &D} 


Here ¢ is a formula of the language {e, P} where P is a one-place predicate 
symbol (interpreted as x). Note that x is definable in the model (L,[x], €, x) 
(by the formula P(v)). 
The property (of £) “ is x* ” is I], with a parameter x. Thus x* is absolute 
for all transitive models IN or ZF containing all ordinals such that x* € M. 
Also, “x* exists” is equivalent to the existence of a nontrivial elementary 
embedding j: L{x] — L[x]. 


Jensen’s Covering Theorem 


I shall state without proof an important theorem which decides many prob- 
lems about singular cardinals if 0* does not exist. In particular, the theorem 
implies that unless 0* exists, the singular cardinals hypothesis is true and hence 
all cardinal exponentiation is determined by the continuum function on regular 
cardinals (see Section 8). It follows that in order to establish independence of 
the singular cardinals hypothesis (or of related problems), one needs large 
cardinals, and that such independence results cannot be accomplished by gen- 
eric extensions of the constructible universe. (By more recent results, in order to 
violate the singular cardinal hypothesis, one needs to assume existence of 
measurable cardinals.) 
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The proof of Theorem 74 is rather long and uses recursion theoretic 
methods (the fine structure of L). 


Theorem 74 (Jensen’s Covering Theorem). If 0* does not exist, then for every 
uncountable set X of ordinals there exists a constructible set Y > X such that 
|¥| = [xX]. 


The conclusion of Theorem 74 is in fact equivalent to nonexistence of 0* : If 
0* exists, it is easy to find a counterexample. For instance, let 
X = {N,:a<@,}; since &,, is a regular cardinal in L, every constructible 
Y 2 X has size at least &,, while |X| = &. 

The assumption that X is uncountable cannot be dropped: 


Exercise 30.6. It is consistent that 0* does not exist and cf(w5) = w while |wi| = &, 
(then there is a countable X < w‘ that cannot be covered by a countable constructible 
set). 

{Example II in Section 26 gives a generic extension of L with these properties; 
0* does not exist in a generic extension of L (Exercise 30.2).] 


However, note that the theorem implies that a countable X can be covered 
by constructible Y of size &,. 


I shall prove some consequences of the covering theorem. The most impor- 
tant is Corollary 1 which states that unless 0* exists, the singular cardinals 
hypothesis is true. It follows that if0* does not exist, then cardinal exponentia- 
tion is determined by the continuum function on regular cardinals, and x* 
always has the least possible value (see Lemma 8.1); in particular, 2" = x* for 
all strong limit singular cardinals. 


Corollary. Assume that 0* does not exist. Then: 


(1) For every singular cardinal x, if 2°" < x, thenk* = x*. In particular, if k is 
a strong limit singular cardinal, then 2" = x*. 

(2) If « is a singular cardinal and if there exists a nonconstructible subset of k, 
then some a < k has a nonconstructible subset. 

(3) If A is a regular cardinal in L, then either |A| <&, or cf A = |A|. In particu- 
lar, A is not a singular cardinal. 

(4) If « is a singular cardinal, then (k*)' = x*. 


Before giving a proof of the corollary, let me make a few comments. Result (2) 
suggests that in the absence of 0*, singular cardinals behave like large car- 
dinals: We shall show in Section 32 that every weakly compact cardinal has 
this property. Results (3) and (4) shed light on the difficulties with collapsing 
cardinals and changing cofinalities by forcing: The standard method of collaps- 
ing k* onto x does not work if x is singular; and the only method we have dealt 
with so far of changing the cofinality of a regular cardinal A such that 
cf A < |A| in the generic extension is Example II in Section 26, where cf A = w 
and |A| =). 
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Proof of the Corollary. (1) Let x be such that 2°" < x, and let 
A= [x]°*" 


be the set of all subsets of x of size cf x. We shall show that |A| <x”. By the 
covering theorem, for every X € A there exists a constructible Y € x such that 
X < Yand |Y| =A where A =8, - cf x. Thus 


(30.40) AS ) {[yy": Ye c} 
where 


C={Ycx:|Y| =Aand YeL} 


If Y eC, then 
[[Y]** | = At" = (N, - cf ph = 2 <i 
Since 
IC] < |PM(x)] = [(e* P| <* 


it follows from (30.40) that |A| <x”. 

(2) Let x be a singular cardinal and assume that each « < x has only 
constructible subsets; we shall show that every subset of x is constructible. It 
suffices to show that each subset of x of size cf « is constructible: If A & x, let 
{a, : v < cf x} be such that lim, a, = «; then o& = {A 4 a,: v < cf} is a subset 
of L, of size < cf x and hence constructible. It follows that A is constructible. 

Let X < x be such that | X | < cf(i). By the covering theorem, there exists a 
constructible set of ordinals Y > X such that | Y| <x. Let 2 be the isomor- 
phism between Y and its order-type a; the function z is constructible and 
one-to-one. Since |a| = | Y| < x, we have a < k. 

Let Z = n[X]. Then Z Ca is constructible by the assumption, and hence 
X = '[Z] is also constructible. 

(3) Let A be a limit ordinal such that A > w, and that A is a regular cardinal 
in L. Let X be an unbounded subset of A such that | X | = cf A. By the covering 
theorem, there exists a constructible set Y such that X C YC <A and that 
|Y| = |X| - &,. Since Y is unbounded in 4 and A is a regular cardinal in L, we 
have |Y| = |A|. This gives us |A| =, -cfA and since we assume that 
|A| => &_, we have |A| = cf A. 

(4) Let « be a singular cardinal and let / be the successor cardinal of x in L; 
we want to show that A = x*. If not, then |A| = kK; and since x is singular, we 
have cf A < x. However, this means that cf A < |A| which contradicts (3). ™ 


I shall conclude with the following application of Jensen’s covering 
theorem. In Section 21, Example IV, we have seen a model of ZF without the 
axiom of choice in which &, is singular. A still unsolved problem is to construct 
a model in which all uncountable alephs are singular. The following exercise 
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shows that some large cardinal assumption is necessary for such consistency 
result: 


Exercise 30.7. If both w, and w, are singular, then 0* exists. 

[Let x = w, and let A be the successor cardinal of x in L. Since cf x = cf A = w, there 
are sets X © x and Y € AQ, both of order type w such that sup X = x and sup Y = A. Let 
M = L[X, Y]; M is a model of ZFC and in M, x is a singular cardinal, and A is not a 
cardinal. By Corollary 4, 0* exists in M.] 
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The results of preceding sections show that measurable cardinals are incon- 
sistent with the axiom of constructibility, and in fact existence of measurable 
cardinals implies that very few sets are constructible. This eliminates the con- 
structible universe L with its nice structural properties as a tool for consistency 
results; thus if we want to show consistency of, say, the continuum hypothesis 
relative to existence of measurable cardinals, we have to look for models with 
nonconstructible sets. 

It turns out that the theory ZFC + “there is a measurable cardinal” has a 
canonical model that shares with L many of its useful properties. If k is a 
measurable cardinal, let U be any x-complete nonprincipal ultrafilter over x 
and let us consider the model L[U] of all sets constructible from U. We shall 
prove that the model L[U] is unique; it is the same model regardless of our 
choice of U. Moreover, in L[U] x is the only measurable cardinal and x has 
only one normal measure; and L[U] is the smallest model in which x is measur- 
able. Every set in L[U] is the least model in which x is measurable. Every set in 
I{U] is constructible from the unique normal measure and hence all sets in 
L{U] are ordinal definable and L[{U] has a definable well-ordering of the 
universe. We shall also prove that if U’ is a x’-complete nonprincipal ultrafilter 
over some x’ # x, then the models L[U] and L[U’] are elementarily equivalent. 
Besides uniqueness of the model L[U], its most important property is that it 
satisfies the generalized continuum hypothesis; in that respect, L[U] behaves 
like L. In fact, the model L[U] has a “fine structure” analogous to the “fine 
structure” of L, and so L[U] satisfies many combinatorial principles that hold 
in L. 

We shall first investigate the model L[D] where D is some normal measure. 
In Theorem 75 we prove that L[D] satisfies GCH. The proof is not very difficult 
and is very much like the proof of GCH in L. They key step is the use of 
Rowbottom’s theorem (Lemma 29.10). The uniqueness theorem for L[U] and 
further results on L[U] will require a new technique, the method of iterated 
ultrapowers. 

Let me first recall some facts about relative constructibility (Section 15). If 
A is a set, the hierarchy L,[A] is defined in analogy with the L,-hierarchy, 
except that 


L, +i[A] = def,(L,[A]) 
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where def,(M) is the Gédel closure of the set M U {M} u {A 7 M}. Equiv- 
alently, def,(M) is the collection of all X <M definable over the model 
{M, €, An M) (where A 4 M is taken as a one-place predicate). If we denote 
A =A. LA], then L[A] = L[A], and the model L[A] satisfies “ V = L[A].” 

By Lemma 15.6, there is a sentence ©* such that if M is a transitive model 
of ©* and A is a set in M, then the function «++ L,[A] is absolute for M. The 
sentence ©* holds in L,[A] for every infinite cardinal J and any A. It follows 
that if M is an elementary submodel of (L,[A], €) and Ae M, then M is 
isomorphic to some L,[x(A)] where 7 is the transitive collapse of M. 

Also, if M is a transitive model of ©* and if A is such that A ~ M e M, then 
for every « € M, 


(31.1) L,[A] = L.[4 0 M] = (L,[4 9 M])" 


This is proved in Lemma 15.4. 

In Section 15 we dealt mostly with L[ A] where A is a set of ordinals; among 
others, we have shown (Lemma 15.7) that if V = L[A] and if A is an infinite 
cardinal such that A ¢ A, then 2* = 4*. In the present situation we want to 
investigate L[U] where U is an ultrafilter, thus a set of sets of ordinals. The 
following lemma is a straightforward generalization of Lemma 15.7: 


Lemma 31.1. If V = L[A], and if A & P(w,), then 2®* = &, 41. 


Proof. Let X be a subset of w,. Let A be a cardinal such that A € L,[A] and 
X € L,[A]. Let M be an elementary submodel of (L,[A], €) such that w, © M, 
Ae M, X €M, and |M| =%,. Let 7 be the transitive collapse of M, and let 
N = 7[M]. Since w, ¢ M, we have n(Z) = Z for every Z Cw, that is in M 
and in particular n(X)=X; also, n(A)=2[A 7 M]=AQON. Now 
N =LJ[A 7 N] for some y, and hence, by (31.1), N = L,[A]. Since |N] = &,, 
we have y < w,,, and hence X € L,,,, [A]. It follows that every subset of wv, is 
in L.,,,,[A] and therefore 2®* = &, , 1. 


Let « be a measurable cardinal and let U be a x-complete nonprincipal 
ultrafilter over x. Let us consider the model L[U]. To start with, L[U] = L[U], 
where U = U + L{U]. 


Lemma 31.2. In L[U], U is a x-complete nonprincipal ultrafilter over x. 
Moreover, if U is normal, then L[U] § U is normal. 


Proof. A straightforward verification. For instance if U is normal and f € L[U] 
is a regressive function on x, then for some y < x, the set X = {a : f(x) = y} isin 
U; since X € L[U], L[U] § fis constant on some X ¢ U. @ 


Thus the model L{U] satisfies that x is a measurable cardinal and that 
V = L{U] for some x-complete nonprincipal ultrafilter over x. The following 
theorem shows that if D is normal, then L[D] satisfies the GCH. 
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Theorem 75 (Silver). If V = L[D] where D is a normal measure on a measurable 
cardinal x, then the generalized continuum hypothesis holds. 


Proof. If A >x, then D & P(A) and hence 2* = A* by Lemma 31.1. Thus it 
suffices to show that 2* = A* for any infinite cardinal A < x. Let A < x and let 
us assume that there are more than A* subsets of 4; we shall reach a contradic- 
tion. If 2* > A*, then there exists a set X ¢ A that is the A* th subset of A in the 
canonical well-ordering <j,;p, of L[D]. Let « be the least ordinal such that 
X € L,{D]. Since the well-ordering <,;p, has the property that each LJD] is an 
initial segment of < ;;p, every subset of A preceding X is also in L,[D] and hence 
the set P(A) > L,[D] has size at least A*. 

We shall now apply Lemma 29.10. Let 7 be a cardinal such that 7 > a and 
that D € L,[D], and consider the model % = (A, €) where A = L,[D]. We have 
« & A, and we consider the set P = P(A) 7 A. Since 2’ < x, we have |P| <k. 
By Lemma 29.10, there is an elementary submodel 8 <9 such that 
Av {D, X, a} S Bk A Be Dand |P m7 Bl <A. Let x be the transitive col- 
lapse of B onto a transitive set M; we have M = L.[x(D)] for some y. 

Using normality of D, we show that 2(D) = D 7 M. Clearly, 2(x) = x be- 
cause |k 7 B| =x. The function 7 is one-to-one, and for every €<xk, 
n(é) < &. Since D is normal, there is a set Z € D such that 2(£) = for all € € Z. 
Hence if Y € 8 is a set in D, then x(Y) > n(Y 4 Z)= Y 2 Z, and so 2(Y) is 
also in D; similarly, if Ye B and x(Y)eD, then Ye D. It follows that 
nD) = 2[D 7 BJ] =DaM. 

Hence by (31.1), M = L[D]. Since 4 < 8, x maps every subset of A onto 
itself, and so P(A) (1 M = P(A) rm &. In particular, we have x(X) = X and so 
X € LD]. By the minimality assumption on a, we have « < », and this is a 
contradiction since on the one hand | P(A) 4 L,[D]| > *, and on the other 
hand |P(A) 0 L[D]| <4. @ 


One proves rather easily that the model L[D] has only one measurable 
cardinal: 


Lemma 31.3. If V = L[D] and D is a normal measure on x, then k is the only 
measurable cardinal. 


Proof. Let us assume that there is a measurable cardinal 4 # x and let us 
consider the elementary embedding jy: V - M where U is some nonprincipal 
A-complete ultrafilter over 2. We shall prove that M = L[D] = V thus getting a 
contradiction since U ¢ M by Lemma 28.9b. 

Since j is elementary, it is clear that M = L[j(D)]. If 2 > x, then j(D) = D 
and so M = L{[D]. Thus assume that A < k. 

Since x is measurable, the set Z = {a <x:a is inaccessible and « > A} 
belongs to D. By Lemma 28.9, j(k) = « and j(«) = @ for all w € Z. I shall show 
that j(D) = D 7 M. It suffices to show that j(D) © D 1 M since j(D) is (in M) 
an ultrafilter. Let X € j(D) be represented by f: A > D. Let Y = (\<<, f(); we 
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have Y « D, and clearly j(Y) < X. Now if « € Y - Z, then j(«) = « and so 
X 2 j(Y)2j[Y mn Z] = Y a Ze Dand hence X € D. 
Thus j(D) = D ~ M, and we have (by Lemma 15.4) 


M = L{j(D)]= UD 0 M]= LD]. 

I shall now introduce the method of iterated ultrapowers and use it to 
obtain further results on the model L[U]. But first I shall make a few remarks 
on the model L[{U] related to the results above. 

The proof of Silver’s theorem, in particular the use of Lemma 29.10, gives 
more information on the construction of L[U]. One can show (using normality 
of D) that the set of indiscernibles J € D for L,[D] has the property that n[/] is a 
closed unbounded subset of x. One can deduce from this that every subset of x 
in L,[D] contains or is disjoint from a closed unbounded set. This fact can be 
used to show that the canonical well-ordering of P(w) ~ L[D] does not depend 
on D and that it is in fact 2, over HC. 

Another application of the method of proof of Theorem 75 is the proof of 
Jensen’s principle © in L[D]. The proof of © in L, combined with the proof of 
Silver’s theorem, shows that L[D] satisfies ©. 

As a last remark, if j is an elementary embedding of the universe, there is a 
least model M, containing all ordinals, such that j|M is a class in M and is an 
elementary embedding. (This has to be formulated in Gédel-Bernays theory of 
sets and classes rather than in ZF.) This model, denoted L(j), is obtained by 
constructing a hierarchy L,(j), using Godel operations and in addition closing 
under the function j. The model L(j) is not necessarily equal to the model L[U], 
and it is not known whether it has some nice properties like GCH. 


Iterated Ultrapowers 


Let x be a measurable cardinal and let U be a x-complete nonprincipal 
ultrafilter over x. Using U, we construct an ultrapower of V modulo U; and 
since the ultrapower is well-founded, we identify the ultrapower with its transi- 
tive collapse, a transitive model M = Ult,(V). Let us denote this transitive 
model Ult{}(V) or just Ult. Let j = jy be the natural embedding of V in Ule, 
and let x" = j(«) and U = j(U). 

In the model Ult™, the ordinal x") is a measurable cardinal and U") is a 
«complete nonprincipal ultrafilter over x"). Thus, working inside UIt, we 
can construct an ultrapower modulo U": Ultya(Ult™). Let us denote this 
ultrapower Ult', and let j be the natural embedding of Ult™ in Ult® given 
by this ultrapower. Let x? = j(«) and UY = j(U™), 

We can continue this procedure and obtain transitive models 


Ul, Ui, UR, 2. (n<o) 


[That we can indeed construct such a sequence of classes follows from the 
observation that for each a, the initial segment V, \ Ult™ of each ultrapower 
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in the sequence is defined from an initial segment V, of the universe (where f is 
something like k + « + 1).] 

Thus we get a sequence of models U/t, n < w. For any n < m, we have an 
elementary embedding i,,,: Ut" + Ult™ which is just the composition of the 


embeddings j, j"*, ..., j-»): 


(31.2) A 6 aa ao bo) (x € Ult™) 


For n= m, let i,,, be the identity mapping on Ult™. 
Also, let Ult® denote the universe V. 
These embeddings form a commutative system; that is, 


(31.3) 


We also let x” = ig,(x), and U™ = ig,(U). Note that kK <KY << KM < 
-,and Ult® > Ult™ 3 --- > Ul 3 ---. See Fig. 31.1. 


VV VV 


J=io; 


oe eee Ba (m<n<k) 


Link 


FIGURE 31.1 


We shall now define a direct limit of the system 


(31.4) (Ul €) si hes 


a model (M, E), together with elementary embeddings i,,,: Ult™ — M which 
commute with all the embeddings i,,,. [Recall the construction of the direct 
limit of a sequence of complete Boolean algebras. The underlying idea in the 
present situation is the same (and can be formulated algebraically): If the 
embeddings i,,, were inclusion mappings, i-€., inn (Xx) = x for all x, then we would 
take M to be the union of the Ult™, n< w.] 

Let us call a thread a function t whose domain is the set {k,k+1,..., 
Nn, ..Jecn<o and such that t(k) € Ult and for all n>k, t(n) = i,,(t(k)). B 
abuse of notation, let us use 


(31.5) Cie Mies) 


where x = t(k), etc., to denote the thread t. Let us introduce an equivalence on 
threads: Two threads (x,41, Xe41,---) and (y;,, i445 ---> (where k < I) are 
equivalent if x,= y,. Note that in each equivalence class of threads there exists 
one maximal thread; moreover, a thread (31.5) is maximal just in case there is 
no x € Ult*~”) such that x, = i,_ 14(X). 
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Let M be the class of all maximal threads. We define a relation E over M as 
follows: If t and s are maximal threads, then 


(31.6) tEs iff for some n, t(n) € s(n) 


It should be clear that (31.6) holds just in case t(n) € s(n) for all n > k where k is 
the least element of dom(t) 7 dom(s). 

For each n < a, we define a mapping i,,, from Ul/t™ into M as follows: For 
each x € Ult™, consider the thread (x,,X,41,--.) Where for each k >n, 
Xn = ing(X). Let i,,,(x) be the maximal thread that extends (x,, X,+1, ---). See 
Fig. 31.2. 


in(X) 


ul 


FIGURE 31.2 


We shall show that for each n, the mapping i,,,: Ult™ — (M, E) is an 
elementary embedding. We prove this by induction on complexity of formulas, 
simultaneously for all n. 

Clearly, i,,, preserves both = and e: 


(31.7) inwo(X) = ine Y) iff x=y 
ing(X) E ing(y) iff xey 


The induction step is easy to prove for propositional connectives. Thus con- 
sider a formula 3z ¢(z, x, ...). Let n < @, let x, ... € Ult™, and assume that 


(31.8) M ¥ 3z (2, inw(X), ---) 
We want to show that 
(31.9) Ult™ § 3z e(z, x, ...) 


Let t be some maximal thread such that M F o(t, ...). If n € dom(t), then we 
simply let z = t(n), and have, by the induction hypothesis, Ult” F ¢(z, ...). 
Otherwise, we consider some m>n such that me dom(t). Since i,.,(x) = 
imco(inm(X)), We have 

Ult™ & 3z ez, inm(x)) 


and since i,,: Ult™ + Ult™ is elementary, (31.9) follows. 1 


Thus (M, E) is a model of ZFC, elementarily equivalent to each UIt™ 
(hence to V); the mappings i,,, are elementary and commute with the i,,,. 
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Moreover, for each x eM there exists n<q and x, ¢€ Ult™ such that 
X = ing(X,). We call (M, E) the direct limit of the system (31.4): 


(31.10) (M, E) = lim dir {Ult™; i,,,} 


It is clear that the above construction works in general, for any system of 
models and elementary embeddings 


{(M,, E,); Linco 


Moreover, there is no reason to restrict ourselves to an w-sequence of models. 
Let us assume that we have a system 


{(M,, E,); ligencd 


of models and elementary embeddings i,,: M,—* M, where 4 is a limit ordinal 
and the i,, commute. Then we define the direct limit 


(31.11) (M,, E,) = lim dir {M,; inp} 
aa 


analogously: Threads are now functions t with domain {a : a <a <A} and 
such that t, € M, for each a € dom(t) and t(f) = i,g(t(a)). Again, we obtain 
elementary embeddings i,,: M,— M, that commute with the i,, and each 
x € M, is in the range of some i,,. 

There is no reason to expect that the direct limit of well-founded models is a 
well-founded model. However, as we shall see shortly, the direct limit of Ult™ is 
well-founded. 


Exercise 31.1. Let x be a measurable cardinal and j: VM be the corresponding 
elementary embedding. Let My = V, M, = M, and for each n < w, My+1 =j(M,) and 
inn+1 =J|M,. The direct limit of {M,; in} is not well founded. 

[iow(K), i1a(K), ---s ina(K), ... is a descending sequence of ordinals in the model.] 


Let us return to iterated ultrapowers. We started with a x-complete non- 
principal ultrafilter U over x and defined the models U/t” and elementary 
embeddings i,,,. Let us denote by (UIt@, E) (or just Ult) the direct limit 


(31.12) (Ul, E) = lim dir {((Ult™, €); inn} 


Let x = ig,(k) and U® = i,(U). Since Ult™ satisfies that U® is a 
«)-complete nonprincipal ultrafilter over x‘), we can construct, working 
inside the model Ult), the ultrapower of Ult® modulo U) and the corre- 
sponding natural embedding j. [This is easy to understand if Ult® is a 
transitive model. If (Ui, E™) is not well-founded, then the ultrapower and 
the mapping j) are classes in the sense of the non-well-founded model. In 
general, note that a “class” C in a nonstandard model (M, E) is just a subclass 
of M, namely {x € M: M F x belongs to C}, and similarly, a “function” F in 
(M, E) is a function from M to M: {(x, y)e Mx M: MF F(x) = y}.] 
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Let us denote by (UIt’@*”), E*”) the ultrapower of (UIt, E®) modulo 
U™ and let i,,.,4, be the corresponding natural embedding. For each n < w, 
let i,0+1 = boo+1 ° ino [Another way of looking at Ult'°*"): Let B be the set 
algebra {extgiwn(X): Ul & XK and let U* be the ultrafilter 
{ext(X): X E@) U}. For each f such that Ult + f is a function on x, let 
f* = {(x, y): Ul § f(x) = y}. Then Ult@*” is (isomorphic to) the ultra- 
power of Ult using U* and only the functions f*.] 

This procedure can be continued, and so we define the iterated ultrapower of 
V modulo U as follows: 


(31.13) (Ult, E®) = (V, €) 
(Ult**, ES*Y) = Ultye(Ult, E™) 
(Ul, E™) = lim dir ((Ult™, E®); igs (A. a limit) 
asd 


where U“) = ig,(U), for each a. We do not know yet that all the models Ult™ 
are well-founded; but we make a convention that if Ult is well-founded, then 
we identify it with its transitive collapse. 

The first lemma about iterated ultrapowers is the Factor Lemma below. If 
M is a transitive model of set theory and U is (in M) a x-complete nonprincipal 
ultrafilter over x, we can construct, within M, the iterated ultrapowers. Let us 
denote by Ult{?(M) the ath iterated ultrapower, constructed in M. (Thus 
Ult™ = UIt(V)). 
Lemma 31.4 (Factor Lemma). Let us assume that Ult™ is well-founded. Then for 
each , the iterated ultrapower UIt\,(Ult™) taken in Ult™ is isomorphic to the 
iterated ultrapower Ult**®. 

Moreover, there is for each B an isomorphism e\? such that if for all € and n, if 
denotes the elementary embedding of Ult\3)(Ult™) into Ult{}.(Ult™), then the 
following diagram (Fig. 31.3) commutes: 


Ut, (Ure) —__ te ds Ue. (UL) 


2 
eg) en?) 


OS 
uner® =aEee urrger” 


FIGURE 31.3 


Proof. Although the lemma sounds complicated, it is actually quite simple, and 
also easy to prove. The proof is by induction on £. If 8 = 0, then the Oth iterated 
ultrapower in Ult® is Ult; and we let e be the identity mapping. If Ulr'2, 
and UltG*® are isomorphic and ef is the isomorphism, then Ulrfd!) and 
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UltG***” are ultrapowers of Ult{f., and Ult§*”, respectively, modulo i§)(U 
U p U 

and ig.z+,(U), respectively; and since ip.4(U) = e9(i§}(U™)), the isomor- 
phism ef? induces an isomorphism ef) , between U Ie ty and UIt(t*8* 1), 

If ri is a limit ordinal, then Ulti, is the direct limit (in Ult™) of 
{Ulthe; if}, ,<, and UltG*” is the direct limit of {UItG*”; i,4 04 y}p,y <a: It is 
clear that the isomorphisms ef, B < A, induce an isomorphism e% between 
Ultijt) and Ult§*”. Throughout, the commutative diagram in Fig. 31.3 is 
valid. @ 


We shall now prove a significant lemma on iterated ultrapowers: 


Lemma 31.5. Let U be a x-complete nonprincipal ultrafilter over x. Then for 
every a, the ath iterated ultrapower Ult™ is well-founded. 


Proof. Clearly, if Ult is well-founded, then Ult“*! is well-founded. Thus if y 
is the least y such that Ult is not well-founded, then y is a limit ordinal. The 
ordinals of the model U/t are not well-ordered; let € be the least ordinal such 
that the ordinals of Ult below ip,(é) are not well-ordered; see Fig. 31.4. 


io) 


FIGURE 31.4 


Let Xo, X1, X2, ... be a descending sequence of ordinals in the model UI‘ 
such that xo is less than ig,(€). Since Ult™ is the direct limit of Ul, « < y, 
there is a < y and an ordinal v (less than i,(€)) such that xo = i,,(v). Let B be 
such that « + B= y. 

By our assumptions, the following is true (in V): 


(31.14) (Vy < y)(Vé' < &) the ordinals below ig,(é’) in Ult® are well-ordered. 
When we apply the elementary embedding ip, to (31.14), we get: 


(31.15) Ult™ & (Wy' < ipg(y))(VE' < ipg(E)) the ordinals below i§},(') in UltZa, 
are well-ordered. 
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Now B < 7 < io,(y), and v < ig,(€). Hence if we let y’ = B and é’ = v in (31.15), 
we get 


(31.16) Ult™ & the ordinals below i$}(v) in Ult{f2, are well-ordered. 


By the factor lemma, Ult{f2, is (isomorphic to) Ult**, and i$}(v) is iae+ p(¥). 
Since « + B = y and i,,(v) = x9, and since being well-ordered is absolute (for 
the transitive model Ult™), we have: 


(31.17) The ordinals below xo in Ult are well-ordered. 


But this is a contradiction since x,, x2, X3,... is a descending sequence of 
ordinals below xp in Ut”. @ 


Thus for any given x-complete nonprincipal ultrafilter U over x we have a 
transfinite sequence of transitive models, the iterated ultrapowers Ult{)(V), and 
the elementary embeddings i,,: Ult + Ult. Let « = ig,() for each «; we 
shall show that the sequence x), a € Ord, is a normal sequence, and con- 
sequently obtain a characterization of the iterations Ult™ in the case V = L[D]. 


Lemma 31.6. 


(a) If y <x, then i,g(y) = y for all B > a. 
(b) If XSxn™ and Xe UI, then X Ci,(X) for all B>«a; in fact 
X = Kk 0 i,g(X). 


Proof. By the factor lemma, it suffices to give the proof for « = 0. 

(a) As we know, ig,;(y) = y for all y < x. By induction on 8, if igg(y) = y, 
then ig ¢+1(y) = ig.g+1(y) = y because y < x; if A is a limit and igg() = € for 
all € < y and B < A, then ig,(y) = y. 

(b) Follows from (a). @ 


Lemma 31.7. The sequence (x: a€ Ord) is normal; i.e. increasing and 
continuous. 


Proof. For each a, x°*!) =i, .4,(k™) > «™. To show that the sequence is 
continuous, let / be a limit ordinal; we want to show that x = lim,_, x. If 
y<xk™, then y =i,,(6) for some «<A and 6<x™. Hence y=6 and so 
y<k°. 


Lemma 31.8. Let D be a normal measure on x, and let for each a, Ult™ be the ath 
iterated ultrapower mod D, x = ig,(k), and D® = ig,(D). Let A be an infinite 
limit ordinal. Then for each X € UIt®, X < Kk, 


(31.18) XeD” iff (WK<A)PXDV{KM:a<y<d 


Proof. Since for no X can both X and its complement contain a final segment 
of the sequence (x : y < A), it suffices to show that if X € D”, then there is « 
such that x e€ X for all y > «. 
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There exists « < A such that X = i,,(Y) for some Y € D. Let me show that 
Kk” € X for all y,a<y <A. Let y>a and let Z =i,,(Y). Then Z € D” and 
since D is a normal measure on x in Ult™, we have x” €i,.,,,(Z). 
However, i, ,+1(Z) S i, +1 aliyy+1(Z)) = X and hence x € X. 


Representation of Iterated Ultrapowers 


We shall now give an alternative description of each of the models Ult by 
means of a single ultrapower of the universe modulo an ultrafilter on a certain 
Boolean algebra of subsets of “x. This will enable us to obtain more precise 
information about the embeddings ig,: V > Ult™ and also to generalize the 
iteration to the case when U is an M-ultrafilter for some model M. 

We shall deal first with the finite iterations. Let U be a k-complete nonprin- 
cipal ultrafilter over x. Let us use the symbol V*«a for “for almost all a < x”: 


(31.19) V¥a p(x) iff {a<K:o(a)}}eU 

If X © "« and a <«k, let 

(31.20) Keay ACOs wavy typ ht Oe aa PE 
We define ultrafilters U, over "k, by induction on n: 

(31.21) U,;=U 


XeU 4; if VtaXeU, 


Each U, is a nonprincipal x-complete ultrafilter over "k, and if Z € U, then 
"Z € U,. It is easy to see that for all X < "x, 


XeU, iff V¥aq Wa, °° V¥a, 4 OO, SE 2-6 


Although the present definition varies slightly from definition (29.10), it is 
practically the same because for each n, U, concentrates on increasing 
n-sequences: 


(31.22) {C09 , -.+5 Mp1 EK 1% << a,_,} EU, 
(because Wao(Va, > a) +++ (Wa, 1 > O%—2)[%9 <*** <a,—4]). 
Lemma 31.9. For every n, 

Ulty,(V) = Ult™(V) 
and jy, = ion- 
[Here jy, is the natural embedding j: V > Ulty,(V).] 


Proof. By induction on n. The case n= 1 is trivial. Let us assume that the 
lemma is true for n and let us consider Ulty,, ,. Let {be a function on "* ‘x. For 
each t = (ap, ..., M1) €"K, let fi be the function on x defined by f,(é) = 
Ff (Xo, «+++ %n—1» 6), and let F be a function on "x such that F(t) =f, for all 
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te"k. In Ulty, = Ult™, the function F represents a function on jy,(k) = «”: 
Let f=[F]u,. This way we assign to each function f on "*'k a function 
fe Ule on K™. 

Conversely, if h ¢ Ult™ is a function on x”, there is f on "*!x such that 
h = f: There exists F on "x such that f = [F]y, and that for each t € "x, F(t) isa 
function on x; thus we let f(a, ..., «,) be the value of F(ao, ..., @,-1) at a,. 

We shall show that the correspondence [f]y,,,+2 [f]um is an isomorphism 
between Ulty,,, and Ult"*” = Ulty,.(Ult™). We have 


[flues = [Guns iff V¥ tg 7 W¥ay 1 VC 
FS (G0 -++5 Gn—15 6) = Glo, --+» %—15 §) 
iff W*HE <2 fin(Z) = Gu(E)} E U 
iff — Ulty, F {E < ju,(«) :F(E) = G(6)} € ju,(U) 
iff = Ul F {E <K™ : F(E) = GE} € U™ 
iff [f Jum = [dum 


and similarly for € in place of =. 

Thus Ulty,,, = Ult"*”. To show that jy,,, = io.n41 let f = c, be the con- 
stant function on "*'x with value x. It follows that fis the constant function on 
x” with value ig,(x), and therefore 


June) = [exJune = tne s(ion(*)) = tone i) 2 


n+1 


Exercise 31.2. Show that if m <n, then for each f on "x, im,([f]u,,) = [g]u, where g is the 
function on "x defined by g(a, ..., %,—1) =f (Ho, ++» Gm—1)- 


The infinite iterations are described with the help of ultrafilters U; over *x, 
where E ranges over finite sets of ordinal numbers. If E is a finite set of ordinals, 
then the order isomorphism x between n= |E| and E induces, in a natural 
way, an ultrafilter U,; corresponding to U,,: 

(31.23) U_ = {n[X]: X <"x} 


where (ag, .-., ,-1>) = t € ®x where t(n(k)) = o for all k =0,...,n—1. 
If S is any set of ordinals and E ¢ S is a finite set, we define a mapping ings 
(an inclusion map) of P(?x) into P(Sk) as follows: 


(31.24) ing (X) = {teSk:t|EeX} (all X <*x) 
Lemma 31.10. If E ¢ F are finite sets of ordinals, then for each X & x, 
XeU;, iff ing (X) € Up 


Proof. By induction on (m, n) where m = |E| andn= |F|. Let E ¢ F be finite 
sets of ordinals. Let a be the least element of F, and let us assume that a € E (if 
a ¢ E, then the proof is similar). Let E’ = E — {a} and F’ = F — {a}. 
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If X <*x, let us define for each a<x, the set X,)o*k as follows: 
X q) = {t|E’: te X and t(a) = a}; for Z < "x, let us define Z,,)  *'« similarly 
(for all a < x). It should be clear that 


(31.25) XeU, iff V*aX EU; ZeU, iff V*a Za) € Up. 


Now we observe that if Z = ing -(X), then Z,.) = ing, r{X (a), and the lemma for 
E, F follows from (31.25) and the induction hypothesis. 


Let us now consider an ordinal number «. If E € a is a finite set, let us say 
that a set Z © “x has support E if 


Z = ing .(X ) 


for some X ¢ *x. Note that if Z has support E and EC F, then Z also has 
support F. Let B, denote the collection of all subsets of “x that have finite 
support. (B,, ©) is a Boolean algebra. 

Let U, be the following ultrafilter on B,: For each Z € B,, if Z = ing (X) 
where X & x, let 


(31.26) ZeU, iff XeU;, 


By Lemma 31.10, the definition of U, does not depend on the choice of support 
E of Z. 

We shall now construct an ultrapower modulo U,. If fis a function on *k, 
let us say that fhas a finite support E & « if f (t) = f(s) whenever t and s € *x are 
such that t|E = s|E. (In other words, there is g on *x such that f(t) = g(t|E) 


for all t € “x. Let us consider only functions f on *« with finite support and 
define 


(31.27) fag iff (t:f()=9()heU, 
fE.g iff {t:fWeg(teU, 


The sets on the right-hand side of (31.27) have finite support, namely E U F 
where E and F are respectively supports of f and g. 

Let (Ulty,(V), E,) be the model whose elements are equivalence classes 
mod =, of functions on *x with finite support. 


Exercise 31.3. Prove the fundamental theorem: 
(Ulty,, Ea) [fi]... [A)) iff ft (F(t), ---. fale} © Ue 


We are now in a position to state the main lemma. 


Lemma 31.11 (Representation Lemma). For every a, the model (Ulty,(V), E,) is 
(isomorphic to) the ath iterated ultrapower UIt{})(V), and the natural embedding 
ju,: V— Ulty, is equal to ip,. Moreover, if «<B and [f]y,€ Ult™, then 
isp Lf ]u.) = (glu, where g is defined by g(t) =f (t|«) for all t € ®x. 
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Proof. By induction on «. The induction step from « to « + 1 follows closely 
the proof of Lemma 31.9; thus let me describe only how to assign to[f]y,, , the 
corresponding [f]y) in Ult**. Let f be a function on **!'« with support 
E u {a} where E ¢ a. For each te *x let fiy(€) = f(t) for all € < x, and let F be 
a function on “x (with support E) such that F(t) =f, for allt € *«. Let f= [F]vu,; 
fis in Ult™ and is a function on x. 

The induction step is rather simple for a limit ordinal J. Let us assume that 
Ulty, = Ult™ for all w < 4. If f is a function on *« with a finite support E, we 
assign to fa thread in the direct limit of {U/t™}, ., as follows: There is g on °x 
such that f(t) = g(t|E) for all t e “x. Let a be some ordinal greater than all 
elements of E. For each a > ao, we let f |a be the function on *x defined by 
f(t) = g(t|E); each f|« has support E. Let us assign to f the thread 
CL o]u, : 0 <a <A). It is not difficult to verify that this is a thread. 

Conversely, given any thread (x, : a < B <A) we have x, = [f,]u, where f, 
is a function on *« with support E ¢ a. Let f be the function on *x such that 
f(t) =f,(t|a). Then for each B, a < B < A, we have xg = i,9(x,) = [f | B]u,, and 
hence (xg:a< P< A) is assigned to f. 

I leave it to the reader to verify that the described correspondence is an 
isomorphism, and also the equality jy, = ip, and the “moreover” clause. 


One advantage of this description of iterated ultrapowers is that we can 
define Ult{?(M) even if M is a model of ZFC and U is an M-ultrafilter over y, 
provided U satisfies the following condition: Let us call U an iterable M- 
ultrafilter if, in addition to (30.32), U has the following property: 


(31.28) if (X,:0<y)eM, then {a:X,¢U}eM 


[Note that the M-ultrafilter defined in (30.31) from j: M—N is iterable, 
provided P%(xk) = PM(x).] 

Let M be a transitive model of ZFC containing all ordinals. Given an 
iterable M-ultrafilter U over y, we can define M-ultrafilters U,,, n < w, over "y 
by induction: 


(31.29) X€Uas1 if {a<y:X@jeU 


where X qq) = {(01, -+-5 Gn) 1 (0, 4, ---5 &,) € X}. The definition (31.19) works 
because U,, is iterable, which is proved by induction on n. 

Then one defines M-ultrafilters U, as in (31.26), and the ultrapowers 
Ulty,(M) as in (31.27), using functions f €¢ M with finite support. The ultra- 
powers Ulty, are not necessarily well-founded. 


Exercise 31.4, Each U, is an iterable M-ultrafilter on the algebra (in M) of subsets of 
*y with finite support. 


Exercise 31.5 (Fundamental Theorem). Prove that 


Ulty,(M) F e((fi)). ---[fl) i ft: MF (file), ---» falt))} € Ue 
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Exercise 31.6. If A is a limit ordinal, then Ulty(M) is the direct limit of 
(Ulty,(M); hig ep aa 


If the model Ulty,(M) is well-founded, let us define 
UM = ([flu,: {tf (t) € U} € U;} 


Exercise 31.7. If N, = Ulty,(M) is well-founded, then U is an iterable N,-ultrafilter 
over ig,(7). 


One can also prove the factor lemma for Ulty,(M) if this model is 
well-founded. 


Exercise 31.8.* If Ulty,(M) is well-founded for all a <q@,, then Ulty(M) is well- 
founded for all a. 

[Assume that Ulty,(M) is not well-founded and let fo, fi, ..., fa, -.. constitute a 
counterexample. Each f, has a finite support E,. Let B be the order-type of | )%-9 E,; we 
have B < w,. Produce a counterexample in Ulty,(M).] 


An important sufficient condition for well-foundedness of iterated 
ultrapowers: 


Exercise 31.9.* If arbitrary countable intersections of elements of U are nonempty, then 
Ulty,(M) is well-founded for all «. 

[Let fo, fi, ..-. fy, -.. be a counterexample, let X, = {t € *y : f(t) 3 f+ 1(t)}. To reach 
a contradiction, find t € (\»9 X,. Construct ¢ by induction such that for each v < a if 
a = v + y, then t|v has the property that for all n, {s € "y: (t|v)°s € X,} € U,: Given t|v, 
there is t(v) such that the condition is satisfied for t|(v + 1). Then t € (\%o X,.] 


As an application, consider the following: 


Exercise 31.10. Assume that every constructible subset of w, either contains or is dis- 
joint from a closed unbounded set. Let F be the closed unbounded filter over w,. Then 
D =F « Lis an iterable L-ultrafilter and Ultp,(L) is well-founded (and hence equal to 
L) for all «. 


Uniqueness of the Model L[D] 
Theorem 76 (Kunen). 


(a) If V = L[D] and D is a normal measure on x, then x is the only measurable 
cardinal and D is the only normal measure on x. 
(b) For every ordinal x, there is at most one D < P(k) such that D € L[D] and 


L[D] § D is a normal measure on k 
(c) If k, <, are ordinals and if D,, D,, are such that 
L[D,] § D,is a normal measure on x; (i = 1, 2) 


then L[D,] is an iterated ultrapower of L{D,]; i.e., there is « such that L[D 3] = 
Ult$)(L[D,]), and D, = igg(D;). 
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The proof of Theorem 76 uses iterated ultrapowers. The following lemma uses 
the representation of iterated ultrapowers (Lemma 31.11) (compare with 
Lemma 28.9). 


Lemma 31.12. Let U be a x-complete nonprincipal ultrafilter over x and let, for 
each 0, ipg: V+ UIt™ be the natural embedding of V in its ath iterated 
ultrapower. 


(a) Ifa is a cardinal and a > 2", then ip,(k) = a. 
(b) If A is a strong limit cardinal, A > a, and if cf A > k, then ig,(A) = A. 


Proof. It follows from the representation lemma that for all €, n, the ordinals 
below i,(y) are represented by functions with finite support from °x into and 
hence [ine(n)| < || > [nf 

a) We have io,(k) = limz., ip-(k), and for each E<a, |ig.(K)| < 
|€|- 2" <a. Hence ip,(«) = a. 

(b) Since cf A > x, every function f: “x > A with finite support is bounded 
below A: There exists y <A such that f(t) < y for all t € *x. Hence io,(A) = 
lim,.., ip,(y). Since A is a strong limit, we have |i9,(y)| <A for all y < A and 
hence i,(4)=/. 


Remark. It is clear from the proof that in (b) it is enough to assume that y* < / 
for all cardinals y < A, instead of that / is a strong limit. 

Let U & P(x). If 6 is a cardinal and U € L,U], then by absoluteness of 
relative constructibility, every elementary submodel of (L,[U], €) that con- 
tains U and all ordinals < x, is isomorphic to M = LU] for some «. (If is the 
transitive collapse of the submodel, then 7(U) = U m7 M € M, and M = LU] 
follows by (31.1).) Let @ be a cardinal such that U € L,[U] and let us consider 
the model (L,[U], «, U) where U is regarded as a constant. This model has a 
definable well-ordering, hence definable Skolem functions, and so we can talk 
about Skolem hulls of subsets of L,[U]. 


Lemma 31.13. Let V = L[D] where D is a normal measure on x. Let A be a set of 
ordinals of size at least k* and let @ be a cardinal such that D € LD] and 
Ac L,[D]. Let 


M < L,[D], €, D) 
be the Skolem hull of k U A. Then M contains all subsets of k. 


Hence every X € x is definable in L,[D] from x U A vu {D}; in other words, 
there is a Skolem term t such that for some a, ..., Uy << and yy, ---5 Ym € A, 


L,[D] FX = toy, ..-, ms Yas ---> Ym» DI 


Proof. Let x be the transitive collapse of M. We have z[M] = L,[D] for some «, 
and since A © M, we have necessarily « > «*. By Lemma 31.1, every X © xk is 
in L,+[D], and since 7 is the identity on x, we have X EM for all X cr. @ 
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The following is the key lemma in the proof of uniqueness of L[D]: 


Lemma 31.14. Let D < P(k) be such that D € L[D] and 
L{[D] § D is a normal measure on Kk 


For each a, let Ult'$)(L[D]) denote the ath iterated ultrapower, constructed 
inside L{D], modulo D. Let ig, be the corresponding natural embedding. 

Let A be a regular cardinal greater than x* , and let F be the closed unbounded 
filter over 2. Then: 


(a) i9,(D) = F A Ult$(L{D)); 
(b) US (LD) = LF}. 


Proof. First, we have ig,(k) = 4 by Lemma 31.12a because 1 > k* > (k*)H2) = 
(2")#9). Let D” = ip,(D) and let M = Ult'P(L{D]). If X ¢ D”, then by (31.18), 
X contains a closed unbounded subset and hence X e€ F. Since D™ is an 
ultrafilter in M and F is a filter, it follows that D” = F a M. 

As for (b), we have 


M = Ult(L[D}) = ID] = L[F 0 M) = UF 
by Lemma 15.4. 


We shall now prove statements (a) and (b) of Theorem 76. We already 
know by Lemma 31.3 that in L[D] x is the only measurable cardinal. Thus (a) 
and (b) follow from this lemma: 


Lemma 31.15. Let D,, D, < P(x) be such that D, € L[D,], D, € L[D,] and 
L[D,] § D; is a normal measure onk — (i = 1, 2) 
Then D, = D,. 


Proof. Let D,, D, © P(x) be such that L[D,] § D, isa normal measure on k, for 
i= 1, 2; we want to show that D, = D,. By reason of symmetry, it suffices to 
show that if X ¢ x is in D,, then X € D,. 

Let A be a regular cardinal greater than x* and let F be the closed un- 
bounded filter over 4. Let us consider the Ath iterated ultrapowers 
M, = UIt$(L[D;]) (i= 1, 2), and the corresponding natural embeddings 
io, ’ id, : 

By Lemma 31.14, M, = M, = L[F], and ij,(D) = i3,(D,) = F 7 L{F]. Let 
G=Fo LF}. 

Let A be a set of ordinals, | A| = «*, such that all y € A are bigger than A 
and that i},(y) = i3,(y) = y for all y € A; sucha set exists by Lemma 31.12b. Let 
6 be a cardinal bigger than all y € A such that i},(0) = i2,(0) = 0. 

Now let X be a subset of x such that X e D,. By Lemma 31.13, X is in the 
Skolem hull of x U A in (L,D,], €, D,>. Thus there is a Skolem term t such 
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that for some «,,...,4,<« and y;,..., ¥, € A, 

(31.30) L,[D,] F Me Stl eissoas Ans Vis eees Vm> D,] 
Let Y € L,[D,] be such that 

(31.31) L,[D»] F Y = ¢[o,,..., Ans Vio ees Vm> D,| 


We shall show that Y € Ds and Y= X, hence X € D,. 

First we observe that i§,(X) = i8,(Y): Let Z, = ig,(X) and Z, = i3,(Y). We 
have i§}(a) = a, i}}(y) = y, i9}(0) = 0, and i§,(D,) = G; and thus when we apply 
ig, to (31.30), we get 


(31.32) Lg[G] F Z, = thoy, ..-, Las Yas ++ Yas GI 


Similarly, when we apply i2, to (31.30), we get (31.32) with Z, instead of Z,. 
Thus Z, = Z. 

Now, by Lemma 31.6b, we have X = Z, 1k and Y= Z,ok. Hence 
X=Y. 

Finally, since i2,(Y) € F, it follows that i2,(Y) € i3,(D,) and hence Y € D,. 
Thus X € D, and this completes the proof of D, = D,. @ 


The key lemma in the proof of the clause (c) in Theorem 76 is the following: 


Lemma 31.16. Let x, D be such that L[D] - D is anormal measure on k, and let y 
be an ordinal such that k < y < ig,(k), where ig, is the natural embedding of L[{D] 
in Ultp(L[D]). Then there is no U © P(y) such that L[U] § U is anormal measure 
on y. 


Proof. Let us assume that on the contrary there is such a U. Let j be the natural 
embedding of L[U] in Ulty(L[U]). Let A be a regular cardinal greater than ||*, 
and let F be the closed unbounded filter over A. Let G = F 1 L[F]. 

Since L[U] § GCH, we have j(A) = 4 (see the remark following Lemma 
28.9). In L[U], G is the Ath iterate of U, and in L[j(U)], G is the j(A)th iterate of 
j(U); hence j(G) = G 

Let f: kK bea ‘function in n LD] such that f represents y in Ultp(L[D)). 
Since D is normal, the diagonal d(x) =a represents x, and thus we have 
(ip 1 ())(k) = y. Let ig, be the natural embedding of L[D] in Ult$)(L[D]) = L[G]. 
It is clear that (i9,(f))(«) = y. 

Now let A be a set of ordinals such that |A| = x”, that all € € A are greater 
than A, and that ip ,(€) = € and j(&) = € for all € € A. Let 6 be a cardinal greater 
than all € € A, such that ip,(0) = 6 and j(6) = 0. 

By Lemma 31.13, the function f is definable in L,[D] from A u x u {D}; 
thus ig,(f) is definable in L,[G] from Au x u {G}. Hence y is definable in 
L,[G] from A U x u {G} u {x}, and so there is a Skolem term t such that 


(31.33) La[G] Fy = thoy, --5 ps Eas oy Ens G, K] 


for some a, ...,4, <« and ¢,,...,¢,,€A. 
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Now we apply the elementary embedding j to (31.33); and since j(@) = 0, 
i(G) = G, j(€) = & for € € A, and j(«) = @ for all a < y (hence j(x) = x), we have 


L,[G] F j(y) = tla, em ans ae ee | Ons G, k] 
which is a contradiction because j(y)>y. 1 


Proof of Theorem 76c. Let k, < Kz and let D,, D, be such that L[D,] F D is a 
normal measure on x; (i = 1, 2). Let ip, denote the natural embedding of L[D ,] 
in Ult')(L[D,]) and let « be the unique a such that ig,(k 1) < Kz < i9.¢44(K,). By 
Lemma 31.16 (if we let « = i,(K,), D = ip.(D,), and y = K), it is necessary that 
K2 = loa(k1). 


Now the statement follows from the uniqueness of io,(D,) (Theorem 
76b). 


Thus we have proved that the model V = L[D] (where D is a normal mea- 
sure on xk) is unique, has only one measurable cardinal and only one normal 
measure on x, and satisfies the generalized continuum hypothesis. The next 
lemma completes the characterization of L[D] by showing that for any x- 
complete nonprincipal ultrafilter U over x, L[U] is equal to L[D]. 


Lemma 31.17. Let U be a nonprincipal x-complete ultrafilter over x. Then 
L[U] = L[D] where D is the normal measure on x in L[D}. 


Proof. By the absoluteness of L[D], we have L[D] | L[U] because L[ U] satisfies 
that « is measurable. Thus it suffices to prove that U m L{[D] € L[D]. Let j = jy 
be the natural embedding j: V > Ulty(V), and let y = j(x). Let d(x) = a be the 
diagonal function and let 6 be the ordinal represented in Ulty(V) by d; thus 


(31.34) XeU iff 5e,(X) 


for all X Ck. . 

Since L[{j(D)] - j(D) is a normal measure on y, there exists a such that 
y = igg(k), j(D) = io,(D), and L[j(D)] = Ult$(L[D]). We shall show that for 
every X <x, X € LID], 


(31.35) H(X) = ioa{X) 
This, together with (31.34), gives 
(31.36) U m LD] = {X € LID]: X < k and. 6 € io,(X)} 


and therefore U 4 L{[D] € LD]. 

The proof of (31.35) again uses Lemma 31.13. We let A bea set of size x* of 
ordinals greater than « such that ip,(€) = j(€) = € for all € € A, and let 0 be a 
cardinal greater than all € € A, such that ip ,(0) = j(0) = 0. 

If X <x is in L[D], then there is a Skolem term t such that 


L,[D] § X = tloy,..., On, &1, ---5 Em» DY 
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for some a@,,...,4,<« and €,,..., ¢,,€ A. Since ip, and j agreeonk UAU 
{0}, and ip,(D) = j(D), it follows that ip,(X) = j(X). 


The proof of Lemma 31.17 gives additional information about x-complete 
ultrafilters in L[D]. Let us assume that V = L[D] and let U be a nonprincipal 
k-complete ultrafilter over x. By (31.36), we have 


(31.37) U ={X © K:5€ ig,(X)} 


where a is such that j(«) = io,(k), and 6 < j(k). Note that for any B > «, we also 
have U = {X : 6 € igg(X)}. Now a simple observation gives the following char- 
acterization of x-complete ultrafilters over « in L[D]: 


Lemma 31.18. Assume V = L[D]. Then if U is a nonprincipal x-complete 
ultrafilter over K, there exists 6 < ig,,(K) such that 


(31.38) U ={X SK :5€ ig,(X)} 


Proof. Let j = jy be the natural embedding of V = L[D] in Ulty. We have 
i(k) = ip,(«) for some a. We shall show that is a finite number; then the 
lemma follows by (31.37). 

First we note that because V = L[D] = L[U], we have Ult$) = Ulty = 
[i,(D)] = L[j(U)]. Now if « > , then in UIt9), io,() is an inaccessible car- 
dinal (because it is measurable in Ulr‘$?), while in Ulty, io,(x) has cofinality w 
(because it has cofinality w in V and Ulty contains all w-sequences of ordinals). 
Hencea<ow. Hf 


Corollary. If V = L[D], there are exactly k* nonprincipal x-complete ultrafilters 
over kK. 


Proof. If « is measurable, then it is easy to obtain 2" nonprincipal x-complete 
ultrafilters over x (because there are 2" subsets of x of size x such that 
|X © Y| <x for any two of them). By the lemma, if V = L[D], there are at 
most |ip..(K)| =«* of them. 


Recall (Exercise 28.12) that a x-complete ultrafilter over x extends the 
closed unbounded filter just in case the diagonal function d is the least (mod U) 
nonconstant monotone function. If V = L[D], then the characterization (31.38) 
shows that D is the only x-complete ultrafilter over « with this property; see 
Exercise 31.12. Let D, be the measure on "x defined from a normal measure D 
by (31.21). Let x” = io,(x) (where ip,: V > Ult$). 


Exercise 31.11. The ordinal x"! is represented in Ultp by the function 
d,(a1, ..+5 ny) = Oy. 


Exercise 31.12. Assume V = L{[D]. If U is a k-complete nonprincipal ultrafilter over 
and if U # D, then there is a monotone function f: k > « such that k <[f]u < [d]vu. 
(Hence U does not extend the closed unbounded filter.) 

[U satisfies (31.38) for some 6; if 6 = x for some n, then U = D. Let n be such that 
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KD <6 <K™; let gi "kK >K reptceen! 5 in Ultp,. Let f(€) = least w such that 
g(a}, ---, %,-1, &) = & for some a, <---<a,-, <a. The function f is monotone. To 
show that [f]u <[d]u, we argue as follows: For almost all (mod D,) a1, ..., 1, 
g(&) > a,; hence for almost all «1, ..., a,, £(9(@)) < g(a). Hence (jn,(f))(5) < 6, and 
hence for almost all € (mod U), f(é) < €. Thus [f]u < [d]u.] 


Some Generalizations 


The uniqueness theorem for L[D] can be generalized to the situation involv- 
ing several measurable cardinals. If A,, « < 0, is a sequence of sets, let us define 
the model 


(31.39) LX A, 14 <0) 
as the model L[A] where 
= {(a, X):X €A,} 


Under this definition, L(A,:« <0) = U[{B,:«<6)], where B,= A, A 
L(A, :& < 0) for all « < 0. 

If x,, « < 0, is a sequence of measurable cardinals, and for each a, U, is a 
k,-complete nonprincipal ultrafilter over «,, then in L(U,:« <0), each 
U, 0 LXU,: « < 9) is again a x,-complete nonprincipal ultrafilter over x,. 

The results of the present section can be generalized as follows: If 
<x, :«% <> is an increasing sequence of measurable cardinals, and if 0 < Ko, 
then for any sequence <D,:« <0) of normal measures on the x,, the model 
M = LXD, : « < 9) has the property that the x, are the only measurable car- 
dinals and for each «, D, ~ M is the only normal measure on k,. 

The following exercise gives a canonical model with two normal measures, 
under the assumption of a normal measure concentrating on measurable car- 
dinals. It can be proved that in M there are only two normal measures on k. 

Let D be a normal measure on x such that X ={a<k:a is 
measurable} € D. For each a < x, let U, be a normal measure on a, and let U be 
the measure on x in Ultp represented by the function a> Us a; hence Z e U iff 
{a:Z vae€U,} € D. Let M = LKU,, U, D:a€ X). 


Exercise 31.13. In M, U A M and D oc M are two distinct normal measures on x. 
[Ze UAM iff {«:Z 1ae€U,. M}e€ Do M. Hence U - M is in the ultra- 
power Ultp ,m(M); while D 4 M is not.] 


Indiscernibles for L[D] 


If there exist two measurable cardinals, x < A, then it is possible to prove 
analogous theorems for the model L[D] as we did in Section 30 for L under the 
assumption of one measurable cardinal. More specifically, one can prove exist- 
ence of a closed unbounded set I <x and a closed unbounded class J of 
ordinals bigger than x, such that J U J contains all uncountable cardinals 
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except x, that every X € L[D] is definable in D from J u J, and that the ele- 
ments of J U J are indiscernibles for L[D] in the following sense: The truth 
value of 


LD} F g(a, veey Oy, B,, sees Brn 


is independent of the choice of a, <---<«a,e/ and B, <--: < B,,€ J. In anal- 
ogy with Silver indiscernibles, the above situation can be described by means 
of a certain set of formulas @(x 1, ..., Xn» Y 1s +++» Ym), Which is usually called 0' 
(zero-dagger). 

If Of exists, then one can prove consistency of the theory ZFC + “there 
exists a measurable cardinal”; and hence one cannot prove the relative consist- 
ency of “Of exists” with ZFC + “there exists a measurable cardinal.” 

I shall not give details of the theory of indiscernibles for L{[D]. Instead, let 
me give a short argument showing that if there are two measurable cardinals, 
« <A, then there is a proper class of cardinals that are inaccessible in L[D]. 

Let U be a normal measure on / and let for each a, ip, be the natural 
embedding of V in Ult{?; let i,g: Ult > Ult®. Let K be the class of all car- 
dinals « such that cf a >A and y* <« for all y < «. By Lemma 31.12, if « € K, 
then ip,(x) = a and ip,(B) = B for all 8 € K greater than a. Hence if a, B € K, 
then i,g() = B and i,,(y) = y for all y € K that are greater than f or less than «. 

Now if D is a normal measure on x, then because k < A, we have i,,(D) = D 
for all «, B € K. Thus each i,, (a, 8 € K), restricted to L[D], is an elementary 
embedding of L{D] in L[D] such that i,,(«) = B and i,,(y) for all y € K below « 
or above f. Using these embeddings i,, (as in the proof of Lemma 30.19), one 
shows that the elements of K are indiscernibles for the model L[D]. 

Since some elements of K are regular cardinals, and some are limit car- 
dinals, it follows that all elements of K are inaccessible cardinals in L[D]. 

In the above argument, it was not necessary that x be a measurable 
cardinal, only that x be measurable in L[D]. Thus we have proved: 


Lemma 31.19. Let x be a measurable cardinal, and assume that: 


(31.40) For some y <x, there is D& P(y) such that L[D] ¥ D is a normal 
measure on . 


Then there are arbitrarily large successor cardinals that are inaccessible in L{D]. 


We have proved in Lemma 31.18 that if U is a nonprincipal x-complete 
ultrafilter over x, then jy(k) < ip,.(«), where ig, is the natural embedding of 
L{D] in Ult(L[D]). We can now prove a stronger statement: 


Lemma 31.20. If there is ax-complete nonprincipal ultrafilter U over x such that 
ju(k) = ioa(k), then (31.40) holds. 


Proof. Let us work in the model M = Ulty(V). The cardinal j(«) is measurable 
while io,,(k) has cofinality w, and so io,(«) < j(k). Let F be the collection of all 
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subsets X of ig,,(«) such that X > {ip,(k):n > no} for some no. Using Lemma 
31.8, we proceed as in the proof of Lemma 31.14 to show that 


L[F] § F ~ L{F] is a normal measure on io,(x) 


Thus (31.40) holds in M for j(x). Since j is an elementary embedding, (31.40) 
holds in V fork. @ 


Corollary. If x is a measurable cardinal and 2" > «*, then (31.40) holds. Con- 
sequently, it is impossible to prove consistency of 2" > x* relative to ZFC + “x is 
a measurable cardinal.” 


Proof. On the one hand, |ip(«)| = («*)?! < x*; on the other hand, if U is 
any x-complete nonprincipal ultrafilter over x, we have jy(k) > 2" >x*. Wf 


We shall return to the problem of 2“ > x* at a measurable cardinal in 
Section 36. 
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Weakly Compact Cardinals 


In Section 29 we defined weakly compact cardinals as the uncountable 
cardinals satisfying the partition property x +(x)’. We have shown that 
weakly compact cardinals are inaccessible, and in fact, exactly those inacces- 
sible cardinals that have the tree property, that is, every tree of height x whose 
levels have size less than x has a branch of length x. We have shown that every 
measurable cardinal is weakly compact and moreover if D is a normal measure 
on xk, then the set of all weakly compact cardinals below x is in D. 

We shall now investigate weakly compact cardinals in some detail. First we 
give a characterization of weakly compact cardinals which explains the name 
“weakly compact.” This aspect of weakly compact cardinals has, as many other 
large cardinal properties, motivation in model theory. 

We shall consider infinitary languages which are generalizations of the 
ordinary first order language. Let x be an infinite cardinal number. The lan- 
guage Y,, ., consists of: 


(a) x variables; 

(b) various relation, function, and constant symbols; 

(c) logical connectives and the infinitary connectives \/<<. M2, /\z<a Y¢ for 
a <x (infinite disjunction and conjunction); 

(d) quantifiers 3v, Vv. 


The language ¥,, is like ¥,,., except that it also contains infinitary 
quantifiers: 


(e) Aeca Ug, Veca Ve for a<kK. 
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The interpretation of the infinitary symbols of ¥,,,, is the obvious generaliza- 
tion of the finitary case where \/2<n Qe iS PoV"**V On-1 Je<n Ve Stands for 
4vp *** U,z-4, etc.). The language Y,,., is just the language of the first order 
predicate calculus. 

The finitary language Y,,,,, satisfies the compactness theorem: If Z is a set of 
sentences such that every finite S < & has a model, then X has a model. Let us 
say that the language Y,,,. (or Y,.,,) satisfies the weak compactness theorem if 
whenever & is a set of sentences of ¥,., (L,,.) such that |Z| <x and that 
every SX with |S| <x has a model, then Z has a model. Clearly, if Y,.., 
satisfies the weak compactness theorem, then so does &,,, because 
A Kw cL K,K° 


Lemma 32.1. 


(a) If « is a weakly compact cardinal, then the language £,..,. satisfies the weak 
compactness theorem. 

(b) If « is an inaccessible cardinal and if Y,,.,, satisfies the weak compactness 
theorem, then « is weakly compact. 


Proof. (a) The proof of the weak compactness theorem for #,.,, is very much 
like the standard proof of the compactness theorem for #,, .,. Let Z bea set of 
sentences of Y,,.,, of size x such that if Sc X and |S| <x, then S has a model. 
Let us assume that the language Y = #,, has only the symbols that occur in 
x; thus | #| =k. 

First we extend the language as follows: For each formula @ with free 
variables v,, € < a, we introduce new constant symbols cf, € < a (Skolem con- 
stants); let &) be the extended language. Then we do the same for each 
formula g of 7 and obtain 7? > Y“). We do this for each n < w, and then 
let * = |)? , LY. Since x is inaccessible, it follows that | #*| = x. #* has 
the property that for each formula 9 with free variables v,, ¢ < a, there are in 
£* constant symbols cf, € < « (which do not occur in ¢). 

For each (vz, ...)z<a let 6, be the sentence (a Skolem sentence) 


(32.1) - vz P(Uz, -- Jeca 7 P(CE, ---Jeca 


and let £* = Z u {o,: g a formula of #*}. 

Note that if Sc X* and |S| <x, then S has a model: Take a model for 
Sox (for #) and then expand it to a model for Y* by interpreting the 
Skolem constants so that each sentence (32.1) is true. 

Let {o, : « < x} be an enumeration of all the sentences in #*. Let (T, <) be 
the binary x-tree consisting of all t: y > {0, 1}, y < x, such that: 


(32.2) there exists a model W of Z nm {o,: « € dom(t)} such that Va € dom(t) 
t(a)=1 iff Wao, 
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Since x has the tree property, there exists a branch B in T of length x. Let 
A = {a, : t(a) = 1 for some t € B} 


Clearly, 2* < A. Let Ag be the set of all constant terms of #*, and let ~ be the 
equivalence relation over A, defined by 


™%2T, iff (t1 %t,)EA 


and let A = Ay/~. 
We make A into a model for #* as follows: 


WF Pl[ty],...,[c,]] iff  P(ty,...,1,)€A 


and similarly for function and constant symbols. The proof is then completed 
by showing that 2 is a model for A (and hence for Z). The proof of 


(32.3) Wko iff oeEA 


is done by induction on the number of quantifier blocks in o: If 
O = Ae cq Ve (vz, ...), then by induction hypothesis we have 


WE a(cf, ...)eca iff = a(cf, ...Jeca EA 
and (32.3) follows. 

(b) Let x be inaccessible and assume that the language Y,,, satisfies the 
weak compactness theorem. We shall show that x has the tree property. Let 
(T, <) be a tree of height « such that each level of T has size <x. Let us 
consider the #,.. language with one unary predicate B and constant symbols 
c,, for all x € T. Let © be the following set of sentences: 


(32.4) 1(B(c,) A B(c,)) ‘for all x, y € T that are incomparable 
V B(c,) for all a < x, where U, is the ath level of T 


xéeU, 
(= says that B is branch in T of length x). If S c Y and |S| <x, then we get a 
model for S by taking a sufficiently large initial segment of T and some branch 
in this segment. By the weak compactness theorem for #,.,, & has a model, 
which obviously yields a branch of length xk. 


The weak compactness property for ¥,,, alone does not imply that x is 
inaccessible; but it does imply that x is at least weakly inaccessible: 


Exercise 32.1, If k = A* is a successor cardinal, then the weak compactness theorem for 
L x0 iS false. 

[Consider constants c,, « <x, a binary relation < and a ternary relation R. Con- 
sider the sentences saying that (a) < is a linear ordering; (b) c, < cg; and (c) eachf, isa 
function, where f,(y) =z stands for R(x, y, z). Let £ consist of these sentences, the 
sentence z < x > Jy R(x, y, z) (saying that ran(f,) > {z : z < x}), and the infinitary sen- 
tence R(x, y, 2) > \/e<a (y = cz) (saying that dom(f,) © {cz: € < 4). Show that each 
SX, |S| <A, has a model, but = does not.] 
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Exercise 32.2. If « is a singular cardinal, then the weak compactness theorem for Y,.., is 
false. 

[Let A < x be a cofinal subset of size < x. Consider constants c,, a < x, and a linear 
ordering <. There is & that says on the one hand that {c,: a € A} is cofinal in the 
universe, and on the other hand that c, > all c,,« <x; and each Sc Y, |S| <x, hasa 
model.] 


We have given three different characterizations of weak compactness of 
inaccessible cardinals: the partition property x — (x)?, the tree property, and 
the weak compactness of #,,,,. Exercises 32.3 and 32.4 give yet another equiv- 
alence; Exercise 32.5 is just a formulation of what was proved in the course of 
proof of Lemma 29.6. 


Exercise 32.3.* If « is weakly compact and if (@, ©) is a k-complete algebra of subsets 
of x such that |@| =x, then every x-complete filter F on @ can be extended to a 
k-complete ultrafilter on @. 

[Consider constants cx for all X € @, and a unary predicate U. Let £ be the follow- 
ing set of L,...-sentences: 1U(cg), U(cx) v U(c, - x) for all X € B, U(cx) > U(cy) for all 
X CY in &, U(cy) for all X € F,and Axe U(cx) + Ulery) for all  < @ such that 
|. | <x. Show that & has a model.] 


Exercise 32.4. If « is inaccessible and if every x-complete filter on any x-complete 
algebra @ of subsets of « such that | #@| = « can be extended to a x-complete ultrafilter, 
then x is weakly compact. 

[Proceed as in the proof of Lemma 29.7.] 


Exercise 32.5. If (P, <) is a linearly ordered set of size x, and x is weakly compact, then 
there is a subset W c P of size x that is either well-ordered or conversely well-ordered 
by <. 


The characterization of weak compactness from Exercise 32.3 can be used 
to obtain the following interesting result: 


Exercise 32.6.* If « is weakly compact and if |(«*)"| = «x, then 0% exists. 

[Let # be the least k-complete algebra of subsets of x closed under inverses of 
constructible functions f: x > x; we have |@| = «. Let U be a x-complete ultrafilter on 
@ containing all final segments {a : a <a <x}. U m Lis a nonprincipal L-ultrafilter, 
and Ulty ,,,(L) is well-founded. Thus there is a nontrivial elementary embedding of L 
in L] 


In Theorem 77 below, we prove equivalence of weak compactness with 
Il}-indescribability, which will enable us to obtain further interesting results on 
weakly compact cardinals. 

Let n > 0 be a natural number and let us consider the nth order predicate 
calculus. There are variables of orders 1, 2,..., n, and the quantifiers are 
applied to variables of all orders. An nth order formula contains, in addition to 
first order symbols and higher order quantifiers, predicates X(z) where X and z 
are variables of order k + 1 and k respectively (for any k < n). Satisfaction for 
an nth order formula in a model 2 = (A, P,...,f,..., ¢, ...) is defined as 
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follows: Variables of first order are interpreted as elements of the set A, var- 
iables of second order as elements of P(A) (as subsets of A), etc.; variables of 
order n are interpreted as elements of P"~1(A). The predicate X(z) is in- 
terpreted as ze X. A II", formula is a formula of order n+ 1 of the form 


(32.5) VX 3Y--- 

m quantifiers 
where X, Y, ... are (n + 1)th order variables and yp is such that all quantified 
variables are of order at most n. Similarly, a Z?, formula is as in (32.5), but with 
3 and V interchanged. 

We shall often exhibit a sentence o and claim that it is II", (or 2?) although 
it is only equivalent to a Il}, (or &",) sentence, in the following sense: We are 
considering a specific type of models in which a is interpreted (e.g., the models 
<V,, €)) and there is a IT", (or £",) sentence é such that the equivalence o OG 
holds in all these models. 

Note that every first order formula is equivalent to some II? formula (and 
also to some LP formula). 

A cardinal x is I},-indescribable if whenever U ¢ V, and a is a II”, sentence 
such that (V,, €, U) F o, then for some a < x, (V,, €, U 7 V,) § a. Here U is 
considered a unary predicate. 


Lemma 32.2. Every measurable cardinal is 11?-indescribable. 


Proof. Let « be a measurable cardinal, let U < V, and let o be a I? sentence of 
the (third order) language {e, U}. Let us assume that (V,, €, U) Fo. 

We have o = VX p(X) where X is a third order variable and @(X) contains 
only second and first order quantifiers. Thus 


(32.6) WX SoM 44 (Visas g, X, Ves U)F @ 


where @ is the (first order) sentence obtained from q by replacing the first order 
quantifiers by the restricted quantifiers Vx € V, and dx € V,. 

Now let D be a normal measure on x and let M = Ult,(V). Since 
(Vi.1)“ = V4.1, we know that (32.6) holds also in M. Using the fact that V, is 
represented in the ultrapower by the function «++ V,, V4, bya V,,,,and U 
by at U «4 V,, we conclude that for almost all «, 


(32.7) WX S Vay Viepe XV UAV ro 

Then, translating (32.7) back into the third order language, we obtain 
CV,, 6g Un V,) Fo 

for almost all, and hence for some,a<x. @ 


Exercise 32.7. The least measurable cardinal is £?-describable. 
{Consider the sentence 4U (U is a x-complete nonprincipal ultrafilter over x).] 
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Lemma 32.3. If « is not inaccessible, then it is describable by a first order 
sentence, i.e., 112-describable for some m. 


Proof. Let « be a singular cardinal, and let fbe a function with dom(f) = 1 < k 
and ran(f) cofinal in x. Let U,; =f and U, = {A}, and let o be the first order 
sentence saying that U, is nonempty and that the unique element of U, is the 
domain of U,. Clearly, « is describable in the sense that (V,, €, U,, U.) ko 
and there is no a < x such that (V,, 6, U, 0 V,, U2 29 V,) Fo. It is routine to 
find a single U c V, and an (€, U)-sentence ¢ attesting to describability of x. 
If x < 2* for some A < x, there is a function f that maps P(A) onto x. We let 
U, =fand U, = {P(A)}; then x is described by the same sentence as above. 
Finally, «x = @ is describable as follows: (V,,€) Vx Jyxey. I 


The converse of Lemma 32.3 is also true: 


Exercise 32.8. Every inaccessible cardinal is I1°-indescribable, for all m. 

[Let U < V,. The model (V,, €, U) has a countable elementary submodel My. Let 
&% <x be such that My ¢ V,,. For each n, let M,,, be an elementary submodel of 
<V,, €, U) such that V., = Ma+1, and let M,4, S V,,,,. Leta = lim,.,, ,; then V, is an 
elementary submodel of (V,, €, U).] 


Theorem 77 (Hanf-Scott). A cardinal x is 11}-indescribable if and only if it is 
weakly compact. 


Corollary. Every weakly compact cardinal x is a Mahlo cardinal, and the set of 
Mahlo cardinals below k is stationary. 


Proof of corollary. Let C S x be a closed unbounded set. Since x is inaccessible, 
(V., & C) satisfies the following II! sentence 


4F(F is a function from some 4 < x cofinally into x) 
and C is unbounded in x. 


By I}-indescribability, there exists a regular « <x such that Cn« is un- 
bounded in «; hence a € C. Thus x is Mahlo. 
Being Mahlo is also expressible by a I} sentence: 


VX(if X is closed unbounded, then J regular « in X) 


and so the same argument as above shows that there is a stationary set of 
Mahlo cardinals below x. @ 


The proof that a weakly compact cardinal is Ilj-indescribable uses the 
following property of weakly compact cardinals. 


Lemma 32.4. If « is a weakly compact cardinal, then for every U © V,,, the model 
<V,, €, U) has a transitive elementary extension (M, €, U') such that x € M. 


[It will follow from the proof of Theorem 77 that the property in Lemma 32.4 is 
yet another characterization of weakly compact cardinals.] 
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Proof. Let = be the set ofall L,,, sentences true in the model (V,, €, U, X) xe Vy 
plus the sentences 


c is an ordinal 
c>a  (alla<x) 


Clearly |=| = «, and if S c Dis such that |S| <x, then S has a model (namely 
V,, where the constant c can be interpreted as some ordinal greater than all 
the «’s mentioned in S). 

Hence © has a model Y= (A, E, U", x"), -y,; we may assume that 
A2v,, Ea(V,xV,j)=¢, U*AV,=U and x*=x for all xeV,. 
Moreover, V, < (A, E, U™) because 1 satisfies all formulas true in V, of all 
x € V,. If we show that the model (A, E> is well-founded, then the lemma 
follows. Here we make use of the expressive power of the infinitary language 
L,,: We consider the sentence 


(32.8) V3v9 Jv, °°: J, /\\ (Un+1 © Vp) 
The sentence (32.8) holds in a model 2 = (A, E) if and only if 1 is well 


founded. Since = contains the sentence (32.8), every model of is well 
founded. 


Exercise 32.9. If k is weakly compact and if A © x is not constructible, then for some 
a <x, Aa is not constructible. 

[Let A & x be such that A 4 we L for all « < x. By Lemma 32.4 there is transitive 
(M,e, A’) > (V,, 6, A> such that x € M. Consider the sentence Va 3x(x is constructible 
and x = Ana).] 


Proof of Theorem 77. First we show that every IT}-indescribable cardinal is 
weakly compact. If « is II}-indescribable, then by Lemma 32.3, x is inacces- 
sible, and it suffices to show that x has the tree property. In fact, by the proof of 
Lemma 29.6 (or by the proof of Lemma 32.1), it suffices to show that every 
binary x-tree has a branch of length x. 


Let (T, <) be a binary x-tree, consisting of sequences t: y > {0, 1}, py <x. 
Clearly, for every « <x, the model (V,,¢, T 7 V,) satisfies the £! sentence 


(32.9) 4B(B < T and B is a branch of unbounded length) 


Namely, let B = {t|&: € < a} where t is any t € T with domain a. Since x is IT}- 
indescribable, the sentence (32.9) holds in (V,, €, T) and hence T has a branch 
of length x. 

To show that a weakly compact cardinal is I}-indescribable, we use 
Lemma 32.4. Let x be weakly compact, let U < V, and let o be a II} sentence 
true in (V,, €, U). We have o = VX p(X) where X is a second order variable 
and g has only first order quantifiers. 
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Let (M, €, U’) be a transitive elementary extension of (V,, €, U) such that 
k € M. Since 


(VX SV) (Ke, € UP F 9X) 

and V™ = V., we have 

(M, 6, U') F [(VX Sh) (Ke, €, UO) F @(X)] 
Therefore, 

<M, €, U') F [3x(VX & V,) (V,, €, U' 0 a) F @(X)] 
and so 

(Ke, & U) F [3X(VX SV.) (Ye, & U 0 a) F 9(X)] 
Hence for some « < xk, 

(V,,6 U)Fo @ 


II}-indescribability can be used to obtain various results on weakly com- 
pact cardinals. For instance: 


Exercise 32.10. If « is weakly compact and if S € x is stationary, then there is a regular 

uncountable 4 < x such that S - A is stationary in A. (Compare this with (24.17).) 
[“« is regular” is expressible by a TI! sentence in(V,, €) and so is “x is uncoun- 

table.” “S is stationary” is T1} in (V,, €, S): For every C if C is closed unbounded, then 


SAC#Q] 


We recall that a complete Boolean algebra B is countably generated if there 
is a countable set Ac B such that B is the least complete subalgebra 
containing A. 


Exercise 32.11. If « is weakly compact, then there is no countably generated complete 
Boolean algebra B such that |B] = x. 

[Assume B is such. Note that sat(B) = x. We may assume that B = (x, +,-, —); let 
A cx be a countable set of generators. Let U, be the set of all pairs (u, x) such that 
ueK,xck, |x| <x, and u=) x, let U, = {A}. Let o be the conjunction of these 
sentences: (a) B is a Boolean algebra and B 2 A (first order), (b) Vx Su (if x © x, then 
u =) x) (first order), and (c) VX[if X <x and X is a partition of B, then 3x(x = X)] 
(here x is a first order variable; the sentence (c) is 11). Since (V,, €, Uy, U2) satisfies o, 
there is « <x such that (V,, €, U; 0 Vz, U2 0 Vz) Fo. Then (a, +,°, —) is a com- 
plete subalgebra of B containing A.] 


A similar argument can be used to prove that if k is a weakly compact cardinal, 
then there is no simple complete Boolean algebra of size x. 

Unlike measurable (or Ramsey) cardinals, weakly compact cardinals do not 
contradict the axiom of constructibility (assuming that their existence is con- 
sistent with ZFC). In fact, we shall show that every weakly compact cardinal is 
weakly compact in L. 
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Lemma 32.5. Let « be a regular cardinal and assume that L ¥ x is inaccessible. If 
kK has the tree property, then for every « < «*, there exists an elementary embed- 
ding j: L, — Lg (for some B) such that j(x) > « and x is the least ordinal moved 
by j. 

[It can be proved that the assumption that x is inaccessible in L is redundant 
and follows from the other assumptions. ] 


Proof. Let « < x*. We may assume that (L,, €) is a model of ZF~ (by taking a 
larger a’ that has this property). Let (X,:&<x«) be an enumeration of 
P(k) 0 L,. 
For each t: y > {0, 1}, y <x, let 
X= ()\ ¥ 


o<y 
where Y, = X;, if t(€) = 1, and Y, = x — X, if t(€) = 0. Let 
(32.10) T = {te L: t € "{0, 1} for some y < x and |X,| =x} 


(T, S) is a binary tree, and since for every y < x, |2’|' <x, the tree T has 
height « and every level of T has size < x. 

By the tree property, T has a branch B of length x; let F: x — {0, 1} be the 
function F =|) {t:t¢€ B}. Let U be the filter on P(x) A L, generated by 
{X,: F(€) = 1} u {k — X,: F(E)=0}. Clearly, U is a nonprincipal 
L,-ultrafilter, is L,-x-complete, and moreover, the intersection of less than k 
elements of U is nonempty. 

Now we consider the ultrapower Ulty(L,); that is, we use functions 
f: « + L, such that f € L,. The ultrapower is well-founded and thus isomorphic 
to some Ls. The natural embedding jy: L,— Ulty(L,) has the required 
properties. 


Lemma 32.6. Let « be an inaccessible cardinal in L and assume that for every 
a < (x*)", there exists an elementary embedding j: L,—> Ls (for some B) such that 
K is the least ordinal moved by j. Then x is weakly compact in L. 


Corollary 1. If « is weakly compact, then x is weakly compact in L. 
Proof. This is an immediate consequence of Lemma 32.5 and 32.6. 
Corollary 1 can be proved directly, using Lemma 32.4: 


Exercise 32.12. If x is weakly compact, then x has the tree property in L (and hence 
LF «x is weakly compact). 

[In L, let T = (k, <7) bea tree of height x such that each level of T has size less than 
k. T has a branch B (in the universe). By Exercise 32.9, B is constructible.] 


Corollary 2. If there is no Aronszajn w -tree, then & is weakly compact in L. 


Proof. We have shown in Section 29 that if &, has the tree property then &, is 
inaccessible in L. Now, the statement follows from Lemmas 32.5 and 32.6. @ 
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Corollary 3. Every Silver indiscernible is a weakly compact cardinal in L. 


Proof. It suffices to show that i,,, the wth Silver indiscernible, is weakly com- 
pact in L. Let j be an order-preserving map from the class of Silver indiscern- 
ibles into itself such that j(i,) =i, for all n<, and j(i,)>i,, and let us 
extend j to an elementary embedding of L into L. By remarkability, i,, is the 
least ordinal moved. By Lemma 32.6, i,, is weakly compact inL. Wl 


Proof of Lemma 32.6. We shall prove that in Levery binary tree of height x has 
a branch of length x. In L let us consider a tree (T, ©) of height k whose 
elements on level y < x are functions t: y — {0, 1}. If t € T, then t|y € T for 
each y € dom(t). Since x is inaccessible in L, we have t € L, for allt € T and so 
T cL,; let « < («*)* be such that T € L,, that L, is a model of ZF~ and that 
L, § (T, &) is a tree of height x. 

Let j be an elementary embedding of L, into some L, such that x is the least 
ordinal moved. Then j(x) = x for all x € L,, and Ly F j(T) is a tree of height 
greater than x. Thus let fe j(T) be such that dom(f) = « (an element of the 
kth level of j(T)). We shall show that f|y¢T for all y <x, and hence 
B= {f |y: y <x} is a branch in T of length x (and clearly B is constructible). 

If y <x, let t =f |y; clearly ¢ € j(T). Now because t € L,, we have j(t) = t; 
hence j(t) € j(T) and it follows thatte T. 


We remark that if « is weakly compact, then although x is weakly compact 
in L, it is not necessarily true that x is weakly compact in any transitive model 
M of ZFC containing all ordinals (a counterexample is known). 

One way to prove that a measurable cardinal x is weakly compact is to use 
a normal measure D on x to prove x > (k)*; to show that every partition 
f: [k]? > {0, 1} has a homogeneous set H of D-measure one. The homogeneous 
set H has not only size x, but because H € D, H is stationary. 

Let us call an uncountable cardinal x ineffable if every partition f: [x]? > 
{0, 1} has a stationary homogeneous set H. Every measurable cardinal is inef- 
fable, and every ineffable cardinal is weakly compact. 

The following characterization of ineffable cardinals is useful: 


Lemma 32.7. A cardinal x is ineffable if and only if it has the following property: 
If (A,:a%<k) is such that A, S « for all a <x, then there is A & x such that 
{a €x:A,=A/- a} is stationary in k. 


Proof. (a) Let « be ineffable, and let A,, « <x, be such that A, a for all a. 
Let < be the lexicographic ordering of subsets of k, i.e., X < Y whenever the 
least element of the symmetric difference X AY lies in Y. Let f: [x]? > {0, 1} be 
as follows: 


1 if A,<A, 


fB=\) ip goa, @ <8) 
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By ineffability, f has a stationary homogeneous set H. Let us consider the case 
when A, XS Ag for all « < £ in H; the other case is handled similarly. 

We show, by induction on & < x, that for every & there is n(€) such that 
€€A, for all « > n(€) in H or € ¢ A, for all a > n(€) in H. If this is true for all 
v <€, then for all a > sup{n(v): v < €}in H, A, 7 € is the same; then (because 
A, S Ag for all « < B in H) once € is in A, for one such «, then ¢ is in A, for all 
greater « € H. Hence we find n() that has the claimed property. 

Now let C be the closed unbounded set 


{a: (VE <a) (6) < a} 


and let S be the stationary set H 7 C. Ifa < Bare in S, then A, = Ag 7 a, and 
we let A =|) {A,: a € S}. 

(b) Assume that the condition holds and let f: [k]? > {0, 1} be a partition of 
[x]?. Let us define sets A, © «, a < x, as follows: 


A, = {E <a: f(é,a)=1} 


Let A & x be such that the set S = {a: A, = A - a} is stationary. Either S 4 A 
or S — A isa Stationary set; let us consider the case when S 1-1 A is stationary, 
and let H = S 7 A. The other case is handled similarly. 

If « < B are in H, then because B € S and a € A, we have « € A, and there- 
fore f(a, B) = 1. Thus H is homogeneous for f. 


Corollary 1. If « is ineffable, then x is ineffable in L. 


Proof. Let (A, :« <«) be a constructible sequence such that A, € a for all «. 
Since x is ineffable, there is A < x such that S = {a: A, = A /- a} is stationary. 
For each « < x, A - «@ is constructible, and so, by Exercise 32.9, A is construc- 
tible. Hence S is also constructible; and because S is stationary, clearly L F S is 
stationary. Thus x is ineffable in L. 


Corollary 2. Every Silver indiscernible is ineffable in L. 


Proof. It suffices to prove it for one Silver indiscernible. Let k be an uncount- 
able cardinal (or x = i,,) and let j: L— Lbe an elementary embedding such that 
k is the least ordinal moved. Let (A, : a <x) € Lbe such that A, € @ for alla. 
For each a < x, we have j(A,) = A,, and so j((A,:a4<K)) = (A,: a <j(k)) 
for some A,, K <a < j(k), such that A, & @ for all « < j(k). Let A = A,; we 
shall prove that S = {« <x: A, =A a} is stationary in L. 

Let C € L be a closed unbounded subset of x. Since C = j(C) - x and j(C) 
is Closed unbounded in j(x), we have x € j(C). We also have A = j(A) 7 x and 
hence x € j(S) = {a < j(k): A, = j(A) 1 a}. Thus j(C) 7 j(S) # @ and hence 
C © S is nonempty. Therefore S is stationary in L. 


As for the relative strength of ineffable and Ramsey cardinals: Ramsey 
cardinals imply that 0* exists, while ineffable cardinals are consistent with 
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V = L. One can show that if Ramsey cardinals exist, then the least ineffable 
cardinal is smaller than the least Ramsey cardinal. However, it is not true that 
every Ramsey cardinal is ineffable: Using Lemma 32.7, one can show that 
ineffable cardinals are I1}-indescribable; but the least Ramsey cardinal is I}- 
describable. 


Partition Cardinals 
If X is a set of ordinals and n < @, [X]" denotes the set of all increasing 
n-sequences in X; [X]<® is the set ”, [X]". 
In (29.7) we have introduced the partition property 
> (a)n° 


where x is an infinite cardinal number, m is a cardinal number > 2, and « is a 
limit ordinal: Every function f: [k]<° +m has a homogeneous set H © x of 
order type «; that is, for every n < a, f is constant on [H]". 

Let « be a limit ordinal number and let us define 


(32.11) Nq = the least x such that x > («)<° 
Note that « is Ramsey just in case n, = a. 
Theorem 78. 


(a) Each n, is an inaccessible cardinal, and every model MX > n, whose language 
has less than n, symbols has a set of indiscernibles of order type a. 

(b) If « < B, then n, < ng. 

(c) If n,, exists, then there exists a weakly compact cardinal k < n,,. 

(d) If n.,, exists, then 0* exists. 

(e) Ifk > (a)*°, then LE k > (w)<”. 


Our first step toward the proof of Theorem 78 is the following easy lemma: 
Lemma 32.8. If k — («)<°, then kK — (a) 3x6. 

Note that by Lemma 29.8, every model 2 > x of a countable language has « 
indiscernibles. 


Proof. Let f be a partition, f: [k]<° > °{0, 1}. For each n <a, let f, =f |[x]", 
and for each k < a, let f,,: [k]" > {0, 1} be as follows: 


Sar(Or, ---5 %) = h(k), where h=f,(a,,..., a,) 


Let 2 be a one-to-one correspondence between w and w x w such that if 
n(m) = (n, k), then m>n; for each m, let g,,: [k]”— {0, 1} be the partition 
defined by 

G(X 15 ++ +5 Cm) = Sink (Oas +25 Xn) 
where (n, k) = x(m). 
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By the assumption, there exists H < x of order type « which is homoge- 
neous for all g,,. We claim that H is homogeneous for f. If not, then 
Sn(a, ---> ) #f,(B1, ---, B,) for some a’s and f’s in H. Then for some k, 
Snt(%15 ++» Gn) # Sax (Bi, ---» B,), contrary to the assumption that H is homoge- 
neous for g,,, where z(m) = (n,k). @ 


The following lemma is analogous to (but more difficult to prove than) 
Lemma 29.9 (which is the special case for n, = «): 


Lemma 32.9. For every kK < n,, Ny (a)c°. 


An immediate consequence of this lemma is that yn, is a strong limit 
cardinal: If x < n,, then 2" + («)? by Lemma 29.2, and so 2" < n,. 


Proof. Let k < n,, and let f: [n,]<° > x. We wish to find a homogeneous set for 
f, of order type a. Since k <yn,, there exists g:[«]<° > {0, 1} that has no 
homogeneous set of order-type «. For each n, let f, =f |[n,]" and g, = g|[k]", 
and let 1 be the model 


W = (Vas a i Gia re 


By Lemma 32.8, and by Lemma 29.8, the model 2 has a set of indiscernibles 
H of order-type a. We shall show that H is homogeneous for f It suffices to 
show that for each n, the formula 


(32.12) Siler, Shey an) = filB1, pied B,) 


holds in for any increasing sequence a, <--- <a, < B, <::: < B, of indis- 
cernibles: Then if a, <--:<«a, and a; <--: <i, are arbitrary in H, we choose 
B, <-:-<B, in H such that a,<B, and a,<,, and f,(a,,...,4,) = 
Sr(a, --.5 &,) follows from (32.12). 

Thus let us assume that the negation of (32.12) holds for any a, <:-:< 
a, < By <-*: < f, in H. Let uz, € < a, be increasing n-sequences in H such that 
the last element of u, is less than the first element of u, whenever ¢ < y. Let 


Ye =f (uz) 


for all € <a, and let G = {y,: € < a}. By indiscernibility, and since yo > y, > 
"+> yg > ++ is impossible, we have yo < yy <**°<pe<c'’. 

We shall reach a contradiction by showing that G is homogeneous for g. 
For each k, consider the formula 


(32.13) IS (ue, «fF (Ua) = 9S (uy, -f(Ur,)) 


By indiscernibility, either (32.13) or its negation holds for all increasing se- 
quences €, <--°-<&,<v, <-:'<v,. The inequality cannot hold because g 
takes only two values, 0 and 1, and three sequences (€,,..., €,) would give 
three different values. Thus (32.13) holds, and the same argument as earlier in 
this proof shows that g is constant on [G]*. 
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Proof of Theorem 78a. We know already that n, is a strong limit cardinal. It 
suffices to prove that 7, is regular since the second part of the assertion follows 
from Lemma 29.8. 

Let us assume that 7, is singular and that « = cf(n,); let 4, = lim,., A,. For 
each v < k, let f”: [A,]“° > {0, 1} be such that f” has no homogeneous set of 
order type a. For each n, let fy = f”|[A,]"; let & be the model 


W= Vaes g, Pe a) era eas 


Since y, is a strong limit and k < n,, the model Y has a set of indiscernibles H 
of order type «. 

Let v be such that A, is greater than the least element of H. Then by 
indiscernibility, all elements of H are smaller than A,. Since the function f” 
takes only two values, it follows that for each n, it is the equality 


fin(a, ake On) =fi(B1, SEN, Bn) 


that holds for all increasing sequences a; <-:- <a, < B, <-:: < B, in H, and 
not its negation. Hence H is homogeneous for f’, contrary to the assumption 
onf”’. @ 


Proof of Theorem 78b. Let a < B be limit ordinals, and let us assume that 
Na = Ng- For each € < n,, there exists a function f,: [¢]“° — {0, 1} that has no 
homogeneous subset of € of order-type a. Let us define g: [n,]<° — {0, 1} by 


gE, tees en) = f(E1, ae) en-1) 


Now if H is homogeneous for g, then for each € € H, H ~ € is homogeneous 
for f.. Hence the order-type of each H 1-1 € is less than «, and therefore the 
order-type of H is at most «, which is less than B. A contradiction. @ 


Before giving the proof of (c), let me formulate a lemma that is an abstract 
version of something we proved earlier: 


Lemma 32.10. Let M and N be transitive models of ZFC and let j: M > N be a 
nontrivial elementary embedding; let x be the least ordinal moved. If PM(k) = 
P(x), then x is an ineffable cardinal in M. 


Proof. [Note that P@(«) < P%(k) holds always, because if X € x is in M, then 
X =j(X) 9 « and hence X € N.] 

The proof is virtually given in Corollary 2 of Lemma 32.7. Let 
(A,:a<k)€M be such that A,¢« for all a. We have j(A,) = A, for all 
a <x, and hence j((A,: a <K)) = (A,: 4 <j(x)) (for some A,, k <a < j(k)). 
The set A, is in M and witnesses ineffability of x in M. @ 


Proof of Theorem 78c. Let h,,  € Form, be Skolem functions for the language 
{e} of set theory, and let us consider the model 


a= CV, 


| 
Nw? €, he) oe Form 
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where for each 9, h® is a Skolem function for g in V,,,, €). The model 2 has a 
set of indiscernibles J of order type w. Let B be the closure of J under the 
Skolem functions h?. 

Let us consider some nontrivial order-preserving mapping of H into H. 
Using the Skolem functions, we extend this mapping (in the unique way) to a 
nontrivial elementary embedding of B into B. Let M be the transitive set 
isomorphic to B and let j: M > M be the corresponding nontrivial elementary 
embedding. 

Since n,, is inaccessible, V, is a model of ZFC and thus M is a transitive 
model of ZFC. Using Lemma 32.10, we conclude that M F there exists an 
ineffable cardinal; and therefore V,, F there exists an ineffable cardinal. Hence 
there is a weakly compact (even ineffable) cardinal below n,. 


Exercise 32.13. If M is a transitive model of ZFC and if j: M—M is a nontrivial 
elementary embedding, then the least ordinal x moved by j is II%,-indescribable in M, for 
all n and m. 

[If Uc VM, then U = j(U) 7 V™. If o is a TI’, sentence and M ¢ [{V,,€, U) Fo], 
then MF [(3¢ <j(k)\Va, & (U) 0%) Fo] 


Thus the proof of (c) shows also that if 7, exists, then there is k < n,, such 


that x is IIf,-indescribable for all n and m. Another consequence of Exercise 
32.13 is that every Silver indiscernible is II*,-indescribable in L. 


Exercise 32.14. The cardinal n,, is not weakly compact. 
[n.. is T1}-describable.] 


Proof of Theorem 89d. If x + (w,)*<°, then the model (L,, €) has an uncount- 
able set of indiscernibles and 0* exists by Theorem 73. 


Finally, (e) follows from this lemma: 


Lemma 32.11. Let f be a constructible partition, f: [k]<° — {0, 1}. If there is an 
infinite homogeneous set for f, then there is a constructible one. 


Corollary 1. Theorem 78e. 


Corollary 2. If 0* exists, then L § there is such that Kk > (w)<°. (And (n..)", 
being a definable set in L, is countable and in fact smaller than the least Silver 
indiscernible.) 


Proof. Let x be any uncountable cardinal. Iff: [x]<° — {0, 1} is in L, then there 
is a Skolem term ¢ and Silver indiscernibles a, <---<a,<K <P, <:::<B,, 
such that f = t(a,, ..., &,, By, ---, Bm). I leave it to the reader to verify that the 
set H of all Silver indiscernibles between «, and x is homogeneous for f. Hence 
LEx>(o)*”. @ 


Proof of Lemma 32.11. Let T be the set of all finite increasing sequences 
t = (oo, ...,@,-1)» in « such that for every k<n, f is constant on 
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[{%o, .--s %-1}]*, and let us consider the tree (T, =); clearly, T is constructible. 
We note that an infinite homogeneous set for f exists just in case (T, 2) is not 
well-founded. However, being well-founded is an absolute property for models 
of ZFC; and so if the tree is not well-founded, then it is not well-founded in L, 
and the lemma follows. @ 


We conclude the discussion on partition cardinals with the following 
observation: 


Exercise 32.15. If x is a Ramsey cardinal, then x is the kth weakly compact cardinal. 

[Given a <x, find a weakly compact cardinal 4 such that « < A < x, as follows. 
Consider a Skolem expansion I of the model (V,, €, €):<_ and proceed as in the proof 
of Theorem 78c to show that V, F J ineffable cardinal A > «.] 


A Few Remarks on Jonsson Cardinals 


Jonsson cardinals were defined in Section 29; a cardinal x is Jonsson if 
every model (of countable language) of size x has a proper elementary sub- 
model of size x. Here is what is known about Jonsson cardinals: 

No &,, 1 < @, can be a Jonsson cardinal (for %o, see Exercise 29.12). If 
GCH holds, then no successor cardinal is Jonsson. The least Jonsson cardinal 
is either weakly inaccessible or has cofinality w. 

Every Ramsey cardinal is a Jonsson cardinal (by Lemma 29.10). Con- 
versely, the method of Section 31 has been used to show that in L[U], every 
Jonsson cardinal is Ramsey. In Chapter 6, we shall present a model that has a 
Jonsson cardinal of cofinality w. 

It is not known whether &,, can be a Jonsson cardinal; however, if it is, then 
X,, is measurable in some transitive model M. 

We shall prove only one, rather easy fact about Jonsson cardinals, namely 
that they imply that 0% exists: 


Lemma 32.12. Let j: L, + Lg be an elementary embedding and let y be the least 
ordinal moved by j. If y < |a|, then 0* exists. 


Corollary 1. If there is a Jonsson cardinal, then 0* exists. 


Proof. Let x be a Jonsson cardinal and let us consider the model (L,, €). Let A 
be an elementary submodel, of size x, such that A # L,. Let 2 be the transitive 
collapse of A; clearly, n[A] = L,. Thus j= x~' is a nontrivial elementary 
embedding of L,, in L,,. Since x is a cardinal, Lemma 32.12 applies and hence 0* 
exists. Hi 


Let us recall that Chang’s conjecture is the statement that every model of 
type (X,, &%,) has an elementary submodel of type (&,, Xo). 


Corollary 2. Chang’s conjecture implies that 0* exists. 


Proof. Consider the model (L,,,, @,, €), and let & = (A, w, 7 A, €) be its 
elementary submodel such that |A| = &, and |w, 7 A| = No. Let x be the 


32. LARGE CARDINALS BELOW A MEASURABLE CARDINAL 397 


transitive collapse of A; clearly, x[A] = L, for some a such that w; <a <q). 
Also, x[@, 7 A] is a countable ordinal, and hence m(w,) < w,. Then j = 2 * is 
an elementary embedding of L, in L.,,, and the least ordinal moved is count- 
able. By Lemma 32.12, 0* exists. & 


Proof of Lemma 32.12. We define an L-ultrafilter D over y as follows 
(32.14) XeD iff yej(X) (Xcy, XeEL) 


Note that j(X) is defined for all constructible X < y because every such X is 
in L,. 

Let us consider the ultrapower Ult)(L). If the ultrapower is well-founded, 
then we are done because then the natural embedding jp: L— Ultp(L) is a 
nontrivial elementary embedding of L in Land the lemma follows by Theorem 
73. Thus we shall prove that Ultp(L) is well-founded. 

Let us assume that fo, fi,.-.,f,,--- iS a counterexample to well- 
foundedness of the ultrapower. Each f, is a constructible function on y and 
{E < y:frai(€) €f,(€)} € D for all n <a. Let 6 be a limit ordinal such that 
f, € Ly for all n and let S be an elementary submodel of (Ly, €) such that 
|S| = |y|, y SS, and f, € S for all n. Let 7 be the transitive collapse of S, 
n[S] = L,, and let g, = x(f,), for all n. 

Since 2(é) = for all & < y, we see that for each € < y and all n, g,,,(&) € 
gn(é) just in case f,, 1(€) €f,(€), and hence go, gi, ..-, Jn» --- iS also a counter- 
example to well-foundedness of the ultrapower. However, since each g, is in L 
and |6| = |y| < |a|, we have g, € L, for all n. Thus j(g,) is defined for all n, 
and we have, by (32.14), 


{0 <y:Gn+i(€)€gn(E)}ED — iff ~— G(Gn+ 1) € GG) (7) 


Now we reached a contradiction because (jgo)(y) 2 (jg1)(y) 3 -** would be a 
descending sequence. @ 


CHAPTER 6 
OTHER LARGE CARDINALS 


33. COMPACT CARDINALS 


In Section 32 we studied weakly compact cardinals, which are inaccessible 
cardinals satisfying the weak compactness theorem for the infinitary language 
L .,o- If we remove the restriction on the size of sets of sentences in the model 
theoretic characterization of weakly compact cardinals, we obtain a con- 
siderably stronger notion of large cardinals. This notion, (strong) compactness, 
turns out to be much stronger than measurability. 

Compact cardinals can be characterized in several different ways. Let me 
use, as a definition, the property that is a natural generalization of the ultrafilter 
theorem: 

An uncountable regular cardinal x is compact (or, strongly compact) if for 
any set S, every x-complete filter over S can be extended to a x-complete 
ultrafilter over S. Obviously, every compact cardinal x is measurable, for any 
ultrafilter over « that extends the filter {X : |x — X | <x} is nonprincipal. 

Let us say that the language ¥, ., (or Y,.,) satisfies the compactness 
theorem if whenever & is a set of sentences of %,, .(L,,,) such that every Sc T 
with S < x has a model, then & has a model. 

Let A be a set of size at least x. By P,(A), we denote the set 


(33.1) P(A) ={P <A: |P| <x} 
For each P € P,(A), let 
(33.2) P={QeP,(A):P <Q} 


and let us consider the filter over P,(A) generated by the sets P for all 
P € P,(A); that is, the filter 


(33.3) {X ¢ P,(A): X 2 P for some P € P,(A)} 


If « is a regular cardinal, then the filter (33.3) is x-complete. We call U a fine 
measure on P,(A) if U is a x-complete ultrafilter over P,(A) that extends the 
filter (33.3); ie., if Pe U for all P € P,(A). 
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Lemma 33.1. The following are equivalent, for any regular cardinal x: 


(i) For any set S, every x-complete filter over S can be extended to a x- 
complete ultrafilter over S. 
(ii) For any A such that |A| > x, there exists a fine measure on P,(A). 
(iii) The language £,, ., satisfies the compactness theorem. 


Proof. (i) — (ii) is clear. 

(ii) > (iii): Let Z be a set of sentences of Y, ,, and assume that every S c x 
of size less than x has a model, say YU; . Let U be a fine measure on P,(Z), and 
let us consider the ultraproduct % = Ulty(Us:S € P,(Z)>. It is routine to 
verify that the fundamental theorem on ultraproducts holds for the language 
Lx, provided the ultrafilter is k-complete; in order to prove the induction 
step for the infinitary connective /\;<, Y¢, one uses the x-completeness of U. 
Thus we have, for any sentence o of Y,. .., 


(33.4) Weoi iff {S:%U,FofseU 


Now if o eX, then {o}"e U and since Ws F o whenever S 3, (33.4) implies 
that o holds in 2. Hence Q is a model of £. 

(iii) > (i): Let S be a set and let F be a x-complete filter over S. Let us 
consider the /,,, ,-language which has a unary predicate symbol X for each 
X ¢S, and a constant symbol c. Let 2 be the set of ¥,. , sentences consisting 
of: 


(a) all sentences true in <S, X) xcs, 
(b) X(c) for all X € F. 


Every set of less than x sentences in © has a model: Take S as the universe, 
interpret each X as X and let c be some element of S that lies in every X whose 
name is mentioned in the given set of sentences; since F is x-complete, such c 
exists. 

Hence & has a model Y = <A, X*, c> xcs. Let us define U < P(S) as 
follows: 


(33.5) XeU iff WE X(c) 


It is easy to verify that U is a x-complete ultrafilter and that U 2 F: For 
instance, U is x-complete because if « < «x and X = (\,., X;, then YI satisfies 
the sentence /\,., X(c) > X(c). 


The proof of (ii) > (iii) gives a stronger result: 


Exercise 33.1. If « is compact, then £,,, satisfies the compactness theorem. 
[Prove the fundamental theorem on ultraproducts modulo a x-complete ultrafilter 
for #y,x-] 


Every compact cardinal is measurable, but not every measurable cardinal is 
necessarily compact (although it is consistent that there is exactly one measur- 
able cardinal which is also compact). We shall show that existence of compact 
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cardinals is a much stronger assumption than existence of measurable car- 
dinals. We start with the following theorem: 


Theorem 79 (Vopénka—Hrbaéek). If there exists a compact cardinal, then there 
is no set A such that V = L[A]. 


Proof. Let us assume that V = L[A] for some set A. Since there is a set of 
ordinals A’ such that L[A] = L[A’], we may as well assume that A is a set of 
ordinals. Let x be a compact cardinal, and let A > x be a cardinal such that 
AA. Since x is compact, there exists a k-complete ultrafilter U over A* such 
that |X| =* for every X € U (let U extend the filter {X: |A* — X| < 4}). 

Since U is x-complete, the ultrapower Ult,(V) is well-founded, and thus can 
be identified with a transitive model M. As usual, if fis a function on A*, then 
[f] denotes the element of M represented by f. Let j = jy be the natural elemen- 
tary embedding of V into M given by U. 

Let us now consider another version of ultrapower. Let us consider only 
those functions on A* that assume at most A values. For these functions, we still 
define f=*g (mod U) and fe* g (mod U) in the usual way, and therefore 
obtain a model of the language of set theory, which we denote Ulty(V). The 
fundamental theorem holds for this version of ultrapower too: If f, ... are 
functions on A* with |ran f | <A, then 


(33.6) Ult Fo(f...) iff {«: p(f(a),...)$} EU 


(Check the induction step for 3.) Hence Ult™ is a model of ZFC, elementarily 
equivalent to V. Also, since U is k-complete, U/t™ is well-founded and thus is 
isomorphic to a transitive model N. Every element of N is represented by a 
function f on A* such that |ran f | < A. We denote by [f]” the element of N 
represented by f. We also define an elementary embedding i: V>N by 
i(x) = [c,]” where c, is the constant function on A* with value x. 

For every function f on A* with |ran f | < A, we let 


(33.7) K(f) =(4) 


It is easy to see that the definition (33.7) of k([f]~) does not depend on the 
choice of f representing [f]~ in N, and that k is an elementary embedding of N 
in M. In fact, we have the commutative diagram in Fig. 33.1. 

If y<A*, then every function from A* into y has at most / values, and 
hence [f]” =[f] for all f: 4* + y. If f:4* +4* has at most / values, then 
f. 4* +y for some y < A*; it follows that i(A*) = lim,..,. i(y), and we have 
k(é) = € for all € < i(A*). 

Similarly, i(A) = j(A), and we have M = L[j(A)] = L[i(A)] = N. 

Now we reach a contradiction by observing that j(A*) > i(A*): Since the 
diagonal function d(x) = a represents in M an ordinal greater than each j(y), 
y < A*, we have j(A*) > lim,..,+ j(y). While N thinks that i(A*) is the successor 
of i(A), M thinks that j(A*) is the successor of j(A) (and j(A) = i(A)). Thus 
M # N,acontradiction.. @ 
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FIGURE 33.1 


The proof of Theorem 79 provides this additional information: 


Exercise 33.2. If x is compact, A > x,and A < A, then A* is an ineffable cardinal in L[ A]. 

[Let U be as above, let M = Ulty(L[A]), N = Ultg(L[A]), let j: L[A]— M, 
i: L[A] > N, and let k: N > M be as above. Again, M = N, and i(A*) is the least ordinal 
moved. By Lemma 32.10, N thinks that i(A*) is ineffable; hence A* is ineffable in L[A].] 


We shall now state a theorem which shows that, consistencywise, strong 
compactness is much stronger than measurability. 


Theorem 80 (Kunen). If there exists a compact cardinal, then for every ordinal 
number @ there exists a transitive model M of ZFC with at least 0 measurable 
cardinals (i.e., the set of measurable cardinals in M has order type at least 0). 


I shall not give a detailed proof of this theorem. I shall give the proof only 
for the case 6 = 2, which is fairly representative of the method, and then make 
some remarks on the general version of the theorem. 

The key lemma, on which the proof of the theorem is based, is the 
following: 


Lemma 33.2. Let « be a compact cardinal. For every 6 < (2")*, there exists a 
x-complete ultrafilter U over « such that jy(k) > 6. 
[We know that jy(«) < (2")*.] 


The proof of Lemma 33.2 uses the following combinatorial result: 


Lemma 33.33 Let « be an inaccessible cardinal. There exists a family G of 
functions g: « - « such that |Y| = 2", and whenever # < G is a subfamily of size 
<x, and {B,: g € #} is any collection of ordinals <x, then there exists « such 
that g(a) = B, for all ge #. 


Proof. Let of be a family of almost disjoint subsets of x (i.e, |A| = x for each 
Ae & and |A n B| <x for any distinct A, B € o), such that || = 2". For 
each A € .o&%, let f, be a mapping of A onto x such that for each B < x, the set 
{ae A: f,(a) = B} has size x. Let s,, « < x, enumerate all subsets s < x of size 
<K. 

For each A € &, let g,: k > x be defined as follows: 


if s, 1 A={x}, then gy(a) =f,(x) 
ga(x)=0 otherwise 
Let J = {g,: AE DS}. 
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If A # Be &, then it is easy to find s, such that g,(«) #0 and g,(«) = 0; 
hence |Y| = 2". If # < of has size < x and if {B,: A € #} are given, then for 
each A € # we choose x, € A such that x, ¢ B for any other Be and that 
falx4) = Ba. Then if a is such that s, = {x,: Ae #}, we have g,(a) = B, for 
everyAc x. 


Proof of Lemma 33.2. Let 6 < (2*)*. Let be a family of functions g: x > x of 
size |6| with the property stated in Lemma 33.3; let us enumerate 
G = {g,:4<d}. 

For any a<fB <6, let X, = {: g,(¢) < gg(€)}. Using the property of 
stated in Lemma 33.3, we can see that any collection of less than x of the X ap 
has a nonempty intersection and hence F = {X : X 2 X qs for some a < B < 5} 
is a K-complete filter over x. Since kx is compact, there exists a x-complete 
ultrafilter U extending F. It is clear that if « < BP < 6, then g, < gg, mod U, and 
hence jy(k)>6. Wf 


Before I start the proof of the theorem, let us go back to iterated ultra- 
powers. Let D be a normal measure on k, and let ip, denote, for each «, the 
elementary embedding ig,: V > Ult™; let x = io,(k) and D® = i,(D). 

First recall (31.18): If A is a limit ordinal, then X € Ult”) belongs to D™ just 
in case X > {k: a < y < A} for some a < A. Let 


(33.8) K ={v:v isa strong limit cardinal, v > 2", and cf v > x} 


By Lemma 31.12, if ve K, then x = v, and ig,(v) = v for all « < v. Thus if 
Yo <1 <°'' <_< °*' are elements of the class K, and if A = lim,.,,, y,, then 
«= 4, and X € Ult™ belongs to D™ just in case X > {y,: No <n} for some 
No. 

If A is a set of ordinals of order type w, A = {y,}-, we define a filter F(A) 
over 4 = sup A as follows 


(33.9) X € F(A) iff = AngVn > no(y, € X) 


The above discussion leads us to this: If A < K has order type w, and if 
A= sup A, then for every X € Ult 


(33.10) XeD” iff Xe F(A) 
In other words, 
(33.11) D® = F(A) 0 Ult 


Hence F(A) 0 Ult™ € Ult™; and so by Lemma 15.4, L[F(A)] = L[D“]. Thus 
F(A) 0 L[F(A)] = D® 7 L[D™], and we have 


(33.12) L[F(A)] § F(A) 0 L[F(A)] is a normal measure on 2. 


The only assumption needed to derive (33.12) is that « is measurable and A 
is a subset of the class K. We shall now use Lemma 33.2 and a similar construc- 
tion to obtain a model with two measurable cardinals. 
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Suppose that A = {y,}*_9 is as above, and that A’ = {y,}" 9 is another 
subset of K of order type w, such that yo > A = sup 4A; let A’ = sup A’. Let 
F = F(A) and F’ = F(A’). Our intention is to choose A and A’ such that the 
model L[F, F’] has two measurable cardinals, namely A and 2’, and that 
F © L[F, F’] and F’ o L[F, F’] are normal measures on A and 1’, respectively. 

The argument leading to (33.12) can again be used to show that 
F © L[F, F’] is a normal measure on 4 in L[F, F’]. This is because we have 
again 


D® = F 9 Ult 
moreover, ig,(;,) = y;, for each n, and hence ig,(A’) = A’ and we have 
(33.13) ip, (F’) = F’ a Ul 
Therefore 


L[F, F’] = L[D™, F'] = L[D™, io,(F’)] 


and 

(33.14) F 0 L[F, F)] = D® 0 LID, ip,(F’)] 

which gives 

(33.15) L[F, F’] § F 0 L[F, F’] is a normal measure on A. 


In order to find A, A’ so that F’ also gives a normal measure in L[F, F’], let us 
make the following observation: Let us think for a moment that A < x and 
A’ c K. Then ig,(A) = A and D®) = F’ q Ult*, and the same argument as 
above shows that 


(33.16) L[F, F’] § F’ 0 L[F, F’] is a normal measure on 1’. 


We shall use this observation below. 
Let us define the following classes of cardinals (compare with (30.34)): 


(33.17) Kj =K 
Ky+1 ={ve K,: |K, 0 v| =v} 
K,=()K, (ya limit) 
a<y 
Each K, is nonempty; in fact each K, is unbounded and 6-closed for all 6 


of cofinality >k. 
Now we let 


(33.18) y, = the least element of K,, 
A= ateate A = lim Yn 


noo 


and let A’ = {y',\ 5 be a subset of K.,, 1. 
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Let us consider the model L[A, A’], and let for each n < w 
(33.19) M, = the Skolem hull of K, in L[A, A’] 
= the class of all x € L[A, A’] such that 
L[A, A’] F x = tly, ...5 Ves Yoo -++5 Yes YOo---> Yes Ay A’ 
where t is a Skolem term and v,,..., v, € K,- 


(Let us not worry about the problem whether (33.19) is expressible in the 
language of set theory; it can be shown that it is, similarly as in the case of 
ordinal definable sets. Alternatively, we can consider the model L,[A, A’] 
where 6 is some large enough cardinal in K,,, ;.) 

Each M, is an elementary submodel of L[A, A’]; let 7, be the transitive 
collapse of M,; then x,[M,] = L[z,(A), 2,(A’)] and j, =, ' is an elementary 
embedding 


(33.20) jn: L[,(A), 2,(A’)] > L[A, A’] 


Lemma 33.4. For each n < a, 1,(y,) < (2")*. 


Proof. By induction on n. First let n=0. Let a < yp be in My. Then «= 
t(v,,...,¥,, A, A’) for some Skolem term t and some v,,..., ¥, € Ko . Let ip, be the 
natural embedding into Ult{}) for some U over x. Since yo is the least element of 
Ko, we have a < v for all v € Kg and hence io,(v) = v for all v € Ko. Hence also 
ip,(A) = A and ig,(A’) = A’ and it follows that ip,(~) = a. Now ig,(a) = a is 
possible only if « < x. Hence each « < yo in Mog is less than x and therefore 
To(Yo) SK. 

Now let us assume that z,(y,) < (2")* and let us show that 7,4 1(yn4+1) < 
(2")*. By Lemma 33.2 there exists U such that jy(x) > 7,(y,). We shall show 
that 2,(«) <jy(x) for all a <y,.,; in M,41; since 7,4 ,(«) <7,(«) it follows 
that Tnt+ 1(Yn+1) = SUP{Ty + 1 (ct): X< Vat and a € Mn+ v < ju(x) < (2")*. 

First notice that it follows from the definition of K,,, in (33.17) that 
m,(v) = v for all ve K,,,. Note also that y,,€ K,4, for all m>n-+ 1, and 
Ac Kas 1: 

Let « < y,4, be in M,,,. Then (in L[A, A’]), 


GS typ. aeis Wey Vigrcee Mes AA) 


where t is some Skolem term and v,, ..., 4, € K,41. Hence (in L[z,(A), 2,(A’)]) 


Tey (%) = t(7,(Yo), s18839: Tn(Yn)s Vay +++ Vico 7,(A), A’) 


Now we argue inside the model Ulty(V) (which contains both 2,(A) and 4’): 
Consider the ath iterated ultrapower (modulo some measure on jy(x)). Since 
Ten(Yo)s «++» Mn(Yn) are all less than jy(«), we have ig,(7,(y;)) = 2,(y;) for all i = 0, 
.., n. We also have io,(v) =v for each ve K,,, (because a <v for each 
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ve K,,, and K,,,¢ K). It follows that ip,(z,(a)) = 7,(a). Now (because 
7,(%) < a) this is only possible if 7,(«) <jy(k). 


We can now complete the proof of Theorem 80 for 0 = 2. Let us consider 
the model M,,, the Skolem hull in L[A, A’] of K,,. Let 7, be the transitive 
collapse of M, and B=17,(A). Since A’ < K,,,, we have 7,(A’) = A’, and 
jo =,’ is an elementary embedding 


ja: LB, A'] > L[A, A’] 
By Lemma 33.4, 2,(y,) < ta(Yn) < (2")* for all n, and hence 7,,(A) < (2")*. Let 
U be a x-complete ultrafilter over x such that jy(x) > 7,,(A) (by Lemma 33.2). 


In Ulty , B is a subset of jy(«) and A’ is a subset of the class K. Thus we can 
apply (33.16) and get 


Ulty — (L[F(B), F(A’)] — F(A’) © L[F(B), F(A’)] is a normal measure on 2’) 
Hence L[B, A’] F 

(L[F(B), F(A’)] § F(A’) 0 L[F(B), F(A’)] is a normal measure on 1’) 
and applying j,,, we get 


L{[A, A’] F 
(L[F(A), F(A’)] § F(A’) 0 L[F(A), F(A’)] is a normal measure on 7’) 


Therefore F’ 4 L[F, F’] is (in L[F, F’]) a normal measure on 2’. 

This completes the proof of the theorem for 0 = 2. The proof of the general 
case is completely analogous for @ < x. Instead of A, A’, one uses a sequence 
<Az: & < 0), where y(®), the nth element of A;, is defined as the least element 
of K,,.c+n. One uses the models M,..,, to prove an analog of Lemma 33.4: 
Ty-e+n(Y) < (2*)*. The assumption 6 < x is important because when one uses 
the ultrapower Ulty, one needs to know that (Az: € < 6) € Ulty. 

Once the theorem is proved for all 8 < x, then the general version is derived 
as follows: If 6 is arbitrary, let us consider Ult™(V) for some a > 6. Then the 
model Uit(V) has a strongly compact cardinal greater than 6 and therefore has 
a transitive model with 0 measurable cardinals. @ 


The following theorem is a further evidence of the impact of large cardinals 
on cardinal arithmetic. 


Theorem 81. (Solovay). If there exists a compact cardinal, then the singular 
cardinals hypothesis holds above the compact cardinal. That is, if k is strongly 
compact and 4 > x is a singular cardinal, then 2°* < A implies A°f* = A*. (Con- 
sequently, if A > x is a singular strong limit cardinal, then 2? = 4*.) 


We shall prove the theorem in a sequence of lemmas. An ultrafilter over a 
cardinal A is uniform if every set in the ultrafilter has size . 
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Lemma 33.5. If x is a compact cardinal and 1 > is a regular cardinal, then 
there exists a K-complete uniform ultrafilter D over A with the property that 
almost all (mod D) ordinals « < A have cofinality less than x. 


Proof. Let U be a fine measure on P,(A). Since U is fine, every a < A belongs to 
almost all (mod U) P € P,(A). Let us consider the ultrapower Ulty(V) and let f 
be the least ordinal function in Ulty greater than all the constant functions c,, 
p<: 


(33.21) [f]= lim ju() 


We note first that f(P) < A for almost all P: Let g: P,(A) > A be the function 
g(P) = sup P. If y < A, then y < g(P) for almost all P and hence j(y) < [g]; thus 


[f] < [9] <J(A). 
Let D be the ultrafilter over 1 defined as follows: 
(33.22) XeéeD iff f_,(xX)eU (X cA) 


It is clear that D is x-complete, and since f is greater than the constant func- 
tions, D is nonprincipal. For the same reason, the diagonal function d(a) = « is 
greater (in Ultp) than all the constant functions c,, y < A, and since / is regular, 
D is uniform. In order to show that almost all (mod D) « < A have cofinality 
< k, it suffices, by (33.22), to show that cf(f(P)) < « for almost all P (mod U). 

That will follow immediately once we show that for almost all P (mod U), 


(33.23) f(P) = sup{a € P:« < f(P)} 


We clearly have > in (33.23). To prove <, consider the function h(P) = 
sup{a € P:a < f(P)}. For each y < A, y is in almost every P and hence y < h(P) 
almost everywhere. Thus [h] > jy(y) for all y < A and so f(P) < h(P) almost 


everywhere. Ml 


Lemma 33.6. If « is compact and 4 > x is a regular cardinal, then there exists a 
K-complete nonprincipal ultrafilter D over A, and a collection {M,:« < A} such 
that 


(33.24) (a) |M,| <« for alla <A, 
(b) for every y < A, y belongs to M, for almost all « (mod D) 


[An ultrafilter D that has a family {M,: « < A} with property (33.24) is called 
(x, A)-regular.] 


Proof. Let D be the ultrafilter over 4 from Lemma 33.5. For almost all « 
(mod D), there exists A, & « of size less than x and cofinal in «. If cf « > k, let 
A, = @. Let A be set of ordinals represented in Ult)(V) by the function 
<A,:a«< A). The set A is cofinal in the ordinal represented by the diagonal 
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function d; and since [d] > jp(y) for all y < A, it follows that for each n < A there 
is n’ > n such that A 7 {€: jp(n) < & <jp(n’)} is nonempty. 

We construct a sequence <7, : y < A) of ordinals < / as follows: let 7) = 0 
and n, = lim,., ns if y is a limit; let 7, , be some ordinal such that there exists 
¢ € A such that jp(n,) < € < jp(n, +1). 

In other words, if we denote I, the interval {€:, < & <n,,,}, then for 
every y, the interval J, has nonempty intersection with almost every A,. Thus if 
we let 


M,={y<4:1,0 A, # @} 


for each a <A, then {M,:« <A} has property (33.24b). To see that M, has 
property (a) as well, notice that |A,| <x for all « and that since the /, are 
mutually disjoint, each A, intersects less than x of them. 


Lemma 33.7. If « is compact and 1 > x is a regular cardinal, then there exists a 
collection {M,: « <A} & P,(A) such that 
(33.25) P,(2) = U P(M,) 


a<a 
Consequently, 
A<K=) 


Proof. Let {M,:« <4} be as in Lemma 33.6. If P is a subset of A of size less 
than x, then by (33.24b) and by x-completeness of D, P < M, for almost all «. 
Hence P € P(M,) for some « < A. This proves (33.25); since x is inaccessible, it 
follows that |P,(A)| =A. 


Proof of Theorem 81. Let k be a compact cardinal. If A > is an arbitrary 
cardinal, then we have, by Lemma 33.7, 


A<* < (A*)<* = At 


In particular, we have A®*° < A* for every A>. By Theorem 23 (or rather 
by Lemma 8.3), this implies that the singular cardinals hypothesis holds for 
everyA>k. & 


Supercompact Cardinals 


We proved in Lemma 33.1 that a compact cardinal x is characterized by the 
property that every P,(A) has a fine measure. If we require the fine measure to 
satisfy a normality condition, then we obtain a stronger notion—a supercom- 
pact cardinal. Ultrapowers modulo normal measures on P,(A) induce elemen- 
tary embeddings that can be used to derive strong consequences of 
supercompact cardinals. For instance, Theorems 79 and 80 become almost 
trivial if existence of a strongly compact cardinal is replaced by existence of a 
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supercompact cardinal. It is consistent to assume that a compact cardinal is not 
supercompact, or that every compact cardinal is supercompact, but it is not 
known whether supercompact cardinals are consistent relative to compact 
cardinals. 

A fine measure U on P,(A) is normal if whenever f: P,(A) > A is such that 
f(P)¢€ P for almost all P, then f is constant on a set in U. A cardinal x is 
supercompact if for every A such that |A| > x, there exists a normal measure 
on P,(A). 


Exercise 33.3. If « is measurable, then there is a normal measure on P,(k). 


Normality of filters over P,(A) is a generalization of normality of filters 
over x. Many results on normality generalize from x to P,(A) (but not the 
existence of a normal measure on a measurable cardinal). For instance, let us 
call C ¢ P,(A) closed unbounded if (a) for every P in P,(A) there is Q € C such 
that P <Q, and (b) if D<C is a nonempty directed (that is, VP,, P,¢ D 
3Q € Dsuch that Q 2 P, u P2)set ofsize’<x, then |) Dé C. [It is not difficult 
to show that (b) can be replaced by: closed under unions of chains of length 
<x.] The closed unbounded filter over P,(A) is the collection of all subsets of 
P,(A) that have a closed unbounded subset. Stationary sets are defined as sets 
that intersect every closed unbounded set. 


Exercise 33.4. 


(a) Each P = {Q: P <Q} is closed unbounded. 
(b) The closed unbounded filter is x-complete. 
(c) If f(P) € P on a stationary set, then f is constant on a stationary set. 


[For (c), prove that the closed unbounded filter is closed under the diagonal inter- 
sections A,.4 Cy = {P:PeC, for all ae P}.] 


Let A > x be a cardinal and let us consider the ultrapower Ult,(V) by a 
normal measure U over P,(A); let j =jy be the corresponding elementary 
embedding. Clearly, a set X < P,(A) belongs to U just in case [d] € j(X), where 
d, the “diagonal function” is the function d(P) = P. 


Lemma 33.8. [f U is a normal measure on P,(A), then [d] = {j(y): y < A} and 
hence for every X & P,(A), 


(33.26) XeU iff  {i(y): y < Abe j(X) 


Proof. On the one hand, if y < A, then y € P for almost all P and hence j(y) € 
[d]. On the other hand, if [f] € [d], then f(P) € P for almost all P and by 
normality, there is y < A such that [f] =j(y). 


Let G = {j(y): y < 4}. It follows from (33.26) that if fand g are functions on 
P,(A), then 


[fl=[9] iff = Gif (G) = Gia)(G) 
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and 

(flelg] iff (if )(G)e (i9)(G) 
Consequently, 
(33.27) [f] = Gif \(G) 


for every function f on P,(A). 
For each P € P,(A), let us denote 


Kp=POkK 
Ap = the order type of P 


Note that if we let G = {j(y): y < A}, then the order type of G is A and hence by 
(33.27), A is represented in the ultrapower by the function P+> Ap. Also, since 
Ap < x for all P, we have j(x) > A. By x-completeness of U, we have j(y) = y for 
all y < x; and since x is moved by j, it follows that G ~ j(k) = x and therefore x 
is represented by the function Pto xp. 

This gives the following characterization of supercompact cardinals: 


Lemma 33.9. Let 4 > x. A normal measure on P(A) exists if and only if there is 
an elementary embedding j: V+ M such that 


(33.28) (i) j(y) = y for all y <x; 
(ii) j() >A; 
(iii) *M <M; ie. every sequence <a, : a <A> of 
elements of M is a member of M. 


Proof. (a) Let U be a normal measure on P,(A). We let M = Ulty(V) and let j 
be the natural embedding j: V + Ult. We have already proved (i) and (ii). To 
prove (iii), it suffices to show that whenever <a, : « < A) is such that a, € M for 
all « <A, then the set {a, : « <A} belongs to M. Let f,, « <A, be functions 
representing elements of M: [f,] € M. We consider the function f on P,(A) 
defined as follows: f(P) = {f,(P): « € P}; I claim that [f] = {a,:« < A}. 

On the one hand, if « < A, then « € P for almost all P and hence [ f,] € [f]. 
On the other hand, if [g] € [f], then for almost all P, g(P) =f,(P) for some 
a € P. By normality, there exists y < A such that g(P) = f,(P) for almost all P, 
and hence [g] = a,. 

(b) Let j: V+ M be an elementary embedding that satisfies (i), (ii), and (iii). 
By (iii), the set {j(y): y <A} belongs to M and so the following defines an 
ultrafilter over P,(A): 


(33.29) XeU_— iff {j(y): y< Abe j(X) 


A standard argument shows that U is a x-complete ultrafilter. U is a fine 
measure because for every « € A, {P: « € P} is in U. Finally, U is normal: If 
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f(P)¢€P for almost all P, then (jf)(G) € G where G = {j(y): y < 4}. Hence 
(if )(G) = j(y) for some y < A, and so f(P) = y for almost all P. 


Exercise 33.5. If U is a normal measure on P,(A), then every closed unbounded subset 
of P,(A) is in U. 

[If C < P,(A) is closed unbounded, then D = {j(P): P € C} is a directed subset of 
j(C) and |D| = A<* < j(x). Hence |) De j(C), and since |) D = {j(y): » < A}, we have 
CeUu] 


We have seen several examples how large cardinals restrict the behavior of 
the continuum function (e.g., if « is measurable and 2" > x*, then 2% > «* for 
cofinally many « < x). This is more so for supercompact cardinals: 


Exercise 33.6. If 4 > « and if U is a normal measure on P,(A), then the ultraproduct 
Ulty<(Vi,, €): P € P,(A)> is isomorphic to (V,, €). 


As a typical application, if « is supercompact and if there is a regular 
cardinal « such that 2* = «*, then there is a regular cardinal « < x such that 
2 =a". 

The following two results illustrate the technique of elementary 
embeddings. 


Lemma 33.10. If « is supercompact, then there exists a normal measure D on k 
such that almost every a < x (mod D) is measurable. 


Proof. Let A = 2" and let j: VM be an elementary embedding with proper- 
ties (33.28). Let D be defined by D = {X : k € j(X)}, and let jp: V > Ultp be the 
corresponding elementary embedding. Let k: Ultp > M be the elementary em- 
bedding defined in Lemma 28.6: 


K([f 1p) = Cif M(x) 


Note that k(x) = k. 

Now, P(k)& M and every subset of M of size A is in M; hence every 
U < P(x) is in M and it follows that in M, x is a measurable cardinal. Since k is 
elementary and k(k) = x, we have Ultp - x is a measurable cardinal, and the 
lemma follows. @ 


Corollary. If « is supercompact, then x is the kth measurable cardinal. 


Incidentally, it is consistent that there exists a compact cardinal with no meas- 
urable cardinals below it. 


Lemma 33.11. If « is supercompact, then for every W & P(k) there exists a 
normal measure D on k such that W € Ultp(V). 


Proof. Assume on the contrary that JW & P(x)®(x, W), where ® stands for: 


(33.30) For every normal measure U on k, W ¢ Ulty. 
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Let 4 = 2", let j: VM be an elementary embedding with the properties 
(33.28), let D = {X : x € j(X)}, jp: V—> Ultp, and let k: Ultp->M be as in 
Lemma 28.6. 

By (33.28), every subset of P(x) is in M, and hence W € M; we have 


Mt AW P{k)O(x, W) 
and by elementarity of k (since k(x) = x), 
Ultp F IW & P(k)O(k, W) 


Let W" € Ultp be such that Ultp § O(k, W"). Since k(W") = W", we have 
(applying k) 
M £ Ox, W’) 


and because every U < P(x) is in M, it follows that ®(x, W’) holds (in V). In 
other words, W” satisfies (33.30), contrary to the fact that W’ € Ultp. 


Corollary. If « is supercompact, then there are 2? normal measures on x. 


Proof. If D is a normal measure on k and W ¢ P(k) is in Ultp, then W is 
represented by a function f on x such that f(«) © P(«) for all a < x. Since the 
number of such functions is 2", it follows that Ultp contains only 2° subsets of 
P(k). 

However, by the lemma, each W © P(x) is contained in some ultrapower 
Ultp where D is a normal measure on x, and therefore there must exist 2?" 
normal measures on k. Wf 


It is not known whether the same conclusion follows if « is only compact. 
The following lemma indicates that a strongly compact cardinal is not 
necessarily supercompact. 


Lemma 33.12. Let « be a measurable cardinal such that there are Kk compact 
cardinals below x. Then x is compact. 


Proof. Let F be a nonprincipal x-complete ultrafilter over x such that C € F 
where C = {a <x: a is compact}. Let A be such that | A| > x; we shall show 
that there is a fine measure on P,(A). 

For each ae€C, let U, be a fine measure on P,(A), and let us define 
U c P,(A) as follows: 


XeU iff fEeC:XOP,(A)e Ue F 
It is easy to verify that U is a fine measure on P,(A). @ 


Corollary. If there exists a measurable cardinal that is a limit of compact car- 
dinals, then the least such cardinal is compact but not supercompact. 
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Proof. Let x be the least measurable limit of compact cardinals. By the lemma, 
kK is compact. Let us assume that x is supercompact. Let 4 = 2" and let 
j: V—>M be an elementary embedding such that x is the least ordinal moved, 
and that “*M ¢ M. If a <x is compact, then M F j(a) is compact, but j(w) = « 
and therefore M F x is a limit of compact cardinals. Since every U ¢ P(x) is in 
M, x is measurable in M and hence M F x is a measurable limit of compact 
cardinals. This is a contradiction because M F j(x) is the least measurable limit 
of compact cardinals. 


The assumption of the corollary holds if there are extendible cardinals (see 
below). There is also a consistency proof that uses forcing showing that not 
every compact cardinal is supercompact. (And another consistency proof gives 
a model that has exactly one compact cardinal and the cardinal is 
supercompact.) 

Let x be a supercompact cardinal. Let A > x, and let D be a normal measure 
on P,(A). Let G = {jp(a) : « < A}, where jp is the elementary embedding of V in 
Ultp(V). Recall that x, A are represented by kp, Ap where kp = P 1 x and 
Ap = the order-type of P. If A is a cardinal, note that Ap= |P| almost 
everywhere. 

In Section 28 I stated without proof the following combinatorial result (see 
the remark following Lemma 28.8): If X is an infinite set, then there exists 
F:°X +X such that whenever YC X is such that |Y| = |X| then 
F[’Y] = X. Let us call F an E-H function on X (Erdés-Hajnal). 


Exercise 33.7. Let A be a cardinal, A > x, and let D be a normal measure on P,(A). There 
is X € D such that for any P, Q € X, if P< Q, then Ap < dg. 

[In Ultp, consider an E-H function F on G = jp[A]. For each P € P,(A), let Fp be the 
restriction of F to °P. F is represented in Ult by (Fp: P € P,(A)>, and there is X € D 
such that Fp is an E-H function on P for all P e¢ X. If P,Q € X such that P ¢ Q and 
|P| = |Q|, then Q = Fo[°Q] = Fe[°Q] = P.] 


Exercise 33.8. Let 4 be a regular cardinal > x, let D be a normal measure on P,(A). 
There is X € D such that the function P+ sup(P) is one-to-one on X. 

[Let F be, in Ultp, an E-H function on G, and let Fp be as above. There is X € D 
such that for each P € X, Fp is an E-H function on P and P has the property that if 
s & P is countable, then sup(s) € P (because G has this property). Now if P, Q@ € X and 
sup P = sup Q = y, show that P - Q is cofinal in y. Hence |P 7 Q| = |P| and asin 
Exercise 33.7 it follows that P ~ Q = P. Similarly, P 7 Q = Q, and hence P = Q.] 


Note that Exercise 33.8 gives an alternative proof of Theorem 81 if x is 
supercompact: We have found X € D such that |X| <A, and since P,(A) = 
) aex P(Q), we obtain A<" = 2. 

Let x be supercompact and let 4 > x be a cardinal. A normal measure D on 
P,(A) is strongly normal if there exists X € D such that for every function f on X, 
if for each P € X,f(P) isin X and f(P) < P (and f(P) # P), then fis constant on 
some Y e€ D. 
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Exercise 33.9. The following are equivalent: 


(i) D is strongly normal. 
(ii) There is X eD such that if {Zp: Pe X}CD, then Ap.x Zpe D, where 
Apex Zp = {Q: Q € Zp for each P < Q such that P € X}. 
(iii) D has this partition property: If F: [P,(A)]? > {0, 1} is a partition, then there is 
X e D such that F is constant on {{P, Q} « [X]?: P< Q or Qc Ph. 
(iv) There is X € D such that if P, Qe X and P <Q, then Ap < kg. 


[(i) — (ii): Let X € D be a witness to strong normality. Prove by contradiction that 
D is closed under Ap. Zp. 

(ii) > (iii): Let F: [P.(A)]? > {0, 1}; for each P, let Fp: P+ {0, 1} be Fp(Q) = 
F(P, Q). For each P there is Zp S P, Zp € D, such that Fp is constant on Zp. Let X € D 
be as in (ii) and such that the constant value of Fp is the same for all P « X. Then 
X a Apex Zp is homogeneous for F in the sense of (iii). 

(iii) + (iv): Note that if X e D, then there exist P,Q eX such that P< Q and 
Ap < Kg. 

(iv) > (i): Let X € D be as in (iv) and let f: X + X be such that f(P) ¢ P for all P. In 
Ultp, if Pe jp(X) and P< G (where G=j[A]), then |P|<GOx =k and hence 
P = j(Q) for some Q € P,(A). Hence (jf)(G) = j(Q) for some Q and so f(P) = Q for 
almost all P.] 


Exercise 33.10. If A = x*, then every normal measure on P,(A) is strongly normal. 

[There is X € D such that for all P € X, xp is inaccessible, Ap = x, and if P, Q € X, 
Pc Q, then Ap < Ag. Hence if P, Qe X and P < Q, then kp = kg is impossible and so 
Kp < Kg and consequently Ap = kp <kg_] 


It has been proved that if « is supercompact, then every P,(A) has a strongly 
normal measure; however, not every normal measure is necessarily strongly 
normal: 


Exercise 33.11. If 1 > x is measurable, then there is a normal measure U on P,(A) that is 
not strongly normal. 

[Let j: V+ M be elementary, x least moved, j(x) > 4, and *M <M. Let D bea 
normal measure on A. Let us define a normal measure U on P,(A) as follows: X € U iff 
{a <A: j[a] € j(X)} © D. If X € U, then there are « < B such that j[a] and j[f] are in 
j(X); hence Ulty F 3P, Q € j(X) such that P is an initial segment of Q. Thus 3P, Q « X 
such that P is an initial segment of Q, and so Ap > kg.] 


Beyond Supercompactness 


I shall conclude this section with several large cardinal notions that are 
even stronger than supercompactness and in fact are bordering on 
inconsistency. 

A cardinal x is extendible if for every « > x there is B and an elementary 
embedding j: V, > V, such that x is the least ordinal moved by j. 

We shall show that extensibility is stronger than supercompactness. If there 
is a normal measure on P,(A), let us say that x is A-supercompact, and recall the 
equivalence (33.28). 
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Lemma 33.13. Let 4 > « be a regular cardinal and let x be A-supercompact. Let 
a <x. Ifa is y-supercompact for all y < x, then a is A-supercompact. 


Proof. Let U be a normal measure on P,(A), and let us consider jy: V > Ulty. 
Since j(w) = ay we have Ult F (a is y-supercompact for all y < j(«)); in particu- 
lar, Ult F a is A-supercompact. Hence there is D such that Ult F D is a normal 
measure on P,(A). Now, | P,(A)| = 4 and *Ult < Ult, and hence every subset of 
P,({A) is in Ult. It follows that D is a normal measure on P,(A). 


Lemma 33.14. 


(a) If « is extendible, then k is supercompact. 
(b) If « is extendible, then there is a normal measure D on x such that 
{a < Kk: a is supercompact} € D. 


Proof. (a) Let « >x be a limit cardinal with the property that if V, F (x is 
A-supercompact for all A), then xk is supercompact. (Such an a exists by the 
reflection principle.) Thus it suffices to show that x is A-supercompact for all 
regular A <a. 

Let j: V,— V, be such that x is the least ordinal moved. Consider the 
sequence Ky = K, Ky = j(k), ...,Ky41 =J(K,), ..., aS long as j(x,) is defined. First 
we note that as in Theorem 68 (see Exercise 28.9) either there is n such that 
K, <a <j(k,) or « = lim,..,, K,. Therefore, it is sufficient to prove, by induc- 
tion on n, that x is A-supercompact for each regular 4 < xk, (if A < a). 

Clearly, x is A-supercompact for each 4 < x,. Thus let n> 1 and let us 
assume that x is A-supercompact for all 2 < x,. Applying j, we get: V, F (j(x) is 
A-supercompact for all regular 4 <x, ,). Now we also have V,F (x is y- 
supercompact for all y < j(x)), and we can apply Lemma 33.13 (in V,) to 
conclude that V, F (« is A-supercompact for all regular A < x,,,). This com- 
pletes the induction step. 

(b) Let « be some limit ordinal greater than x and let j: V, > V, be such that 
kK is the least moved. Let D = {X < k: k € j(X)}. By (a), k is supercompact, and 
so Vz, (k is y-supercompact for all y<j(x)). Hence AeéD, where 
A = {a <K: a is y-supercompact for all y < x}. By Lemma 33.13, every « € A is 
supercompact. 


Let me consider now the following axiom schema called Vopénka’s principle 
(VP): Let C be a proper class of models of the same language. Then there exist 
two members 2, 8B of the class C such that QU can be elementarily embedded in 
B. 


Lemma 33.15. If Vopénka’s principle holds, then there exists an extendible 
cardinal. 


Proof. Let A be the class of all limit ordinals « such that cf « = w and that for 
every k <a, if V, F (x is extendible), then x is extendible. Using the reflection 
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principle, we see that A is a proper class. Let C consist of the models <V,,,, €>, 
for ae A. 

By Vopénka’s principle, there exist a, 8 € A and an elementary embedding 
J: Va+1 > Vga1. Since j(w) = B, j moves some ordinal; the least ordinal moved is 
clearly measurable and so it is not « (which has cofinnality w). Let x be the least 
ordinal moved. 

Now JV, F (x is extendible) because for every y < a, j|V, is a witness to it. By 
the definition of A, x is extendible. 


A similar argument shows that Vopénka’s principle implies existence of 
arbitrarily large extendible cardinals. 

Let us call a cardinal x huge if there is an elementary embedding j: V + M 
such that x is the least ordinal moved and that “)M < M. 


Lemma 33.16. If « is a huge cardinal, then Vopénka’s principle is consistent ; in 
fact <V,,, €> is a model of VP. 


Proof. We shall show that if C is a set of models and rank (C) = x, then there 
exist two members YW, 8 € C and an elementary embedding h: 2 -— B. 

Let j: V+ M such that x is the least ordinal moved and that “M ¢ M. 
Since rank(C) =x, there exists % ej(C) such that M)¢C. It follows 
that j(W) # Up. 

Let eg = j| Wo; it is easy to see that ey is an elementary embedding of 2 in 
j(Uo), and since |Wo| < j(«), we have ey € M. Hence 


M F there exists Wej(C), W+ j(Wo), and there exists an elementary 
e: UW j(Ao); 


and so there exists 2 € C, I # %,, and there exists an elementary e: 21 Wy. 
Let Q, e be such; clearly, 


M F eis an elementary embedding of Y in Wy 
and because rank(2) < x, we have Q = j(), and hence QI € j(C), and so 


M F there exist distinct 2, 8 j(C) and there exists an elementary 
h: U> B 


It follows that there exist distinct 21, 8 € C, and an elementary embedding 
hUu-8. Of 


Exercise 33.12. A cardinal x is huge, with j: V > M and j(x) = A, if and only if there is a 
normal x-complete ultrafilter U over [A]" = {X CA: |X| =x}. 
[X e U iff j[A] € j(X).] 


Exercise 33.13. Let x be the least huge cardinal and let y be the least supercompact 
cardinal. Then k < un. 
[If «=p then by Lemmas 33.16, 33.15, 33.14, and 33.13 we get: V, F VP, 
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V, F (4 supercompact «), there is a supercompact « < y, a contradiction. If x > y, let 
j: V>M with 4 = j(x) and “M & M. Since y is supercompact, let i: V + N be such that 
i(u) > A and V,,, ¢ N. If U is a normal measure on [A]*, then U € N, and hence N § 
(3 huge cardinal below i(j:)). Thus there exists a huge cardinal below p, a contradiction.] 


With the definition of huge cardinals, we are approaching the brink of 
inconsistency. By the proof of Theorem 68 (see Exercise 28.9), if j: V+ M is 
elementary and x is the least ordinal moved, and if4 = lim,..,, {k, j(«),j(j(k)), .--}, 
then P(A) ¢ M. 


34. REAL-VALUED MEASURABLE CARDINALS 
In this section we prove the following theorems: 


Theorem 82 (Solovay). 

(a) If « is areal-valued measurable cardinal, then there is a transitive model of set 
theory in which k is measurable. 

(b) If « is a measurable cardinal, then there exists a generic extension in which 
k = 2%° and x is real-valued measurable. 


Theorem 83 (Prikry). If 2*° is real-valued measurable, then 2+ = 2*° for all 
infinite A < 2%°. 


We defined real-valued measurable cardinals in Section 27. If is a K- 
additive real-valued measure on x, then the ideal J, of all sets of measure 0 is a 
o-saturated x-complete ideal over x. We have proved that if an uncountable 
cardinal x carries a o-saturated x-complete ideal, then x is weakly inaccessible. 

We shall prove (a) in Theorem 82 and Theorem 83 for this generalization of 
real-valued measurability, namely under the assumption that x is uncountable 
and carries a o-saturated x-complete ideal. Thus let x be an uncountable car- 
dinal and let J be a o-saturated x-complete ideal over x. Let us adopt the 
following terminology, motivated by real-valued measurability: We say that 
X xk has measure zero if X € I, and that X has positive measure if X ¢ I. We 
also say that X has measure one if x — X has measure zero. 

Let us call A ¢ x an atom if A has positive measure and is not the union of 
two disjoint sets of positive measure. I is atomless if it has no atoms. What we 
proved in Lemma 27.5b can be formulated as follows: If I is atomless, then 
k < 2*° It follows that if2*° < x, then every set X of positive measure contains 
an atom A © X, and hence there exists an at most countable disjoint collection 
W of atoms such that x = |) {A: Ae W}. 

We start with the following analog of Lemma 28.11. We recall that a x- 
complete ideal over x is normal if every function f: S > x regressive on a set 
S ¢ k of positive measure is constant on some T ¢ S of positive measure. A 
real-valued measure yp is normal if I, is normal. 
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Lemma 34.1. 


(a) If I is a o-saturated k-complete ideal over an uncountable cardinal x, then 
there exists a function f: x + « such that 


Jaf(I)={X SK: f(X)eD} 


is a normal o-saturated x-complete ideal over x. 
(b) If u is a K-additive real-valued measure on x, then there exists a function 
f: « +k such that v = f,(u) defined by 


W(X) = w(f-1(X)) (Xk) 
is a normal x-additive real-valued measure on k. 


Proof. We shall prove (a) and leave the completely analogous proof of (b) to 
the reader. Let us say that a function g: S— x is unbounded on the set S of 
positive measure if there isno y < x and no T CS of positive measure such that 
g(a) < y for all y € T. Let us consider the family F of all functions g into x 
defined on a set of positive measure and unbounded on its domain. Let us 
define g < h if dom(g) S dom(h) and if g(a) < h(a) everywhere on dom(g). Let 
us also define g <h if dom(g) < dom(h) and if g(a) < h(a) everywhere on 
dom(g). (Note that g < h does not mean g <h or g = h.) Let us call ge F 
minimal if there is no h € ¥ such that h < g. 

We shall first show that there exists a minimal g € ¥. Otherwise, for every 
g¢F there is he F such that h < g. Thus let g € F be arbitrary. Let W bea 
maximal collection of elements of ¥ such that h < g for each h € W, and that 
dom(h,) © dom(h,) = @ whenever h, and hz are distinct elements of W. Since 
I is o-saturated, W is at most countable and by our assumption, the set 
dom(g) — () {dom(h): h € W} has measure zero. Thus if we let f = (_) {h: h € W}, 
we have dom(g) — dom(f) € J, and f < g. Since g was arbitrary, we can con- 
struct a countable sequence gy > g,; >°*‘>g, > °°: such that dom(g,) — 
dom(g,+1) € I for each n. It follows that ()?- 9 dom(g,) has positive measure 
and we get a contradiction since for any a € ()%-9 dom(g,) we would have 
Gol) > gila) >---. 

The same argument shows that for every he ¥ there exists a minimal 
g¢€F such that g <h. Thus if W is a maximal family of minimal functions 
géF such that dom(g,) ~ dom(g,) = @ whenever g, and g, are distinct 
elements of W, W is at most countable and | _){dom(g) : g ¢ W} has measure 
one. Thus if we let f = |) {g: g € W}, then dom(f) has measure one and f is a 
least unbounded function: On the one hand, if y < x, then there is no S ¢ x of 
positive measure such that f(a) < y everywhere on S; on the other hand, if S is a 
set of positive measure and g is a function on S such that g(a) < f(a) every- 
where on S, then g is constant on some T ¢ S of positive measure. We can 
clearly assume that dom(f) = x. 
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Let f: k > x bea least unbounded function; we shall show that J = f,(I) is a 
normal o-saturated x-complete ideal over x. It is obvious that J is a x-complete 
ideal. For every y € x, f_,({y}) has measure zero and hence {y} € J. If X ¢ J, 
then f_ ,(X) ¢ I, and if X ™ Y = @, then f_,(X) 9 f_,(Y) = @, and hence J is 
o-saturated because / is o-saturated. 

To show that J is normal, let S ¢ I, and let g(a) <a for all « € S. Then 
g(f(E)) <f(€) for all € € f_,(S) and since f is a least unbounded function, 
g(f(é)) is constant on some X ¢f_,(S) of positive I-measure. Hence g is 
constant on f[X], and f[X]¢J. @ 


Exercise 34.1. Show that if g is a minimal function in ¥, then g,(I) is a normal o- 
saturated x-complete ideal over x. 


Lemma 34.2. Let I be a normal o-saturated x-complete ideal over x. If S is a set 
of positive measure and f: Sx is regressive on S, then f is bounded almost 
everywhere on S; that is, there exists y < « such that {a € S: f(a) > y}el. 


Proof. For every X <S of positive measure there exists Y < X of positive 
measure such that fis constant on Y. Thus let W be a maximal disjoint family 
of sets X ¢S of positive measure such that f is constant on X. Let 
T = |) {X: X € W}. The family W is at most countable and hence there is y 
such that f(«) < y for all w € T. Clearly, S— T has measure 0. 


Corollary. If « is real-valued measurable (or if k carries a o-saturated k-complete 
ideal), then x is a weakly Mahlo cardinal. 


Proof. Let I be a normal o-saturated x-complete ideal over x. Since I is normal, 
every closed unbounded set has J-measure one (see Lemma 7.7). Because k is 
weakly inaccessible, it suffices to show that the set of all regular cardinals « < 
has measure one. 

Let us assume that the set S of all limit ordinals « < x such that cf « < a has 
positive measure. Considering the regressive function «++ cf(«), we find a set T 
of positive measure and some 4 < x such that cf « = A for all « € T. For each 
a € T, let <a,: v < A> be an increasing A-sequence with the limit «. 

For each v < A, the function a+», is regressive on T and so, by Lemma 
34.2 there is y, such that a, < y, for almost all « € T. Let y = sup{y,: v < J}. 
Since 1 < x, we conclude, by x-completeness of J, that for almost all « € T, 
a, <y for all v < J. But this means that for almost all « € T,« = lim, a,is < y. 
This is a contradiction since T is unbounded. 


Since every closed unbounded set has measure one (if J is a normal o- 
saturated x-complete ideal over x), every set of positive measure is stationary. 
It can even be proved that if S has positive measure, then S q « is stationary in 
a for almost all a. Then it follows that x is the kth weakly Mahlo cardinal, xth 
cardinal which is a limit of weakly Mahlo cardinals, etc. I shall return to this 
subject in the next section. 
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Exercise 34.2. If « carries a o-saturated x-complete ideal, then x has the tree property. 

[As in Lemma 29.7, let T’ be the set of all x € T such that the set of all successors of x 
has positive measure. T’ is a tree of height x and each level of T’ is at most countable; 
show that T’ has a x-branch.] 


We shall now show that every real-valued measurable cardinal is a Rowbot- 
tom cardinal; we shall show that the statement of Lemma 29.10 for a measur- 
able cardinal holds under the weaker assumption that x carries a o-saturated 
k-complete ideal. 


Lemma 34.3. Let I be a normal o-saturated k-complete ideal over x, and let A be 
an infinite cardinal less than k. Let U = <A, ...) be a model of a language £ such 
that |L| <A, and let A2x. If P< A is such that |P| <x, then U has an 
elementary submodel 8 = <B,...) such that Bk has measure one and 
|P ~ B| <A. Moreover, if X < A is of size at most A, then we can find B such 
that X < B. 


As in the proof of Lemma 29.10 (or Theorem 71), the result follows from 
this combinatorial lemma: 


Lemma 34.4. Let I be as in Lemma 34.3, let y <x and let f:[k]“° > y be a 
partition. Then there exists H < x of measure one such that the image of [H]|<° 
under f is at most countable. 


Proof. We proceed as in the proof of Theorem 70. It suffices to show that for 
each n= 1, 2, ... there is H, of measure one such that f[[H]"] is at most 
countable; then we take H = (\7_, H,. 

We prove, by induction on n, that for every partition of [x]" into less than k 
pieces there is H < x of measure one such that f[[H]"] is at most countable. For 
n= 1, let f: ky and y <x; let W be a maximal pairwise disjoint family of 
subsets X < x such that X has positive measure and f is constant on X. Let 
H = |) {X: X € W}. Since |W| < No, we have | f[H]| < Xo, and since y < k 
and I is x-complete, we clearly have k — He I. 

Let us assume that the assertion is true for n and let us prove that it holds 
also for n+ 1. Let f: [k]"*! > y where y < x. For each a < x, we define f, on 
[x — {a}]" by f,(x) =f({a} U x). By the induction hypothesis, there exists for 
each « < x a set X, of measure one such that f,[[X,]"] is at most countable; let 
A, be the image of [X,]" under f,. Let X be the diagonal intersection 


X ={a<K:ae ()X;} 


E<a 


The set X has measure one since J is normal; also ifa <a, <-::<a,arein X, 
then {a,,..., %,} € [X,]" and so f({a, 01, ..., ent) =Se({or, ---, &}) € Aa- 

For each a € X, let A, = {a,,,: n < w}. For each n, consider the function 
gn. X > y defined by g,(a) = a,,,. There exists a set H, © X of measure one 
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such that g,[H,] is at most countable. Thus let H = ()?_ H,; the set H has 
measure one, and moreover |) {A, : 7 € H} = ()@ = gn{H] is at most countable. 
It follows that f[[H]"*'] is at most a 


We can now proceed as in Theorem 75 and prove that if J is a normal 
o-saturated x-complete ideal over x and V = L{I], then GCH holds. In fact, if D 
denotes the filter dual to J, that is, the filter of all sets of ]-measure one, then the 
proof of Theorem 75 goes through verbatim in the present context. 

Now we recall the results of Section 27: If « carries a o-saturated xK- 
complete ideal then either x < 2*° or x is measurable. Thus we conclude: If J is 
a normal o-saturated x-complete ideal over « and V =L{[lI], then x is 
measurable. 


Proof of Theorem 82a, Let x be real-valued measurable. Then there is a normal 
x-additive measure on k by Lemma 34.1. Let I be the ideal of sets of measure 
zero, and let us consider the model L[J]. Let J = I 7 L[I]. We have L[J] = 
L[I], and it is easy to verify that in L[/], J is a normal o-saturated x-complete 
ideal over x. Thus in L[/], « is a measurable cardinal. Mf 


Let me now prove the generalization of Theorem 82a for a-saturated ideals. 
Since I am not able to show directly that if I is countably saturated, then 
I L{I] is countably saturated in L[I], let me consider a somewhat more 
general situation. Let v be a regular uncountable cardinal less than x, and let us 
consider v-saturated x-complete ideals over x. (Hence o-saturated is the special 
case when v = &.) 

Lemmas 34.1 and 34.2 hold again; in Lemma 34.4, we have to replace “at 
most countable” by “of size less than v.” Lemma 34.3 holds for all 2 > v and 
the analog of Theorem 75 is: If V = L{I] and J is normal, then 2“” = v and 
2* = A* for all A> v. 

Lemma 27.5 can also be generalized, and we get: If J is atomless, then 
k <2”. Hence if V = L[I], every set of positive measure contains a subset that 
is an atom, and therefore x is the union of a disjoint family W of atoms such 
that |W| <v. 


Lemma 34.5, Let v < « be a regular uncountable cardinal, and let I be a normal 
v-saturated x-complete ideal over x; let F be the dual filter. Then in L[{F], 
F © L[F] is a normal measure on x (and L[F] is the model L[D] of Section 31). 


Proof. To start, it is easy to verify that L[F] = L[/], and that in L[F], J 0 LI] is 
a normal y-saturated x-complete ideal over x. Thus we may assume that 
V = L[F]; we want to show that F is an ultrafilter. 

We know that x is the union of a disjoint family W of atoms. (What we want 
to show is that W has only one element.).For A € W, let 


F,={X <x: X 1 A has positive measure} 


Since A is an atom, F,, is a filter, and it is easy to see that F , is in fact a normal 
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measure on x. Hence F,4 © L[F 4] is the unique normal measure D in L[F 4], 
and L[F 4] is the model L[D]. 

We shall now show that F 7 L[D] = D. Let X € L[D] be a subset of x. If 
X €F, then X € F, for all Ae W and hence X € Fy 0 L[F 4] = D. If X € F, 
then there is Ae W such that X ¢ F, and hence X ¢ F, 0 L[F,] =D. It 
follows that F \ L[D] = D and so F ~ L[D] € L[D]. 

Consequently, L[F] = L[D]; since we assumed that V = L[F] and because 
F ~ L[D] =D, we have F= D. @ 


A Model in Which 2*° is Real-Valued Measurable 


Let x be a measurable cardinal, and let 4 > x be a cardinal such that 
A®o = 4. We shall construct a generic extension in which 2%° = Q and x is 
real-valued measurable. 

Let F be a o-complete field of sets and let » be a measure on F 
(cf. Section 27). Let J < F be the ideal of sets of measure 0 and let us consider 
the Boolean algebra B = F/I. That is, the members of B are equivalence classes 
[X] where X € F and where X = Y just in case p(X A Y) =0. 

Since both F and J are countably complete, it follows easily that B is 
countably complete and )°~.y [X,] = [U0 X,]. Since » is a measure, / is 
countably saturated and so B satisfies the countable chain condition. Now a 
Boolean algebra that is both c-complete and o-saturated is complete, and so B 
is a complete Boolean algebra. 

For [X] € B, let us define m([X]) = u(X). Clearly, the definition of m does 
not depend on the particular choice of X, and furthermore, m has the following 
properties: 


(34.1) (i) mis a real-valued function on B; 
(ii) m(0) = 0, m(a) > 0 if a £0, and m(1) = 1; 
(iii) if a <b, then m(a) < m(b); 
(iv) ifa,,n=0, 1, ..., are pairwise disjoint, then 


m( 3:24) = 5 (ay) 

n=0 n=0 

A Boolean algebra B with a measure m (satisfying (34.1)) is called a measure 
algebra; a set S with a field of sets F and a measure p on F is called a measure 
space. 

We need from measure theory the following basic fact about products of 
measure spaces. Let J be a set (of indices), and for each i € I let (S;, F;, uj) bea 
measure space. Let us consider the Cartesian product S = [],_, S;, and let us 
consider the following o-complete field of subsets of S: 

Let E be a finite subset of J, and for eachi € E, let Z;¢ F;. Let Z ¢ S beas 
follows: If t ¢ |], S;, then 


(34.2) teZ iff t(i)e Z,forallie E 
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Let F be the least o-complete field of subsets of S such that ¥ contains every 
Z C&S of the form (34.2), for any finite E ¢ J and any Z;€ F;,i€ E. 

There exists a unique measure p on F (the product measure) such that for 
every Z of the form (34.2), 4(Z) is the product of u(Z;,), i € E. (In case of the 
product S=S, x S,, the measure of a “rectangle” Z, x Z, is equal to 
(Z,) * H2(Z2)-) 

We shall use the following simple example of a product measure space. Let 
I be an infinite set, and for each i € J let us consider the space {0, 1} of two 
elements. We give measure 3 to both {0} and {1}: 

(34.3) S;={0, 1}, 4, = P(S;) 

4({0}) = u({})=4  H(S)=0, — w({0, 1}) = 1 
(The measures 1; do not satisfy the condition (iii) in 27.1.) Let S = | [;., S;, and 
let » be the product measure on F, the least o-complete field of subsets of S 
containing the sets {t € "{0, 1}: t(i) = 0}, for all ie J. 

Let M be a transitive model of ZFC (the ground model). In M, let A be an 
infinite cardinal such that A®° = 4. Let (S, F, 4) be the product measure space 
"{0, 1} defined above, where I = A x w. Let B be the corresponding measure 
algebra F /the ideal of sets of measure 0. 

Let G be an I-generic ultrafilter on B. Since B satisfies the countable chain 
condition, the generic extension IN[G] preserves cardinals. We shall show that 
in M[G], 2° = A. 

On the one hand, an easy computation gives | ¥| = A (because A*° = 4) 
and since B satisfies the c.c.c., we get |B| = A. Therefore 


2%) < (|B = 4 
and we have (2%°)™"61 < 4, 


On the other hand, we shall exhibit 4 distinct subsets of w in IN[G]. For 
each a <A and each n <q, let u,,, =[U,,,], where U,,,, € F is as follows: 


(34.4) Uy, = {t€?*°{0, 1}: t(a, n) = B 
For a < A, let x, be the B-valued subset of w such that 
(34.5) AE x |] =U,  (n<o@) 


Let x, be the G-interpretation of x,. 
We shall show that x, # x, whenever « # §, and in fact that |x, = x,|| = 0. 
Let k be any natural number. Then 
I|Ixx k= x50 kl = (Na, p. el 
where 
Nap. = {t: t(a, n) = t(B, n) for all n < k} 
It is easy to verify that for each k, 


w(Napr) = 1/2 
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But |/x. = xg | = [eo [Nepe] = [=o Nagel] = 0 since p((\e=0 Naps) = 0. 
This completes the proof that 2*° = A in M[G]. 


Exercise 34.3. No x, is in the ground model. If a ¢ a, then ||x, = 4l| = 0. 
[Show that for each k, |x, 0 k= & 0 kl = [D,,x] where (Dz, ,) = 1/2*] 


Now let us assume that x is a measurable cardinal in the ground model, and 
let A > « be such that AX° = J. We construct a generic extension M[G] of M, 
using the measure algebra described above. In NG], we have 2*° = 4, and all 
we have to do is to show that x is real-valued measurable in MG]. This follows 
from this general lemma: 


Lemma 34.6. Let « be a measurable cardinal in the ground model MN, let B be (in 
MM) a measure algebra, and let G be an M-generic ultrafilter on B. Then in M{[G], 
there exists a nontrivial x-additive measure on k. 


Proof. Let U be a x-complete nonprincipal ultrafilter over x. Let B be a com- 
plete Boolean algebra and let m be a measure on B. We shall define a B-valued 
name p and show that if G is a generic ultrafilter, then the G-interpretation of 
is a nontrivial x-additive measure on x. 

Let a be a nonzero element of B, and let A € I? be a B-valued name such 
that a |t A CX. For each a < k, we let 


m(a : || € All) 
34.6 A, «) = ———__—_*- 
(346) IA, 2) =e 
Since U is x-complete, there is a unique real number r such that f,(A, «) = r for 
almost all « (mod U). Thus let 


(34.7) 
H(A) = the unique r such that f,(A, «) = r almost everywhere(mod U) 


Note that if a + A = A’, then y,(A) = u,(4’). Also, if a t Ay S Ap, then 
H,(A1) < wa(A2). If X S x isin M, then f,(X, a) = 1 for alla € X and = 0 for all 
a ¢ X. Hence p,(X) = 1 if X € U and u,(X) = 0 if X ¢ U. 

Let y < x and let Az, € < », be such that a It A, £ for all € < y, and that 
at A, A, = @ whenever € # n. Let A be such thata t A = |)z<, Az. Then 
SAA, a) = Vics fa{Az, «) for all a < x, and hence (because U is x-complete), 


(348) nA)= ¥ ple) 


Let r be a real number, 0 <r < 1, and let {a,}”_ be a partition of a € B. If 
Ha,(A) <r for all n, then for almost all a, m(a,° ||% € All) <r- m(a,), and it 
follows that for almost all «, m(a- ||@ € Al|) <r m(a); hence p,(A) <r. 

AS a consequence, we obtain: 


(34.9) If for every nonzero b < a there is a nonzero c < b such that (A) <r, 
then 1,(A) <r. 
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(And a similar statement holds when < is replaced by <, > or >.) 
Now if b |t A CK, we define 


(34.10) ux(A) = inf y,(A) 
a<b 
Again, if b t A, © Ay, then p#(A,) < u#(A,), and if X € M, then p*(X) = 1 if 


X € Uand = 0 if X e U. However, y¥ is not additive and we only have (using 
(34.8)), for y < x: 


(34.11) Hata) > Yublae) 

<y 
under the assumption that b t Az~ A,=@ whenever €#n, and that 
bit A= Uecy Ae. 


Note that if b; <b), then p,,(A) > w,,(A). 
Now we are ready to define p. Let G be a generic ultrafilter; in DG], we 
define py: P(x) > [0, 1] as follows: 


(34.12) H(A) = SUP us (A) 


where A is a name for A. Let m be the canonical name for p (defined in N° by 
(34.12) using the canonical G). 

It is clear that » does not depend on the name 4 for A, that A, © A, implies 
H(A,) < w(A,) and that if X € M, then p(X) =1 if X e U and p(X) =0 if 
X ¢ U. It remains to show that p is x-additive. 

I shall now explain the meaning of y¥. Let r be a real number (in Wt) such 
that 0 <r< 1. I claim that 


(34.13) us(A)>r iff ob FR p(A)>F 


If u¥(A) =r, then for every generic G such that b € G, y(A) >r, and hence 
b it w(A) > F. Thus assume that b It p(A) > 7. Then 


bitVq<F eG p3(A)>q 
that is, 


(34.14) Vqa<rVe<bM<cyi(A)>q 


Let q<r; I claim that p*(A) > q. If a<b, then Ve <a 3d <c such that 
ux(A) > q and hence (by a variant of (34.9)), u,(A) > g. Thus u#(A) > q. Since 
this holds for any g <r, we have p#(A) > r. 

Next we show that y is finitely additive. Let A, A,, and A, be such that 
every condition forces that A is the disjoint union of A, and A,.Ifr, and r,are 
real numbers and if b tt (u(A,)>7, and p(A,)>F,), then by (34.13) and 
(34.11), b  w(A) > F, + F,; hence p(A) = u(A,) + u(A2). Conversely, let us 
assume that u(A) > u(A,) + u(A2). There are reals r,, r, € Mand b € G such 
that 


b it p(A,) < Fy, M(A2) < #,, and w(A) > F, + F, 


Since b It p(A,) <#,, there is for each c < b some d < c such that p{A,) <r;; 
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hence by (34.9), 4,(4,) <1r,. Similarly, (42) <r, and so p#(A) < p,(A) < 
r,; +12. This is a contradiction. 

Now when we know that uy is finitely additive, it suffices to show that 
B(e<y Ae) < Vcc H(A;) for any family {A : & < y} of less than x subsets of x. 
Thus let » < x and let Az, € < y, and A be such that 4 = ()-<, Ag|| = 1, and 
let us assume that (A) > )’.<, (Az). Then there is r € Mand b € Gsuch that 


bt ¥' p(A,) < ¥ and p(A) > # 
é<y 


Let Ey be an arbitrary finite set, let Ag=\)ecg Ae. Since ||u(Az) < 
eee H(Az)|| = 1, we have b tt p(Az) < 7. By (34.9), we get u,(Ag) <r. 

Since p,(Ag) <r for all finite E ¢ y, it follows from (34.8) that ,(A) <r. 
Hence pf(A) < r, a contradiction. 

This completes the proof that in IN[G] p is a nontrivial x-additive measure 
onk. @ 


Another Model in Which 2*° Carries a c-Saturated Ideal 


Let x be a measurable cardinal, and let A > x be a cardinal such that 
A®° = 4. We shall construct a generic extension that satisfies 28° = 2 and such 
that there is a o-saturated x-complete ideal over xk. 

Let P be the notion of forcing that adjoins 4 Cohen reals; i.e., a condition is 
a finite 0-1 function p with dom(p) < 4. If G is a generic filter on P, then 
MG] - 2%° = A, and all cardinals are preserved in W[G] because P satisfies the 
countable chain condition. That « carries in I[G] a o-saturated ideal follows 
from this lemma: 


Lemma 34.7. Let x be a measurable cardinal (in M) and let I be a nonprincipal 
k-complete prime ideal over x. Let P be a notion of forcing that satisfies the 
countable chain condition. Then in IN[G], the ideal J generated by I is a o- 
saturated x-complete ideal over Kx. 


Proof. Let J be the ideal in IX[G] defined as follows: 
XeJ iff XC Yforsome Yel 


First we show that J is k-complete. Let 2 = {Xz: € < y} bea family of less than 
x elements of J; let 2 be a name for % and let poe G be such that 
Pot VE<} XeJ. 

For each € < y and each p < po, there exist g < pand some Y € / such that 
qt XS Y. Let W, be a maximal incompatible family of g < po for which there 
is Y, , such that q + X, < Y, ,. Since P satisfies the countable chain condition, 
each W, is countable, and hence Y = |) {¥:,,: € < y and qe W,} belongs to I. 
Now it is easy to verify that 

po t XE ¥ 
o<y 


and hence |) % € J. 
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To prove that J is countably saturated, let us assume that 
& = {X,: & < a,} isa family of pairwise disjoint sets of positive J-measure. Let 
X be a name for & and let p € G be such that p  X; ¢ J, for each € < @,, and 
pt 20 XL, = OS for any € # yn. 

For each € <a, let ¥;={a<x:some q<p forces de X,}. Clearly 
pit2.c Y¥,, and so ¥¢IJ. By the x-compactness of I, we have 
Y =()\eco, %¢ 1. Thus Y # @, and let « be some element of Y. For each 
€ <@, let qz < p be such that q, It & € ®;. Since P satisfies the countable 
chain condition, there are ¢, 7 such that q, and q, are compatible. Let q be 
stronger than both q, and q,; then g te ®, 0 X,, a contradiction. @ 


Exercise 34.4, Let I be a a-saturated x-complete ideal over x, and let {Y,: € < w,} bea 
family of sets of positive measure. Then there is an uncountable W < w, such that 
(\eew Ye is nonempty. 

[Assume that {¥;:€<«,} is a counterexample. For each v<ay,, let 
Z, = (\exv (k — ¥,). Show that Zo) @Z,S--SZ,c-* and that (),<o, Z, =k. 
Hence there is y < w, such that if Z = |),<, Z,, then — Z € I. This is a contradiction 
since ¥, © x — Z.] 


Exercise 34.5.* If I is a o-saturated x-complete ideal over « (in Wt) and P is a o- 
saturated notion of forcing then in IG], the ideal generated by J is a o-saturated 
k-complete ideal. 

[Proceed as in Lemma 34.7 and use Exercise 34.4 to show that J is o-saturated.] 


If we adjoin 2 > x Cohen reals to a model IN in which x is measurable, then 
k Carries a o-saturated x-complete ideal but is not real-valued measurable: 


Exercise 34.6.* Show that in I[G] there are functions f,: w > w, « < A, such that when- 
ever g: © >, then for at most countably many a’s we have f,(n) < g(n) for all n. 

[2[G] is also obtained by forcing with the product of 1 copies of the notion of 
forcing that adjoins a generic function f: w > w, thus M[G] = M[< fz: a < A>]. Show 
that if g: w > a, then there is a countable A < Asuch that g € M[¢ fa: a € A]; if B € A, 
use the genericity of f, over M[< f, : « € A>] to show that f,(n) > g(n) for some n.] 


Exercise 34.7. In IN[G], « is not real-valued measurable. 
[Use Exercise 34.6 and the proof of Lemma 27.9] 


Proof of Theorem 83 


We shall prove that if 2*° carries a o-saturated 2*°-complete ideal then 
2’ = 2*° for all A < 2%°. 

Let 4 be a regular cardinal; two functions f| g on A are almost disjoint if there 
is y such that f(«) # g(a) for all w > y. 


Lemma 34.8. Let « carry a o-saturated x-complete ideal, and let 1<k be a 
regular cardinal. If ¥ is a family of almost disjoint functions f: 1 — x, then 
|F | <x. 
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Proof. If |#| >, then because every f: 1-+x is bounded by some B < x, 
there exists 9 < F, and some B <x such that |¥| =x and every fe G is 
bounded by B (ie., f € *B). 

Let F: [GY]? > B be the following partition: F({f, g}) = some y such that 
f («) # g(a) for all « > y. By Lemma 34.4, there exists # ¢ G of size k such that 
the image A of [#]? under F is at most countable. Let « > sup(A). Then 
f(a) # g(a) whenever f, g € #, which is a contradiction since | #| = and 
f(«)<Bforallfe #. @ 


Now we are ready to prove the theorem. Let x = 2*°. We prove 27 = x by 
induction on 4 < x. If 4 is a singular cardinal and 2° = x for all v < A, then 
2* = k by Theorem 18. Thus let A < x be regular and let us assume that 2” = k 
for all v < 2. 

For each X CA, let fy=<(X Na:a<A). If X # Y, then fy and fy are 
almost disjoint. For each a < A, the set {f x(x): X ¢ A} has size x, and hence 
{fx :X SA} yields a family F of 2’ almost disjoint functions from A into x. By 
Lemma 34.8 we get |¥#| <x and therefore 2* =x. 


35. SATURATION OF IDEALS AND 
GENERIC ULTRAPOWERS 


In Section 34 we investigated countably saturated ideals over an uncount- 
able regular cardinal x. In particular, we have shown that if such an ideal exists, 
then x is at least weakly Mahlo, and we have also shown that existence of such 
ideals is equiconsistent with existence of measurable cardinals. The present 
section deals with a related concept. We define the notion of a A-saturated ideal 
over x and investigate these ideals in the cases when A= x or A=x* (or 
generally when A < 2"). Aside from the general question of existence of A- 
saturated ideals for various values of A, we are particularly interested in satura- 
tion of the two “natural” ideals over «: The ideal of small (i.e., of size < x) 
subsets of x and the ideal of thin subsets of x. In the first case, the problem is the 
already familiar problem of the number of almost disjoint subsets; while in the 
second case, we obtain some results on stationary sets. Many of the results in 
this section are proved using the method of generic ultrapowers, which general- 
izes the method of ultrapowers used in Chapter 5. 

Let x be a regular uncountable cardinal. Throughout this section, let J be a 
x-complete ideal over x containing all singletons; thus X € I whenever X < k 
is such that |X| <x. As in Section 34, I shall be using the following terminol- 
ogy: X has measure zero if X eI, measure one if x — X el, and positive 
measure if X ¢ 1; the phrase almost all a means that the set of all contrary «’s 
has measure 0. 

There are two natural examples of such ideals: the ideal of small sets 
{X <x: |X| <x} (the least possible such ideal) and the ideal of thin sets 
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{X <x:«— X contains a closed unbounded set}, which is (see Lemma 7.7) the 
least normal x-complete ideal over kx. 

Let us consider the Boolean algebra B= P(k)/I. Recall that if A is a 
cardinal, then B is called A-saturated if every pairwise disjoint family of ele- 
ments of B has size less than /; sat(B) is the least A such that B is A-saturated. 
Let us say that J is A-saturated if B is A-saturated and let 


sat(1) = sat(B) 


In other words, / is A-saturated just in case there exists no collection W of size A 
of subsets of x such that X ¢ I for all X e Wand X ~ Ye I whenever X and 
Y are distinct members of W. If sat(/) is finite, then x is the union of finitely 
many atoms of J; if sat(I) is infinite, then it is uncountable and regular, by 
Lemma 17.6. If A <x, then I is A-saturated if and only if there is no disjoint 
collection W of size A of subsets X of x such that X ¢ I (see Exercise 27.4). 
Clearly, every J over x is (2")*-saturated. Thus if J is atomless, then sat(I) is a 
regular cardinal and 


X1 <sat(I) < (2")* 


Since I is x-complete, it follows that B= P(x)/I is a x-complete Boolean 
algebra (Exercise 17.16). 


Exercise 35.1. If I is «*-saturated, then P(k)/I is a complete Boolean algebra. 

[By Exercise 17.23 it suffices to show that B is x * -complete. Show that > W exists in 
B for every incompatible W c B. Extend W toa partition Z of B; Z = {[X,]: « < x}. Let 
Y, = X,— (p<a Xp, and Y =|) {Y,: [X,] € W}. Show that [Y] = )) W in B] 


Exercise 35.2. If the GCH holds and B = P(x)// is complete, then J is «*-saturated. 
[If B is not x*-saturated, let W be an incompatible subset of B of size «*. For each 
X < Wet uy = YX. It follows that |B| > 2"*, but clearly |B| < 2*; a contradiction.] 


Exercise 35.3. If I is normal, then P(x)/I is x*-complete. 

[Let X,, « <x, be disjoint subsets of x such that X, ¢ 1 for all a. For each «< x let 
Y, be X, without the least element of X,; let ¥Y = ().<x Y,-On the one hand, [Y] > [X,] 
for all «; on the other hand, if Z ¢ Y and Z ¢ IJ, let f be the function on Z defined such 
that for all x € Y,, f(x) = the least element of X, . Since fis regressive, and I is normal, 
fis constant on some S ¢ I, and hence Z 4 Y, ¢ I for some a. Thus [Y] = )y <x [Xa]-] 


We proved in Section 27 that if there exists a k-saturated ideal / over x, then 
k is weakly inaccessible. Furthermore, the proof of Lemma 27.5 shows that if 
sat(!) = 2 <x, then either x is measurable or x is not strongly inaccessible 
because x < 2**. In the last section we proved that existence of a countably 
saturated ideal over 2®° is equiconsistent with existence of a measurable 
cardinal. 

Our next observation is that Lemmas 34.1 and 34.2 remain valid if o- 
saturated is replaced by x-saturated; the proof is exactly the same. Thus we 
have: 
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Lemma 35.1. 


(a) If there exists a x-saturated k-complete ideal over an uncountable cardinal x, 
then there exists a normal x-saturated x-complete ideal over x. 

(b) Let I be a normal x-saturated x-complete ideal over k. If S ¢ I and iff: Sk 
is regressive on S, then there is y <x such that f(«) <y for almost all 
aeS. @ 


A consequence of (b) is that « is a weakly Mahlo cardinal. (I shall return to 
this later in the present section.) 


Exercise 35.4. If I is a k-complete ideal over x with the property that every regressive 
function is bounded almost everywhere (i.e., if f(a) <q for almost all a, then there is 
y < k such that f(a) < y for almost all «), then J is x-saturated (and normal). 

[Otherwise, let X,, a <x, be a partition of x into disjoint sets of positive measure. 
For a > 0, let Y, = X, — {a,} where a, = min X,, and let Yo = Xo U {a,: a > 0}. The 
function f that has value a, on each Y, is regressive almost everywhere but is not 
bounded almost everywhere.] 


The proof I presented in Section 34 that if sat(/) < x, then « is measurable 
in a transitive model does not go through if sat(/) = x. It is nevertheless true 
that x is measurable in a transitive model, and later in this section I shall give 
a proof of a more general theorem. 

In Section 34 we gave an example of a generic model in which x = 2*° 
carries an ideal J with sat(/) < x. A different forcing construction gives a ge- 
neric extension (assuming that « is measurable in the ground model) in which 
k = 2° has an ideal J with sat(/) = x. 

If sat(1) <x and x is inaccessible, then J cannot be atomless (and x is 
measurable). However, it is consistent (relative to ZFC + there is a measurable 
cardinal) that an inaccessible cardinal x carries an ideal J with sat(1) = x. There 
is a restriction on k though: 


Exercise 35.5. If I is an atomless x-complete x-saturated ideal over an inaccessible 
cardinal x, then x is not weakly compact. p 

[Show that x does not have the tree property. Use / to construct a tree (T, 2) whose 
elements are sets of positive measure. At successor steps, split each X on the top level 
into two disjoint sets of positive measure. At limit steps, take all those intersections 
along branches that have positive measure. Since J is x-saturated, each level has size <x; 
each level a < x is nonempty because x is inaccessible and / is x-complete. Then use 
sat(I) < « to show that T has no branch of length x.] 


(As a consequence, no weakly compact x carries an ideal J such that sat(I) = x.) 

Now, let us consider the question of whether a regular uncountable cardinal 
kK can carry a k-complete ideal J such that sat(I) = «*. I shall prove later in this 
section that if that is the case, then x is measurable in a transitive model. 
Conversely, if « is measurable, then there exists a generic extension in which k 
is inaccessible and carries an ideal I with sat(J) = x*. 
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Existence of a x *-saturated ideal over x does not necessarily imply that x is 
a limit cardinal. Thus let us consider the problem of existence of an 
.-saturated ideal over w,. It has been shown that this assumption implies that 
for every a there exists a transitive model with « measurable cardinals. And 
conversely, if x is a huge cardinal (cf. Section 33), then there is a generic 
extension in which k = &, and &, carries an &,-saturated ideal. 

In the particular case when I is the ideal of small subsets of x, then J is not 
k*-saturated (see Lemma 24.7) and so x** < sat(I) < (2")*. If J is the ideal of 
thin subsets of x, then J is not x-saturated, as we shall prove presently, and so 
K* <sat(I) < (2)*. It is not known whether the thin ideal can be x * -saturated 
and the assumption that sat(/)=«* seems to be quite strong (if not 
inconsistent). 

If 2° >x* then a new possibility arises: an ideal J over x such that 
x** <sat(I) < 2". As we shall see, this assumption does not entail large car- 
dinal properties; we shall show that there is a generic extension of L in which 
the ideal of countable subsets of w, is X3-saturated (while 2! is large). 
However, there is a relation between saturation of ideals and cardinal exponen- 
tiation, and I shall start with a theorem that deals with this relation. 


Almost Disjoint Families of Subsets of « 


Let I be the ideal of small subsets of x: I = {X <x: |X| <x}. Thus sets of 
positive measure are just the subsets of x of size x, and “almost everywhere” 
means everywhere except for a set of size <x. To say that J is A-saturated 
means that there exists no family W of subsets of x such that |W| = A and that 
each X € W has size x and |X ~ Y| <x whenever X and Y are distinct 
elements of W. Let us call such a W an almost disjoint family of subsets of x 
(and let us call X, Y almost disjoint if |X \ Y| <x. 

The proof of Lemma 24.7 shows that there exists an almost disjoint family 
of size x*, and hence the ideal of small sets is not x *-saturated. Also, Exercise 
24.6 shows that if2<* = x, then there is a family of 2" almost disjoint subsets of x. 
We shall now state a more general theorem and then show that the ideal of 
small sets does not necessarily have the property that sat(I) = (2")*. The 
theorem establishes a relation between saturation of the ideal of small sets (and, 
in part (b), between saturation of arbitrary ideals) and the continuum function. 

Although the following results can be formulated for an arbitrary uncount- 
able regular cardinal x, we shall consider only the representative case k = w,. 


Theorem 84, Let us assume that 2®° < 2®' and also that 28° <&,,. Then: 


(a) there exists an almost disjoint family of size 2®' of uncountable subsets of w ,; 
(b) if I is a o-complete ideal over w,, then sat(I) > 2™'. 

Part (b) can be also formulated as follows: If J is a c-complete ideal over w, 
and if 28° < \,,,, then 

(35.1) 281 < 2%° - sat(/) 
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If there exists an &,-saturated ideal over w,, then we get 


(35.2) if 2% =WN,, then 2%! =, 
and 
(35.3) if &,<2*°<k,,, then 28° = 2®: 


I shall now prove only part (a) of the theorem. Part (b) can be proved in a 
similar manner, but I will postpone the proof until later in this section and then 
give a proof using generic ultrapowers. 


Lemma 35.2. Assume 2°°<&,,. If « is a regular cardinal such that 
28° < kK < 2®!, then there exists a family of x almost disjoint functions from w, 
into @,. 


Proof. Let ¥ be a family of almost disjoint functions on w,; we call F a 
branching family if whenever f, g¢ F and a is such that f(a) = g(a), then 
F(€) = g(¢) for all ¢ < a. 

For each XCa,, let fy=(Xaa:a<a,). The family 
F ={fy:X € P(w,)} is a branching family of functions on w,, |F| = 2*'; 
and for each a < @,, the functions in ¥ take values in P(«). Thus there exists a 
branching family of 2*' functions from @, into 2*°. 

Let « be a regular cardinal such that 2*° < x < 2®'. We shall show that for 
every &, such that %, < &, < 2*° if there is a branching family of x functions 
from @, into w,, then there is a branching family of x functions from w, into 
some w,; < w,. Then the lemma clearly follows. 

First let N, = N54, where %, < Nz, and let F be a branching family of x 
functions from @, into w;,,. Each fe ¥ is bounded below w,,, (because 
541 > @,), and because x is regular and k > w,, ,, there exists « < w;,, Such 
that ran(f) ¢ @ for x functions in ¥. Thus there exists a branching family of x 
functions from w, into «; and since |«| < Xz, there is also a branching family 
of x functions from w, into w,. 

If &, is a limit cardinal, then cf(w,) = w because &, <&,,,. Let F be a 
branching family of x functions from w, into w,. For each fe F there exists an 
ordinal yn; <@, such that f(a) <1, for uncountably many a’s. Since x is a 
regular cardinal and x > &,, there exists %; such that N; <&,<,, and a 
family  < F of size k such that for every f € Y, f(x) < w, for uncountably 
many @’s. 

For each « < a, let S, = {f(a): fe G}. Since Y is a branching family and 
GE][]x<o, Sz, it suffices to show that |S,| <; for all « <q@,. Thus let 
a < w,. We define a function t: S, > w, x w; as follows: For each x € S,, we 
first pick some f € Y such that x = f(a). Then there exists some € > « such that 


S(é @s5, and let 
teeter r(x) = (E£(0)) 


We shall now complete the proof by showing that the function t is one-to- 
one, and hence |S,| <&,;. Let x, y € S, be such that t(x) = t(y). Let € > a and 
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f,g €@ be such that x = f(a), y = g(a), and t(x) = t(y) = (€ f(€)) = (6 9()). 
Since G is a branching family and f(¢) = g(é), we necessarily have f (a) = g(a), 
and hencex=y. @ 


Part (a) of Theorem 84 now follows easily from Lemma 35.2. Every function 
from q@, into @, is an uncountable subset of w, x w, and almost disjoint 
functions are almost disjoint subsets of w, x w,. Thus for every regular 
kK < 2*!, there exists a family of x almost disjoint uncountable subsets of w,. If 
2*! is regular, we are done; if x is singular, then it is easy to construct an almost 
disjoint family of 2*' subsets of w, by taking first cf(2*) almost disjoint sets, 
etc. (or simply invoke Lemma 17.6 saying that sat(J) is regular and hence 
sat(I) > 2). 

Part (b) of Theorem 84 can be proved along the same lines. If J is a 
o-complete ideal over w,, let us call an J-function on w, a function whose 
domain is a subset of w, of positive measure. Two I-functions fand g are almost 
disjoint if the set of all a such that f(«) = g(a) is at most countable. 

If we assume that A = sat(I) < 2™', then by Lemma 35.2, there is a family of 
A* almost disjoint functions from w, into @,. It is not difficult then to obtain a 
family of A almost disjoint [-functions from @w, into w. This is, however, a 
contradiction: 


Exercise 35.6. Let A > &, be a regular cardinal. If there are A almost disjoint /-functions 
from w, into w, then there exists an almost disjoint family of A subsets of w, of positive 
measure. 

[As in Exercise 24.7.] 


The following example shows that the assumption 2*° < 2*' in Theorem 84 
is necessary. 


Example I. A model in which the ideal of countable subsets of @, is 
X3-saturated while 2"! is large. 


Let IN be a transitive model of ZFC + GCH and let M[G] be the generic 
extension of I which adjoins to Wt «x Cohen reals (see (19.1)). We shall show 
that in 9[G], every almost disjoint family of uncountable subsets of w, has size 
at most &,. In fact, we shall use only the facts that IM satisfies the GCH and 
that the notion of forcing satisfies the countable chain condition. 

Let us assume that ¥ € IN[G] is an almost disjoint family of uncountable 
subsets of w,, ¥ = {A;: i < ws}, and let ¥ be a name for ¥. We may as well 
assume that every condition forces that ¥ be an almost disjoint family, etc. 

Let i # j < w;. For every condition p there is g < p and y < q@, such that 


(35.4) qt A, AjSp 
Thus there is a maximal incompatible set W of conditions, and for every 
q € W there is y = y, with the property (35.4). Since W is at most countable, we 


can take y = sup{y, : g € W} and y is a countable ordinal with the property that 
(35.4) holds for every condition gq. Let us denote y = f (i, j). 
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The function f is a partition of [w,]? into &, pieces. By the Erdés-Rado 
theorem (Exercise 29.1), and by the GCH, we have 


R37 (N2)k, 


and therefore there exists H < a of size %,, and y < w, such that (35.4) holds 
for every condition q and every pair i, j € H. 

Now we argue in 2G]: For every pair i, j € H we have A; 0 A; y, and so 
{A; — y: ie H} is a disjoint collection of S, nonempty subsets of w,; a 
contradiction. 


The Ideal of Thin Sets 


The ideal of thin subsets of a regular uncountable cardinal x is another 
natural example of a x-complete ideal. Moreover, it is the least normal x- 
complete ideal over x containing all singletons. We shall now investigate satura- 
tion of the thin ideal. 

We proved in Lemma 7.6 that x can be partitioned into x stationary sets. 
We shall now prove a stronger theorem: Every stationary subset of x can be 
partitioned into x stationary sets. Thus no restriction 


I|S={XoS:Xe} 


(where S is stationary) is a x-saturated ideal. 

As a digression, let me point out that one consequence is that not every 
subset of w, has the property that either itself or its complement has a closed 
unbounded subset. Let us consider the following problem: Does every subset of 
@, have the property that either itself or its complement (in w,) has a subset X 
of order-type w, that is w-closed (ie. lim,.,,a,¢€ X for every sequence 
{Qn}n<c © X)? This is known to be false in L, and it is open whether this can 
hold in some model of ZFC. 


Theorem 85 (Solovay). Let x be a regular uncountable cardinal. Then every 
stationary subset of « is the disjoint union of k stationary subsets. 


We shall first prove the following lemma. Recall that if « is a limit ordinal of 
uncountable cofinality, then the notion of closed unbounded and stationary 
subsets of a is defined in the natural way, and the collection of closed un- 
bounded subsets of a generates a filter over « (and the filter is cf a-complete). 


Lemma 35.3. Let S be a stationary subset of k, and let 
T = {ae S: either cf « = a, or cf « > w and S a is not stationary in a} 
Then T is a stationary set. 


Recall the Mahlo operation defined in (28.23): 


M(X) = {a <«:X 1 «@ is a stationary subset of a} 
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Thus Lemma 35.3 states that for every stationary S < x, the set S — M(S) is 
stationary. 


Proof. We prove that T intersects every closed unbounded subset of x. Let C be 
closed unbounded. The set C’ of all limit points of C is also closed unbounded, 
and hence S m C’ # @. Let « be the least element of S 4 C’. If cf « = w, then 
a € T; and since a € C’ <C, we are done. If cf a > w, then C’ m « is a closed 
unbounded subset of « and is disjoint from S 7 «, and so Soa is not a 
stationary subset of «. Hence « € T, and againC ~ Tis nonempty. @ 


Proof of Theorem 85, 1 shall try to follow the proof of Lemma 7.6 as much as 
possible. Let A be a stationary subset of k. We let W be the set of alla € A such 
that either cf « = w, or cf « > wand A + ais not stationary. Thus there exists 
for each ae W a continuous increasing sequence <az: € < cf «> such that 
a: ¢ W, for all « and €, and a = limzo.¢, a. 

First we show that there is € such that for all 1 < x, the set 


(35.5) {fae W:ai>m} 


is stationary. Otherwise, there is for each € some n(€) and a closed unbounded 
set Cz such that a? < n(€) for all ae C, 7 W if az is defined. Let C be the 
diagonal intersection of the C,. Thus if «€ C 4 W, then 


ae<n(€) forall E<cfa 


Now let D be the closed unbounded set of all y € C such that n(&) < y for all 
€</y. Since W is stationary, W 1-1 D is also stationary; let y< « be two 
ordinals in Wn D. 

Now if € < y (and € < cf a), then at < n(&) < y and it follows that a’ = y. 
This is a contradiction since y €« W and aj ¢ W. 

Once we have found é such that (35.5) is stationary for ally < x, we proceed 
as in Lemma 7.6. Let f be the function on W defined by 


f(a) = a 


The function f is regressive; and so for every n < x, we find by Fodor’s theorem 
a stationary subset S, of (35.5) and y, > 7 such that f(«) = y,onS,.Ify, # Vy, 
then S,- S,,=@; and since x is regular, we have |{S,:1<x}| = 
nin <x}| =k. wf 


Since the thin ideal is not x-saturated, the question is whether it can be 
«* -saturated, or in general, 2"-saturated. While the first question is still open; 
the following example shows that we can have sat(/) < 2" for the thin ideal over 
K. 


Example II. A model in which the ideal of thin subsets of w, is %4-saturated 
while 2*: is large. 
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(A refinement of the following argument shows that the thin ideal in this 
model is in fact N3-saturated.) As in Example I, let 92 be a transitive model 
of ZFC + GCH and let N[G] be the generic extension that adjoins x Cohen 
reals. We shall show that in NG], if F is a family of stationary subsets of 
@, such that the intersection of any two distinct elements of ¥ is thin, then 
|F| <3. Again, we shall use only the fact that IM satisfies the GCH and 
that the notion of forcing satisfies the c.c.c. 

First we need a lemma: 


Lemma 35.4. Let I2[G] be a generic extension of MN by ac.c.c. notion of forcing. 
Then every closed unbounded C < w, in MN{G] has a closed unbounded subset D 
such that D € IN. Consequently, if S € Mis stationary (in M), then M[G] F S is 
stationary. 


Proof. Let C be a name for C such that every condition forces that C is a closed 
unbounded subset of w,. Let 


D={a: ||ée Cl = 1} 


Clearly, D is a subset of C and is closed; we have to prove only that D is 
unbounded. 

Let a) < w,; we wish to find « > a such that every condition forces & € C. 
For every p, there is g < pand some f > agsuch that q Ir Be C. Thus there is a 
maximal incompatible set W of conditions, and for each qe W an ordinal 
B=8, such that ql BeC. Since W is at most countable, we let 
a, = sup{B,: q € W}; the ordinal «, is countable, and we have 


pr (3BpeCha<BP<da, 
for all conditions p. Similarly, we find a; < «2 < «3 <~--:such that for every n 
and every condition p, 
pl (3BeCha,<B<& 1 
If we let « = lim, a,, it is clear that ||@e Cl] =1. 


Now let us assume that F € WG] is a family of stationary subsets of w,, 


F = {A;:i <4} such that A; A; is thin whenever i # j, and let F be a 
name for ¥. 


Let i # j <@,4. By Lemma 35.4, A; 1 A, is included in a thin set that is in 
MM. Thus for every p there is q < p and a thin set X € M such that 


(35.6) qk A, A,oXx 


Thus there is a maximal incompatible set W of conditions, and for every qe W 
there is X = X, with the property (35.6). Since |W| <No, we can take 
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X = |) {X,: q€ W};and X is a thin set such that (35.6) holds for every condi- 
tion gq. Let us pds X = f(i, j). 

The function f is a partition of [w,]? into 2%! pieces. By the Erdés-Rado 
theorem and by the GCH, we have 


4 =e (N3)k 


and therefore there is H < w, of size 3 and a thin set X such that (35.6) holds 
for every q and every pair i, j € H. 

Now arguing in IN[G], we have A; A,;& X for every i,j € H, and so 
{A; — X :ie H} is a disjoint collection of &3 stationary subsets of w,; a 
contradiction. 


Exercise 35.7. Let I be a normal x-complete ideal over x. If J is not x*-saturated, then 
there exists an almost disjoint family of x* sets of positive measure. 

[Let X;,i < «*, be sets of positive measure such that X; © X, has measure zero. For 
each i < x*, enumerate {X ;: j < i} by {Z,: « < x}, and let Y; be the diagonal intersection 
of {X; — Z,: a < x}. Now Y, contains almost all elements of X;,and ¥, 0 Z, S « + | for 
every « <x. Thus any ¥,, Y; are almost disjoint.] 


Exercise 35.8. If the ideal of thin subsets of x is x*-saturated, then every normal x- 
complete ideal over x containing all singletons is x* -saturated. 
[Use Exercise 35.7 and the fact that every set of positive measure is stationary.] 


There are several results describing situations when the thin ideal is not 
«*-saturated. One such result is contained in Theorem 84b; for instance, if 
28° = &, and 2*'>%,, then the thin ideal over w, is not &,-saturated. By 
another result (cf. Exercise 22.11) Jensen’s © implies that there are 2®' almost 
disjoint stationary sets. (And both these results generalize to other regular 
uncountable cardinals.) The following lemma shows that for some large car- 
dinals x, the thin ideal over x is not x*-saturated. 


Lemma 35.5. Assume that the thin ideal over x is k*-saturated and let I be a 
normal x-complete ideal oveer k containing all singletons. Then there is a set 
A € k of measure one (i.e., « — A € I) such that every stationary subset of A has 
Positive measure. 


[Since every set of positive measure is stationary, this means that 
I|A =I |A where I| A = {X ¢ A: X € I} and I) is the thin ideal.] 


Proof. Let F be a maximal almost disjoint (i.e. |S a T| <x) family of sta- 
tionary sets of measure zero; we have |¥| <x. If |F| =x, F = {S,:a <x}, 
let A be the diagonal intersection of {x —S,:a<k}; if |F%|<k, let 
A=) {k —S:Se F}. In any case, A has measure one, and |A 1 S| < x for 
every Se F (because Am S, Ga + 1). 
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Now if S ¢ A is stationary, then S has positive measure, for otherwise ¥ 
could not be maximal. 


Corollary 1. If « is measurable, then the thin ideal over x is not x* -saturated. 


Proof. Let D be a normal measure on x and let I be the dual ideal. Every A € D 
can be divided into two disjoint stationary sets. I 


More generally, we have: 


Corollary 2. If « carries a K-saturated k-complete ideal, then the thin ideal over k 
is not K* -saturated. 


Proof. Apply Lemma 35.4 to a normal x-saturated x-complete ideal J over x, 
and use Theorem 85 to get a contradiction. 


The lemma can be further used to show, e.g., that if « is weakly compact, then 
the thin ideal is not x *-saturated. 


Generic Ultrapowers 


We shall now introduce a powerful method for dealing with ideals over 
regular uncountable cardinals. The method is very similar to the method of 
ultrapowers that we used in Section 28. 

Let x be a regular uncountable cardinal and let J be an ideal over x. Let us 
view the universe as a ground model, let us denote this ground model IN, and 
let us consider the generic extension of MN given by the completion of the 
Boolean algebra P(x)/I. In other words, consider the notion of forcing (P, ©), 
where P is the collection of all subsets of « of positive measure: 


(35.7) Xe Piff xX Cx and X ¢1; 
X is stronger than Y iff X ¢ Y. 


Let G be a generic filter on P. 
Lemma 35.6. 


(i) Gis an M-ultrafilter over x extending the filter dual to I. 
(ii) If I is x-complete (in Mt), then G is Dt-K-complete. 
(iii) If I is normal, then G is M-normal. 


Proof. (i) If X < « has measure one, then {Y € P: Y € X} is dense in P and 
hence X € G. That G is an M-ultrafilter is obvious. 

(ii) If {X,:a<y}, y<x, is (in M) a partition of x, then by the x- 
completeness of J, the set {Ye P: Y<some X,} is dense in P and hence 
X, € G for some a. 

(iii) If X € G and if fe M is a regressive function on X, then {Y c X : fis 
constant on Y} is dense below X, and hence fis constant onsome Ye G. @ 
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From now on assume that I is a x-complete ideal over « containing all 
singletons. Then G is a nonprincipal N-x-complete M-ultrafilter over x. Note 
that if J is atomless, then G ¢ MN (but otherwise G may be in M; e.g., if J is 
prime, then G is the dual of /). 

Let us consider (in WN[G]) the ultrapower Ult,(M); let us call this ultra- 
power a generic ultrapower. The generic ultrapower is a model of ZFC, but is 
not necessarily well-founded. We have of course the fundamental theorem, in 
this form 


(35.8) Ult(M)F Oi. EF) iff — {a ME (f(a), .... F(a} eG 


whenever f;, ..., f, € Mt are functions defined on a set X € G. In particular, we 
have an elementary embedding, the natural embedding jg: M— Ult,(M), 
defined by 


jg(x) = [c,] 
where c, is the constant function on x with value x, and [c,] is its equivalence 
class in the ultrapower. 

Let us denote the generic ultrapower by St, and j, = j. The ordinal numbers 
of the model § form a linearly ordered class, not necessarily well-ordered, but 
we shall show that (because I is x-complete), Ord” has an initial segment of 
order-type x. If x e Ord®, let us call the order-type of x the order-type of the set 
{y € Ord™ : y < ™x}. If the order-type of x is an ordinal number, let us take the 
liberty of identifying x with this ordinal. 


Lemma 35.7. 


(i) For every y < x, j(y) = y; hence Ord® has an initial segment of order-type k. 
(ii) je) # x. 
(iii) If I is normal, then there exists x € Ord™ such that x = x; in fact [d] = k, 
where d is the diagonal function d(a) = «a. 


Proof. Routine. G is 9M-«-complete, nonprincipal, and in case (iii) 
M-normal. W@ 


Let me mention again the fact that was already mentioned and that is fairly 
easy to verify: If P is the notion of forcing defined above (35.7), then r.o. P = 
r.0.(P(x)/I); the mapping X++[X] gives the natural correspondence. This 
means that sat(P) = sat(I), the fact that we are going to use in the applications. 

An important question is: When is the generic ultrapower well-founded ? 
We shall now formulate a necessary and sufficient condition on I for this to be 
the case. 

Let S be a set of positive measure. An I-partition of S is a maximal family W 
of subsets of S of positive measure such that X m Ye/ for any distinct 
X, Ye W. An I-partition W, of S is a refinement of an I-partition W, of S, 
W, < W,, if every X € W, is a subset of some Y € W,. A functional on S is a 
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collection F of functions such that W, = {dom(f): fe F} is an I-partition of S 
and dom(f) # dom(g) whenever f # g € F. 
We define F < G for two functionals on S to mean that: 


(i) each fe F u Gis a function into the ordinals; 
(ii) Wp < W,; and 
(iii) ifffe F and g € Gare such that dom(f) < dom(g), then f («) < g(a) for all 
a € dom(f). 


The reason we define functionals is that they represent functions in the 
Boolean-valued model 9? (and so are canonical representatives for elements of 
Ultg(M)): Let fe WM? be such that 


(35.9) St fis a function with dom(f) e G and fe M 


Then there is clearly an I-partition W of S, and for each X € W a function f; on 
X such that for all Xe W, X + f |X = fy. Thus the functional {f, : X « W} 
“represents” the Boolean-valued fon S. 

Conversely, if F is functional on S, then there is fe IN” such that (35.9) 
holds; and for each fe F, if X = dom(f), then X tf |X =f 

Note also that if F < G are functionals on S and f, g are the corresponding 
Boolean-valued elements, then 


(35.10) 
S  f,g € Mand dom(f) < dom(g) and f(a) < g(x) for all « € dom(f) 


Conversely, if f and g satisfy (35.10), then there are functionals F and G that 
represent f and g, and F <G. 

Let I be a x-complete ideal over « containing all singletons. The ideal J is 
precipitous if whenever S is a set of positive measure and {W,:n< } are 
I-partitions of S such that 


W>W,>-->W>- 
then there exists a sequence of sets 

Xo 2X,2°°2X,2°"' 
such that X, € W, for each n, and (\2_) X,, is nonempty. 
Lemma 35.8. The following are equivalent: 


(i) J is precipitous. 
(ii) For no set S of positive measure is there a sequence of functionals on S such 
that Fy > Fy > +: > F>°. 
(iii) If G is a generic filter on P (cf. 35.7), then the generic ultrapower Ultg(Q) 
is well-founded. , 


Proof. In view of the preceding discussion on functionals, (ii) is equivalent to 
(iii): If Fo > F, > --: are functionals on S, and fo, f;, ..., the corresponding ele- 
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ments of IN®, then S forces that [fo], [fi], ... is a descending sequence of 
ordinals in the generic ultrapower. Conversely, if S forces that Ult,(I) has a 
descending sequence of ordinals, we construct Fo, F,,... on S such that 
Fy >F,>°--:. 

The implication (i) > (ii) is easy. If Fo > F, > --: are functionals on S, then 
the partitions W,;,, W,,, ... constitute a counterexample to precipitousness: If 
X) 2X, 2°:: are elements of WH, W,,..., let fo € Fo be the function with 
domain X o,f, € F, with domain X ,, etc; now if ()\%_ X,, were nonempty, we 
would get fo(a) > f(a) > ++: for we (\P 9 Xq. 

To show that (ii)— (i), let us assume that J is not precipitous and let 
W => W, >°::: be partitions of some S ¢ J that attest to the fact that I is not 
precipitous. We shall construct functionals on S such that Fo > F, >°°°. 

Without loss of generality, let us assume that if X « W,,,, Y € W,, and 
X CY, then X # Y. Let T=|)?_p W,,; note that the partially ordered set 
(T, <) is an upside-down tree (of height ). 

For each ze S, let us consider the set T, = {X € T: z € X}. Since every 
descending sequence X9 > X, > --: in T has empty intersection, it follows that 
for every z, T, has no infinite descending sequence X 9 > X , > :-:; hence the 
relation < on T, is well-founded. Thus there is, for each z, an ordinal function 
p, on T (the rank function, cf. Section 9) such that p,(X) < p,(Y) when X c Y. 
It is clear that if X ¢ W,.,, Ye W,, and ze X c Y, then p,(X) < p,(Y). 

Thus we define, for each X € T, a function fy on X as follows: 


Fx(z)= p(X) (allze X) 


Now it is clear that if we let F,, = {f; : X € W,} for each n, then Fo, Fy, ... are 
functionals on S and Fo > F,>°"::. @ 


The next lemma shows that the ideal of small sets is not precipitous. Then 
we show that a x*-saturated ideal over x is precipitous. Later (in Theorem 
86a)) we show that if there exists a precipitous ideal, then there is a transitive 
model with a measurable cardinal. 


Lemma 35.9. Let «x be a_ regular uncountable cardinal. The ideal 
I ={X cx: |X| <k} is not precipitous. 


Proof. Let I ={X ©: |X| <x}. A set X <x has positive measure just in 
case |X | = x. For each such X, let fy be the unique order-preserving function 
from X onto k. 

For each set X of positive measure there exists a set Y < X of positive 
measure such that fy(«) < fy(«) for all e Y; namely if we let Y = {ae X: f(a) 
is a successor ordinal}, then f(x) = fy(w) + 1 for all « e Y. Thus for each X ¢ I 
there is an J-partition W, of X such that for all Y e Wy, fy(«) < fx(a) on Y. 

Now we construct J-partitions Wy > W, > --: as follows: We let Wo = {x}, 
and for each n, we let W,,, = |) {Wy: X € W,}. For each n, we let F,, be the 
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functional F,,= {f,:X € W,}. It is clear that Fy > Fy >-::>F,>-°--, and 
therefore J is not precipitous. 


Lemma 35.10. Let « be a regular uncountable cardinal. Every x*-saturated K- 
complete ideal over x is precipitous. 


Proof. Let I be a x*-saturated x-complete ideal over x. Let S be a set of 
positive measure and let Wy > W, >--: be I-partitions of S. We shall find 
Xo 2X, 2°: in Wo, W, ... such that ()°» X, is nonempty. 

We shall first modify each W, to obtain a new I-partition Wj), that is 
almost like W, but is disjoint. We proceed by induction on n. Since | Wo| < x, 
let Wo = {X,: « < 6} where 6 < x, and for each a < 0, let X, = X.— Ugca Xo; 
then we let Wo = {X’: X € W}. Since I is k-complete, we have X — X' € I for 
all X € W, and thus W4 is an I-partition of S; moreover, W, is disjoint, and is a 
partition of Sy = |) Wo and S — Sy € I. Having constructed W;,, we enumerate 
Wr+1={Xq:a<6} where 60<x, and for each a<8O, let 
Xi = (Xa — Upea Xp) 0 Z where Z is the unique Z € W, that is almost all of 
the unique Y e€ W, such that X, ¢ Y. We let W,,, = {X': X € W,,,}; Wi isa 
partition of S,4,4 = (J Wisi, S—S,41 61, and X — X’e] for all X € W, 44. 

Since each S, is almost all of S, the set (\%_, S, is nonempty; let z be an 
element of this intersection. For each n there is a unique Y, € W’, such that 
ze Y,; let X, be the unique X,e W, such that Y¥,< X,. It is clear that 
Xo 2X,2°°2X,2°,and(\r,X#2. Of 


In the following exercises, “‘ minimal unbounded function” and “least un- 
bounded function” have the meaning defined in the proof of Lemma 34.1. 


Exercise 35.9. If I is a precipitous ideal over x, then there exists a minimal unbounded 
function. 

[There is a set X of positive measure and a function fon X such that X forces that f 
represents x in the generic ultrapower.] 


Exercise 35.10. If there exists a x*-saturated ideal over x, then there exists a normal 
«x*-saturated ideal over xk. 
[Let g be a minimal unbounded function. Show that g,(1) is x *-saturated.] 


If J is x *-saturated, then the Boolean-valued names for functions on k in M 
can be represented not by functionals but by ordinary functions: Let F be a 
functional (on x). Let W = {dom(f) : f € F}; since J is k*-saturated, W can be 
replaced by a disjoint W' such that for each X € W there X’ € W’ such that 
X' < X and X — X' € I. If we replace each f € F by its restriction to the corre- 
sponding X’ € W’, we get a functional F’ whose elements have disjoint do- 
mains. Then f = |) F’ is a function, and if f ¢ I is the name corresponding to 
F, then || f = f|| = 1. 


Exercise 35.11. If I is a x *-saturated ideal over x, then there exists a least unbounded 
function. 
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[Let fe ® be such that || f represents K in the generic ultrapower|| = 1, and let 
fi « > « be such that || f=f|| = 1. Show that fis the least unbounded function.] 


Applications of Generic Ultrapowers 


1. Proof of Theorem 23 

Let me consider this typical special case: Let x be a singular cardinal of 
cofinality &,, and assume that 2*=/* for all 4 <x. We shall show that 
2* = k*, using a generic ultrapower. 

Let I be the ideal of thin sets over w,, let P be the corresponding notion of 
forcing (i.e., forcing conditions are stationary sets) and let G be a generic filter 
on P. Note that since |P| = 2®' < x (in 9), all cardinals > x remain cardinals 
in MG]. 

Let us work in I[G]. G is an M-normal IM-countably-complete M- 
ultrafilter over wf. Let = Ultg(M) be the generic ultrapower and let 
j: Dt N be the corresponding elementary embedding. M is not necessarily 
well-founded. ; 

Let <x, : & < @,) be (in IM) an increasing continuous sequence of cardinals 
converging to x. Let e be the cardinal number in ® represented by the function 
e(a) = k,. Let e* denote the successor cardinal of e in N. 

For each X Cx in M let fy be the function on wi! defined by fy(a) = 
X O«,. Clearly, each fy represents in ® a subset of e. Moreover, if X # Y, 
then fy and f, are almost disjoint and hence represent distinct subsets of e. It 
follows that |P™(x)| < |P%(e)|, where P*(e) denotes the collection of all sub- 
sets of e in N. 

Now ® F 2° = e* (because M - 2": = «; for all «), which means that in the 
model ® there is a one-to-one correspondence between the power set of e and 
e*.It follows that there is a one-to-one correspondence between P™(e) and the 
set ext(e*) = {x € Ord™: x <"e*}. Thus we have so far |P™(x)| < |ext(e*)]. 

Next we observe that e = sup{j(x,): y < wf}. This is because if frepresents 
an ordinal less than e, then there is a set of limit ordinals X € G such that 
f(«) < k, for all a € X; thus f(a) < K,,q) for some y(«) < a, and by normality of 
G, there is y such that [f]<"x,. Now for each y<qf, |ext(j(x,))| < 
|(«1)"| <x, and therefore |ext(e)| <k. 

If x <"e*, then there is in Na one-to-one mapping of x into e, and 
therefore, |ext(x)| < |ext(e)| < «. Thus ext(e*) is a linearly ordered set whose 
each initial segment has size at most x. Therefore |ext(e*)|<x*, and we 
have 


[P™)| <x 


We have argued so far in IN[G]; in other words, we have proved that 
| P™ (i) PES < (*)™*S), But since all cardinals > « in M remain cardinals in 
M[G], it is necessary that | P™(x)|" < («*)™; in other words we have proved 
that 2*=x* (inM). 
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2. Proof of Theorem 84b 

Let 28° = &, < &,, and let J be a o-complete /-saturated ideal over w,. We 
shall show that 2"! < Xx, - 4. 

Let P be the notion of forcing corresponding to I, and let G be generic on P. 
Since sat(P) = sat(I) < A, all cardinals > A in M are cardinals in M[G]. 

Let us work in WG], and let N = Ult_(M) and j = jg: M— Nbe as before. 
For each X € a, in M let fy be the function on wf! defined by f(a) = XO a. 
Each fy represents in 2a subset of the countable ordinal d represented by the 
function d(x) = «; moreover, if X = Y, then fy and fy are almost disjoint and 
hence [fx] # [fy]. It follows that |P™(w?")| < |P%(d)|. Let e be the cardinal 
number in 9M such that Nk 2%°=e (we recall that w*=q). Since 
NF |P(d)| =e, we have |P*(d)| = |ext(e)| and so 


(35.11) |P™(w%")| < |ext(e)| 


Next we shall compute the size of ext(e). Since MF 28° = XN, andj: M+ N 
is elementary, we have e = j(w,). We shall now prove by induction on y < a7! 
that 


(35.12) lext(j(o®))| < A+ [o®| 


Let me denote j(w2") = e, for all y < wi". By Lemma 35.7, the ordinals of N 
have an initial segment of order-type w7'; thus the infinite cardinals of N also 
have an initial segment of order-type w®, namely {e, :  < wi’). 

If y=0, then e,=q@ and (35.12) is true. If y is a limit ordinal, then 
e, = sup{e; : 6 < y} and (35.12) is again true provided it is true for all 6 < y. If 
y = 1, then ext(e,) is a linearly ordered set whose each initial segment is count- 
able, and hence |ext(e,)| <&,. Since d is a cardinal (now we are in M[G]), we 
have &, < A, and (35.12) holds. 

Let us assume that (35.12) holds for y and let us show that it also holds for 
y + 1. Every function f: w, + w,4, in M is bounded by some constant func- 
tion, and therefore j(w,,,) = sup{j(é): € < w,,,}. Hence the linearly ordered 
set ext(e, , ,) has a cofinal set of order type w3", , and each its initial segment has 
size <A- |w'"| (because if < w,,,, then |ext(j(Z))| < |ext e,| <A- |w"|). 
It follows that |ext(e,,,)| <42- |o™,|. 

Now we put (35.11) and (35.12) together and get 


[P™(oP)| <4 8? 


This we proved in IN[G]; but since all cardinals > A in Wt remain cardinals in 
IMG], the same must be true in Wt. Hence (in M) 


2kt<A-&,. Of 
3. The GCH at a Cardinal x that Carries a x*-saturated Ideal 


Let « be a regular uncountable cardinal and let J be a x*-saturated ideal 
over x. We shall prove 


(35.13) if 2*=A* forallA<x, then 2*=xt 
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(We proved this for a measurable x in Lemma 28.13.) Let P be the notion of 
forcing corresponding to I, let G be generic on P, and let RN = Ult,(M). Since I 
is k*-saturated, M is well-founded and hence we identify it with a transitive 
model NR < M[G]. Let j: M— N be the natural embedding. We have j(y) = y 
for all y<x, and j(k)>xK. If X Sw and X € M, then X € N because 
X = j(X) 0 x. Thus P™(x) < P*(x). 

We assume that IN F (2? = A* for all A < x) and hence N § (2* = A* for all 
A < j(x)), and in particular, R & |P(«)| =«*, where «* denotes the least car- 
dinal greater than a. Now (x*)” < («*)™; and because sat(P) = «* (in M), 
(x*)™ is a cardinal in W[G] and we have also (x*)™! = (x*)™. Thus we have, 
in M[G], 

| P™()| < («7)™ 


and since all cardinals above x* in Mare preserved, the last formula is also 
true in IN, and we have 2" =x*. & 


4. Some Consequences of an %,-saturated Ideal Over w, 
Let J be an &,-saturated ideal over w,. Then 


(35.14) (a) If 28°=,, then 28! =). 
(b) If 8, < 28° <W,,, then 2"! = 2%, 
(c) If 28°=,,,, then 28! <&,,. 
(d) If%,,, is a strong limit, then 2%: <X&,,,. 


Let ®(«) denote the ath member of the class {x : &, = x}. 
(e) If ®(w,) is a strong limit, then 2°°” < O(@,). 


(a) and (b) are consequences of Theorem 84 (cf. (35.2) and (35.3)) (and (a) is 
also a consequence of (35.13)). (d) gives a better bound on 2%: than that in 
Theorem 24, which gives 28+: < &, where y = (2™')*. (e) gives a bound for 
2%) which is an open question in ZFC. . 

As before, let G be a generic ultrafilter over w,, let R = Ult,(M) and let 
j: Ma RN. Nis a transitive model, N < MG]. 

Let us denote x = w’"'. We have j(y) = y for all y < k, and j(x) > x. Thus k is 
a countable ordinal in 9. Moreover, every f: k > Ord in IM belongs to N (as in 
Lemma 28.9a), and so every y < w*' is countable in ®. Since sat(/) = &, w%' is 
a cardinal in NG], hence in N, and so 


(wo?) = oF 


We shall now prove (c), (d), and (e). To prove (c), let us assume that 
Mr 2=N,,. Since NF |wP"'| =N., and j is elementary, we have 
NE |PPR(x)| = 2% = &j,. Now Nj, < NM; and since j() = w7', NP" is the 
w*th cardinal in I[G]. However, all cardinals > 3" are preserved and hence 


NING] — NB. Thus 
[P@(o?)| < Ne, 
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holds in %, therefore in IN[G]; and because cardinals above &, are preserved, 
this also holds in M. 

To prove (d) or (e), note that if &,, (or ®(w,)) is a strong limit, then 
2¥er = NEE (2%) = (O(w,))™). Let A denote &,,, in (d) and ®(w,) in (e). It is 
easy to see that j(A) > A. Now IF Va < j(A)|"a| <j(A), and because ("A)" < 
("A)®, we have MF |("A)™| < j(A). 

In case (d) we have j(A) < 83" as in (c); and in case (e) we obtain similarly 
j(A) < ®(j(k)) < ®(@,). The rest of the proof of either (d) or (e) is as before. 


Exercise 35.12. If I is a precipitous ideal over w, and if ®(w,) is a strong limit, then 
201) < O((2")*). 
[Proceed as in (e) above and show that j(®(w,)) < ®(j(w,)) and j(w,) < (2*")*.] 


As I mentioned, the bound on 2*: in (d) is better than that in Theorem 24. 
The same bound \&,,, can be obtained directly from Lemma 8.7 if there is no 
function ~: w, > @, such that ||g|| = w, (see (8.7) for the definition of ||@||). 

For every y < w, there is g,: w, > @, such that ||9, || = y. In fact, let us 
define functions g,, y <w2, as follows: go(a) = 0, 9,4 ,(«) = 9,(a) + 1; if 
y=lim,y,, let 9,(«) = sup, {9,,()}; if y=limg.., 7, let 9,(a)= 
sup{@,,(%): ¢ < a}. Then gy, < yg on a closed unbounded set whenever y < 6, 
and |\g, ||; = y for all y < , and all stationary S. It follows that if ||p|| = w2, 
then for every y < @2, y,(«) < g(a) on a closed unbounded set. 


Exercise 35.13. If there is p: w, > @, such that ||g|| = w2, then there is a family of &, 
functions from w, into w such that any two differ on a closed unbounded set. 


[Consider {f, : y < w2} S []a<a,(~(a) + 1), where f,(a) = min{e,(«), o(a)}.] 


Let me mention that Chang’s conjecture implies that there is no family of 
SS, functions from @, into w such that any two differ on a closed unbounded 
set; the proof is analogous to the one in Exercise 29.14. Thus Chang’s conjec- 
ture implies that if &,,, is a strong limit then 2°! < &,,,. (This is because by 
Lemma 8.7, 2%«1 < X, where @ is the norm of the constant function c,, on @,.) 


5. x-Saturated Ideals Over k 
Let x be a regular uncountable cardinal and assume that x carries a k- 
saturated ideal. We shall prove: 


(35.15) (a) « is weakly Mahlo; 
(b) {a <x: a is weakly Mahlo} is stationary; 
(c) if X <x has measure one then X ~ M(X) has measure one, 
where 


M(X) = {a <K:cfa<wand X 1 « is stationary in a} 


If there exists a x-saturated ideal over x, then x is weakly inaccessible by 
Lemma 27.8, and there exists a normal x-saturated ideal over x (by Lemma 
35.1). Let I be a normal x-saturated ideal over x. We first prove: 
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Lemma 35.11. If S © k is stationary, then for almost all a < x, SM «& is station- 
ary in a. 


Proof. If not, then there is a set X of positive measure such that S - a is not 
stationary in a (or cf a = w) for all a e X. Let G be a generic ultrafilter over x 
(corresponding to I) such that X €G. Let N= Ult(M). N is a transitive 
model. Since J is normal, x is represented in N by the function d(«) = a. Since 
S = j(S) 0 x, we have NF S is not stationary. 

However, the notion of forcing is x-saturated and hence x is a regular 
cardinal in M[G], and by Lemma 35.4 (with w, replaced by x) M[G] F S is 
stationary. Now 2 ¢ IM[G] and so NF S is stationary. A contradiction. Mf 


Now we prove (35.15). Since J is normal, every set of positive measure is 
stationary. Thus (c) follows since if X has measure one then M(X) has measure 
one by Lemma 35.11, and so does X ~ M(X). 

To prove (a), it suffices to show that almost all « < x are regular cardinals. 
Otherwise, let X be a set of positive measure such that all « € X are singular. 
Let G 3 X be generic and let % = Ult¢(M). Then N F x is singular, contrary to 
the fact that x is regular in M[G] and N < IMG]. 

Now (b) follows by an application of (c): Let X = {a < x: ais regular}, then 
X 0 M(X) = {a <«:a is weakly Mahlo}. 


6. Proof of Theorem 85 
Let x be a regular uncountable cardinal and let S be a stationary subset of x. 
We shall give a quick proof that S is the disjoint union of k stationary subsets. 
Otherwise, the ideal J = {X Cx: X 1S is thin} is a normal x-saturated 
ideal. By Lemma 35.11, S — M(S) has measure zero and hence is thin, which 
contradicts Lemma 35.3. 


7, Changing Cofinalities of Cardinals 

Let x and J be regular cardinals, 4 < x. Let us assume that the GCH holds 
and that the thin ideal over x is x*-saturated. Then there exists a generic 
extension in which all cardinals less than x remain cardinals, and cf x = d. 

Compare this with Corollary 3 of Jensen’s covering theorem (Theorem 74). 
For instance, if « = %3 and A = &,, then MG] F (|k| =X, and cf x = a,); if 
k is inaccessible, then it becomes a singular cardinal of cofinality 2. 

Let J be the ideal of thin subsets of x, and let (P, <) be the corresponding 
notion of forcing. Since I is x *-saturated, the algebra B = P(x)/I is complete, 
and B=r.o. P. Every be B is represented by a stationary set: b =[S]; 
moreover, if {b; : € < y} is a partition of B, then we can find disjoint S, such that 
b; = [Sz] for all € < y. Let 

E={a<x«:cfa=A} 


We shall show that in the generic extension, all cardinals less than x are 
preserved, and that 


(35.16) Etefk=1 
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To show that the cardinals below « are preserved, it suffices to prove that if v is 
a cardinal and vt <x, then P™(y) = P®(y). For this, it is enough to show 
that B is (v, v)-distributive. 

Let W, = {bt: € < v}, n < v, be v partitions of B into v pieces. Each b’.can be 
represented by a stationary set S4such that each Z, = {S4: € < v},n <v, isa 
partition of x. For each f: v > v, consider S = (), S% i; since the number of f’s 
is 2° = v* <x, we conclude by x-completeness of J that those S, that are 
stationary constitute a partition refining all the W,. Thus B is (v, v)-distributive. 

Now let me show that E forces that there is an increasing function on A 
converging to x. For each a € E, let f, be an increasing function on A with limit 
a. Let us define a B-valued name f for a function from / to x as follows: 


|FQ) = a] =e EL =nj] (<4 <x) 


It is clear that fis, with B-value 1, a function with domain © A and range © x. 
It is easy to prove that f is increasing. Let me show that E + dom f= 4 
(E | (ran f is unbounded in &) is verified in a similar way). Let € < A and let 
S CE be stationary; we want to find a stationary T ¢ S and n < x such that 
T t f(2) = 4. Fora eS, let g(x) = f,(é). Since g is regressive, there exists T ¢ S 
stationary such that g is constant on T. Obviously, this T will do. 

It remains to show that cf x is exactly A (in a generic extension IN[G] such 
that E € G). We have in fact shown that cf x = cf A in NG]; thus if cf x < A, 
then there is v < A, a cardinal in IN, such that cf A = v in MG]. But this is 
impossible since an argument analogous to the one above shows that B is 
(v, A)-distributive. Ml 


Precipitous Ideals 


I shall conclude this section with the following theorem, showing that exis- 
tence of precipitous ideals, even over a successor cardinal, is equiconsistent with 
existence of measurable cardinals. It has also been shown that it is consistent, 
relative to existence of measurable cardinals, that the ideal of thin subsets of w, 
is precipitous. 


Theorem 86. 


(a) If is aregular uncountable cardinal that carries a precipitous ideal, then x is 
measurable in some transitive model of ZFC. 

(b) If « is a measurable cardinal, then there exists a generic extension in which 
kK = &,, and « carries a precipitous ideal. 


The proof of (a) uses the technique of iterated ultrapowers from Section 31 
(see also the proof of Theorem 80, in particular (33.8)-(33.12)). 

Let x be a regular uncountable cardinal, and let J be a precipitous ideal over 
x. Let K be the class of all strong limit cardinals v > 2” such that cf v > x. Let 
Yo <?1 <°** <n <‘** (n <q), be elements of K such that |y, 7 K| = y,, let 
A= {y,:n=0, 1, ...} and let 2 = sup(A). 
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Lemma 35.12. There exists an L{A]-ultrafilter W over k such that W is nonprin- 
cipal, L[A]-x-complete, L{A]-normal, iterable, and every iterated ultrapower 
UltP(L{A]) is well-founded. 


Proof. Since I is precipitous, the generic ultrapower is well-founded, and so the 
diagonal function d(x) = a represents some ordinal number in Ult,¢(t). Thus 
there is a set S of positive measure, and an ordinal y such that 


(35.17) S td represents ¥ in Ult,(M) 


We shall first show that for every X € L[A], X <x, either S  X or S — X has 
measure 0, and so 


(35.18) U = {X € P(k) \ L[A]: X 7 S has positive measure} 


is an L[A]-ultrafilter. 

Let H = #'"4(k U K u {A}) be the class of all sets definable in L[ A] from 
elements of k U K vu {A} (this is expressible in ZF similarly to the way in which 
ordinal definability is; or we can use L,[ A] for some large 6 as in Lemma 31.13). 
Since |K 1 »,| = », for each n, it follows that if z is the transitive collapse of H, 
then 2(A) = A and x[H] = L[A]. Now if X < x and X € L{A], then because z is 
the identity on x, we have X = n(X) and therefore X € H. Thus for every 
X € P(k) © L{A] there is a formula 9 and a finite set E < k U K such that 


(35.19) X ={€ <x: [A] € o(€, E, A) 


We shall now show that (35.18) defines an L{ A]-ultrafilter. Recall that for 
any generic ultrafilter G over k, jg is the identity on x, and moreover, j,(v) = v 
for all v € K (this follows from the definition of K). 

If X « L[A] and X 7 S has positive measure, then because X t X € Gand 
because (35.17) holds, we have 


XAS t¥Eej(X) 
Now using (35.19), and the fact that j,(A) = A and j,(E) = E, we have 
(35.20) X OS t (Lf{A] § o(5, E, A)) 
But the formula forced by X 1 S in (35.20) is about I, and thus true. Hence 
ye s(X)] = 1 
and by (35.17), 
StxXeG 

This, however, means that S — X Kas measure 0. 

Since I is x-complete, it is clear that U is L[A]-x-complete, and moreover 


the intersection of any countable family of elements of U is nonempty. It is less 
clear that U is iterable: Let (X,:«<x)>€ L{A]; it suffices to show that 
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St ({a:X,¢U$eLfA]). If G is generic such that SeG, then 
{a<K:X,€U}={a<xk:yejc(X,)}, but this is in L{A] because 
jig((Xai <x)> € L[jo(A)] and jo(A) = A. 

By Exercise 31.9, Ulty(L[A]) is well-founded; let f: x + « be the function 
that represents « in Ulty(L[A]). Let W = f,(U). 

It is easy to verify that W is an L[A]-normal, L[A]-x-complete, iterable 
L{A}-ultrafilter over x, and that the intersection of any countable family of 
elements of W is nonempty. By Exercise 31.9, every iterated ultrapower 
Ult{)(L[A]]) is well-founded. 


Proof of Theorem 86a. Let A = {y,:n=0, 1, ...} be as above, let 2 = sup(A), 
and let W be an L{A]-ultrafilter as in Lemma 35.12. Let us define in L[A] 


(35.21) F ={X CA: Amy Vn = No y, € X} 


(compare with (33.9)). I claim that D = F 7 L[F] is a normal measure on J in 
L{D}. 
For each a, let ip, be the elementary embedding io,: L[A] > Ult$(L[A]). It 
follows from the definition of the class K that: 


(i) ifa<y,, then ig,(y,) = Yn 
(ii) ig,,(K) = ns 
(iii) if « <A, then ig,(A) = A. 


Hence for all a < A, ip,(L[A]) = L[A], io.(F) = F, and ip,(D) = D. 

We shall now prove that D is an ultrafilter in L[D]. Otherwise, let X < A be 
the least X (in the canonical well-ordering of L[D]) such that X ¢ D and 
A — X ¢€ D. Since ip,(D) = D for all « < A, we have ig,(X) = X for alla <A; in 
particular, ig, (X) = X for all n. Now for any n, if y, € X, then ig, (K) € ig, (X) 
and hence x € X, and vice versa. Hence either all y, are in X or none, and so 
either X € F or A — X € F, a contradiction. 

The proof that D is x-complete (in L[D]) and normal is similar and is left to 
the reader. 

Thus we have proved that the model L[A] satisfies the following formula 


eA): 
(35.22) (A): 3D such that L[D] F D is a normal measure on 4 


The proof of Theorem 86a will be complete if we find a transitive model M and 
an elementary embedding i: M > L[A] such that i(x) = 2. Then M F g(x) and 
hence x is measurable in some transitive model. 

Let me recall that for each «, io, is the elementary embedding iy,: L[A] > 
Ult\(L{A]). As we have seen, if a < A, then ig,(A) = A and ip,(L[A]) = LA]. Let 
C be a proper class of ordinals greater than A such that io,(v) = v for all ve C. 

Let H = #"4\(k U {A} U C) be the class of all sets definable in L[ A] from 
elements of k U {A} U C. (As before, the problem of expressibility of H in ZF 
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can be overcome by replacing L{ A] by a suitable large segment L, A].) H is an 
elementary submodel of L] A]. 

Ifa <A, then ig,(v) = vforallv € « U {A} U C; it follows that io,(x) = x for 
all x € H. Observing that for every v such that k < v < / there exists « < A such 
that io,(v) > v, we conclude that H contains no ordinal v such that ek <v < J. 
Hence if x is the transitive collapse of H, and M = x[H], then x(A) = x; thus 
i= | is an elementary embedding of some transitive model M into L[ A], and 
i(k)=12. © 

The proof of Theorem 86b uses the notion of forcing which collapses all 
a <x onto w and makes k =, (the Levy collapsing algebra of Section 20). 
The proof that if x is measurable in MN, then in IG] it carries a precipitous 
ideal‘uses some methods that we shall be dealing with in the next section. For 
this reason, and because this section is already quite long, I postpone the proof 
of Theorem 86b until Section 37. 


36. MEASURABLE CARDINALS AND THE GENERALIZED 
CONTINUUM HYPOTHESIS 


The model L[U] that we discussed in Section 31 establishes consistency of 
the generalized continuum hypothesis with the existence of measurable car- 
dinals. The obvious question is whether we can use the method of forcing to 
obtain models in which measurable cardinals exist and the continuum function 
2** behaves in some prescribed manner. 

We are already aware of one limitation on the behavior of the continuum 
function if « is a measurable cardinal: The value of 2“ depends on the values 2* 
for « <x; for instance, if 2* = a* for all « <x, then 2" = x*. We shall show 
below (Theorem 87) that this is not the only restriction on 2". It turns out that 
in order that 2" >x*, the universe must have very strong large cardinal 
properties; the theorem shows that if 2“ > «*, then for every 6 there is a model 
with @ measurable cardinals. 

As one may guess, the behavior of the continuum function above x (on 
regular cardinals) is not influenced by measurability of «; we shall also show 
that for any. A < x, the values of 2% can be arbitrarily prescribed for all regular 
a <A. Then we introduce a method of forcing that will enable us (under a 
strong large cardinal assumption) to construct models in which the generalized 
continuum hypothesis fails at a measurable cardinal. 

The two main theorems of this section are the following: 


Theorem 87 (Kunen). If there exists a measurable cardinal x such that 2" > k*, 
then for every ordinal number 0 there exists a transitive model M of ZFC with at 
least 0 measurable cardinals. 


Theorem 88 (Silver). If there exists a supercompact cardinal x, then there is a 
generic extension in which x is a measurable cardinal and 2" > x*. 
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The proof of Theorem 87 is very much like the proof of Theorem 80, and I 
shall closely follow that proof. In the proof of Theorem 80, the key step was 
provided by Lemma 33.2. The following lemma plays a similar role in the 
present proof: 


Lemma 36.1. Let « be a measurable cardinal and let us assume that 2" > x*. Let 
U be a x-complete nonprincipal ultrafilter over x. If X is a set of ordinals of size 
< x, and if 6 is an ordinal, 6 < x**, then there is a transitive model N of ZFC 
such that X € N, that W=UONEN and if we denote jy the natural embed- 
ding jw: N > Ulty(N), then 


(36.1) 5 <jw(k)<K** 


Proof. Let me first state explicitly what is implicit in the statement of the 
lemma: If We N, then in N, W is a k-complete nonprincipal ultrafilter, and 
one can construct, within N, the ultrapower Ulty(N). 

Let X bea set of ordinals, | X | <x, and let d <x**. Let jy: V—> Ulty(V). 
Since jy(«) > 2" and 2" > «**, there are functions f;: k > x, € < 6, such that 
Se <f, almost everywhere (mod U) whenever € < y. Let Y < k* be some set of 
ordinals such that f. € L[Y] for all € < 6. Let N = L[X, Y, U]. 

Clearly, W = U 1 Ne N,and X € Nand Ye N. Thusf;e N forall € <6, 
and if ¢ <n, then f, < f, almost everywhere (mod W). Thus jy(«) > 6. 

The standard proof shows that N F 2" = x* (see, e.g, Lemma 31.1 and 
Exercise 15.3). Since N F jy(k) < (2")*, we have jy(x)<«**. 


Proof of Theorem 87 Let me follow closely the proof of Theorem 80. Again, I 
shall prove only the case 0 = 2. Let K be the class of ordinals defined in (33.8), 
let K, be as in (33.17) and let A = {y,}_) and A’ = {y;,}®_ be the sets defined in 
(33.18). Let A = lim,..., y, and A’ = lim,..,, y;,, and let F = F(A), F’ = F(A’) be 
the filters over 4 and J’ defined in (33.9). We claim that L[F, F’] has two 
measurable cardinals, A and 1’, and that F 1 L[F, F’] and F’ > L{[F, F’] are 
normal measures. 

As in the proof of Theorem 80, one verifies that F © L[F, F’] is a normal 
measure on A in L[F, F’], and additional work is required to show that 
F’ © L{F, F’] is a normal measure on J’. For each n, let M,, < L[A, A’] be the 
Skolem hull of K,, in L[A, A’]; cf. (33.19); let z, be the transitive collapse of M, 
and let j,: L[{7,(A), 2,(A’)] > L[A, A’] be the elementary embedding j, = z, '. 

The next step in the proof is to prove that 


(36.2) Tenn) <7 * for all n<@ 


As in the proof of Lemma 33.4, this is done by induction on n. For n = 0, we 
have 7o(yo) < x exactly as in the proof of Lemma 33.4. Thus let us assume that 
Ta(Yn) <«** and let us show that z,,4,(y,+1) <«* *. By Lemma 36.1 there 
exists a transitive model N of ZFC such that 2,(A) € Nand A’ e N,andWe N 
such that if jy: N — Ulty(N), then 7,(y,) <jw(k) <«**. It suffices to show 
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that 2,(«)<jy(k) for all a<y,4, in Mysy, since then 
Mn+ 1(Yn+1) = SUP{7, + 1(a): 4<Yn+1 and «€ Mn+ 3 < jw(k) < K* ue 

Let a < y,4, be in M,, ,. To show that 2,(a) < jyw(k), we proceed exactly as 
in the proof of Lemma 33.4, except that we argue inside the model Ulty{N) 
(instead of Ulty(V) as there); here we use the fact that Ulty{N) contains both 
m,(A) and A’. 

We complete the proof of the theorem (for 6 = 2) as in the proof of 
Theorem 80. We consider the model M,, < L[A, A’], the Skolem hull of K,; 
M., = L[B, A’], where B = 7,,(A), A’ = 2,,(A’), and 


jw: LB, A} > LA, A’] 


where j,, = m,,' and 1,, is the transitive collapse of M,,. 

We use the fact that 2,,(A) < «** (by 36.2)). Let N be a transitive model of 
ZFC such that Be N and A’ e€ N, and let WE N be such that 1,(A) < jw(k), 
where jw: N > Ulty(N). 

In Ulty(N), B is a subset of jy(k) and A’ is a subset of the class K. Thus we 
apply (33.16) and get 


Ultw(N) F (L[F(B), F(A’)] § F(A’) 0 L[F(B), F(A’)] is a normal measure) 


and upon application of j,, to L[F(B), F(A’)], we obtain, as in the proof of 
Theorem 80, 


LF, F’] § F’ 0 L{F, F’] is a normal measure on J’ 


This completes the proof of Theorem 87 for @ = 2. For the general case, see the 
concluding remarks in the proof of Theorem 80. 


Preservation of Measurable Cardinals in Generic Extensions 


Our goal now is to construct a model of ZFC in which there is a measurable 
cardinal x with the property 2" > x*. By Theorem 87, we have to start with a 
model of something stronger than just a measurable cardinal, and we also have 
to make sure that 2* > a* holds for many cardinals « below « in the resulting 
model. We shall proceed gradually, introducing more and more sophisticated 
methods of getting generic extensions in which a measurable cardinal remains 
measurable. 

As a starting point, we prove: 


Lemma 36.2. Let x be a measurable cardinal in the ground model IN. Let (P, <) 
be a notion of forcing such that |P| <x. Then k is measurable in the generic 
extension. 


Proof. 1 shall give a proof using elementary embeddings since similar argu- 
ments will be used in subsequent constructions; for a direct proof, see Exercise 
36.1. Let B = r.o. P; since |B| < x, we may as well assume that B € V,. We can 
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also assume that P is a dense subset of B. Let G be an M-generic ultrafilter on 
B; let us work in DG]. 

Since x is measurable in MM, there is an elementary embedding j: Mt N 
(where % is the ultrapower of I by some U over x) such that x is the least 
ordinal moved. We shall extend j to an elementary embedding (denoted also /) 
of M[G] into N[G], thus showing that x is measurable in YG]. 

Since B € V,, we have j(B) = B, and B is a complete Boolean algebra in N. 
Since MN < M and G is generic over Wt G is also generic over N. Let iZ denote 
the G-interpretation of IM, i#: M®— MG], and let i denote the G- 
interpretation of N®, ig: N® + N[G]. We define j(x) for x € WG] as follows: 
Let x € IN? be a name for x, x = ig'(x). Let 
(36.3) ix) = iB(ilx) 


Since x € IN’, we have j(x) € N® and so i@(j(x)) € N[G]. However, we have to 
show that the definition (36.3) does not depend on which name for x we choose. 
Let y be another B-valued name and let p € G be such that 


(36.4) prtxe=y 
That is, (36.4) holds in 9; we apply j to (36.4), and have (in ®) 
i(p) + (x) = 50) 
But j(p) = p € G and therefore 
ig(ix) = igliy). 
Finally we show that j: N[G] > R[G] is elementary. Let g be a formula 
such that 
M[G] § —(x, ...) 
Let x, ... be such that ig(x) = x, .... There is some p € G such that 
(36.5) p  e(x, ...) 
Applying j to (36.5), we get (in 2) 
p tt p(jx, ...) 
(because j(p) = p). Hence 
RG] F ole), --.) 
and since @ was arbitrary, j is elementary. 


Exercise 36.1. Let t, x, P be as in Lemma 36.2; let U be (in 9) a x-complete ultrafilter 
over x. Then in I[G], the filter 


W ={X cx: X DY for some Y € U} 


is a k-complete ultrafilter over x. 
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[For instance, to show that W is an ultrafilter, consider Xe IN? such that 
|X < k|| € G. The function a+ || € X|| is a partition of x into |B| < xk pieces, and by 
x-completeness of U there is Y € U such that ||& € X|| is the same for all « € Y. Now 
either X ¢ W or x — X € W according to whether this B-value is in G or not.] 


It is an immediate consequence of Lemma 36.2 that if x is a measurable 
cardinal, A < x, and F is a function on regular cardinals below A such that (i) 
F(a) < F(B) if « < B, (ii) cf(F(«)) > «, and (iii) F(a) < x for all & in its domain, 
then there is a model in which x is measurable and 2* = F(a) for all « € dom(F). 

One can also prescribe the values of the continuum function above a mea- 
surable cardinal (that is, for regular «a <x); this follows from this easy 
observation: 


Exercise 36.2. If « is a measurable cardinal and P is a x-closed notion of forcing (or just 
x-distributive), then « is measurable in the generic extension. 


Exercise 36.3. Let « be a measurable cardinal. There is a generic extension in which x is 
measurable and such that 2™* = &,., for all &, > k. 
[Use Exercise 20.8. The notion of forcing is x-closed.] 


In the following lemma we introduce a method that preserves measurability 
of x while adding subsets to an unbounded set of cardinals below x. It is vital 
however that the set A ¢ x has a normal measure 0. 


Lemma 36.3. Let 0 be a transitive model of ZFC + GCH and let x be a measur- 
able cardinal in 9. Let (in MN) D be a normal measure on x and let A be a set of 
regular cardinals below k such that A ¢ D; let F be a function on A such that 
F(a) < x for all « € A, and: 


(i) cf F(a) > a; 
(ii) F(a.) < F(a2) whenever a, < «2. 


Then there is a generic extension IN[G] of IM with the same cardinals, such that x 
is measurable in IN[G], and for every a € A, 


(36.6) M[G] k 2% = F(a) 


Proof. If we did not care about measurability of x in IN[G], we would of course 
use the Easton product as in the proof of Theorem 46 (see (20.11)). The actual 
construction is a modification of that method. 

Let j: Mt+ MN be the elementary embedding given by the ultrapower 
Ultp(M). As we assume that A ¢ D, we have x ¢ j(A). 

Let (P, <) be the Easton product of P,, a € A, where each P, is the notion 
of forcing that adjoins F(«) subsets of a; cf. (19.10), (20.10), and (20.11). Thus 
conditions are 0, 1-functions whose domain consists of triples (a, €, 7) where 
ae A, € <a, and n < F(a), and such that for every regular cardinal y, 


l{(, € 1) € dom(p): a < y}| <y 
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In particular, |p| <x forall p € P, hence P < V,,and so j(p) = p for each p € P. 

We shall however use not P but j(P) as our notion of forcing. Thus j(P) is, in 
®, the Easton product of P, for « € j(A). Note that P < j(P) and that j(P) is 
isomorphic to P x Q where (in Nt) P = (jP)<" and Q = (jP)**. 

Let G be an Mt-generic filter on j(P). We claim that M[G] has the same 
cardinals and cofinalities as Mand satisfies (36.6) and that x is a measurable 
cardinal in N[G]. Let G; = Gm P; since j(P) is isomorphic to P x Q, there is 
an IN[G,]-generic filter G, on Q such that N[G] = M[G, x G,]. 

As we have noted before, x ¢ j(A), and so Q = (jP)*" is in fact = (jP)**, 
and hence is, in N, x-closed. But since “RN < MN, Q is x-closed in I. Moreover, 
we have |P| = « and | jP| = | jx | = «*. Thus for each regular A < x, we can 
break j(P) into a product of two notions of forcing, one that satisfies the 
A*-chain condition and one that is A-closed, and hence all cardinals < x* are 
preserved. Since | jP| = «*, all cardinals > «* are also preserved. 

We prove (36.6) similarly to Theorem 46: For « € A, we regard j(P) as a 
product (jP)** x (jP)**; and since (jP)** = P** and (jP)”* is a-closed, we 
conclude that (27)! = F(a). 

Thus it remains to show that x is a measurable cardinal in IN[G]. We shall 
first extend j: M— N to an elementary embedding 


(36.7) J: M[G,] + KG] 


Let B = 1.0. P and let j(B) = (r.0.(jP))”; let ig, denote the G,-interpretation of 
IM? and let iZ denote the G-interpretation of N/. We define j(x) for x € M[G,] 
as follows: Let x € 9° be such that x = i@'(x). Let 


(36.8) I(x) = iG(i(«)) 


As in the proof of Lemma 36.7, we show that (36.8) does not depend on the 
choice of x. Since j(p) = p for all p € P and because G, < G, it follows that if 
some p € G, forces x = y, then (in 2) p tt jx = jy and therefore i2(x) = iy). 
The same reasoning shows that j: IN[G,] > N[G] is elementary. 

Using (36.7), we define an W[G, ]-ultrafilter U over « as follows: 


XeU iff Kej(X) 


for all Xx in IM[G,]. A standard argument shows that U is 
IM[G ,]-k-complete; and since j extends the original j = jp, U is nonprincipal. 

Now we use again the fact that j(P) is isomorphic to P x Q, where | P| = 
and Q is x-closed. Thus every subset of « is in M[G ,] and therefore U is in M[G] 
a k-complete nonprincipal ultrafilter over x. 


The method of Lemma 36.3 can be used to prove consistency of the GCH 
with a measurable cardinal by forcing. 


Exercise 36.4.* Let « be a measurable cardinal. There is a generic extension in which 
is measurable and which satisfies the GCH. 
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[First get the GCH above x by Exercise 36.3. Then use j(P), where P is the Easton 
product from Exercise 20.8 making the GCH true below «x.] 


Inverse Limits of Sequences of Complete Boolean Algebras 


In Section 23 we defined direct limits of sequences of complete Boolean 
algebras. We shall now define a notion that subsumes the notion of a direct 
limit and will enable us to perform a new kind of iteration of forcing. 

Let « be a limit ordinal number and let for each i < a, B; be a complete 
Boolean algebra such that if i <j, then B; is a complete Boolean subalgebra of 
B;. We defined the direct limit 

lim dir B; 
as the completion of the Boolean algebra |) ;<, B;. More generally, let B;, 
i < a, be complete Boolean algebras and let {e;;: i < j < «} be a commutative 
system of complete embeddings, e,;: B; + B;. Then 
lim dir {B;, e;;;. j<. 
is the unique complete Boolean algebra such that there exist complete embed- 
dings e;,: B; + B commuting with the e;, and that |_);<. €ia[B,] is dense in B. 

Let me recall the definition (23.21) of the canonical projection: If B is a 

complete Boolean subalgebra of D, then for d € D, 


h(d) =[]{be B:d <b} 


Let us generalize this to the case when e: B > D isa fixed complete embedding 
of B into D; then we let 


(36.9) h(d) = [ {be B: d < e(b)} 


Now let B;, i < a, be complete Boolean algebras such that B; is a complete 
subalgebra of B, whenever i <j <a. Let h,,; be, for any i <j, the canonical 
projection of B; onto B;. Let ¥F be a collection of functions 
<b,:i <a> € [ Ji<, (B; — {0}) such that 


(36.10) (i) bj =hbj) (i SJ); 
(ii) ¥ contains all eventually constant functions c, for all nonzero 
be | );<q B;, where 


(36.11) Cy = <hoj(b), hy,(b), ..., b, b, b,... (bE B) 


We partially order ¥ componentwise, i.e., (b;:i <a> < (c;:i< a) if b; <c¢; 
for all i. Let B = r.0.(F, ), we call B an inverse limit of B;, i < a, 


(36.12) B = lim inv’) B; 


iva 
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[It should be clear how to define 
lim inv'?{B,, e:j};, j<2 
in the general case when the embeddings e,, are not just identity functions.] 
For each i < a, there is a complete embedding e,, of B; into the inverse limit 
(36.12), namely 


(36.13) eiq(b) = c, 


It is easy to verify that (36.13) is indeed a complete embedding of B; in B. 
Moreover, if i < j, then e,, and e;, agree on B; (in the general case, e,, commutes 
with the e;;’s). Thus we can identify each b € C = |), <, B, with c, € B; then each 
B; is a complete Boolean subalgebra of B (and so C is a subalgebra of B, but the 
completion of C may not be embeddable in B). 

If F is the collection of all eventually constant functions, then (36.12) is the 
direct limit of B;, i < a; otherwise, various other choices of ¥ may give various 
inverse limits of the sequence B;, i < «. 


Let us again assume that B;, i < a, are complete Boolean algebras and that 
B; is a complete subalgebra of B, whenever i <j < a; and let for each i < a, P; 
be a dense subset of B; such that for any i <j, 


(36.14) (i) P,cP;; 


J 


(ii) if pe P;, then h,(p) € P;. 
Let P be the set of all functions <p; : i < a> such that 


(36.15) Pi = hi(P;) 
for all i < j. We partially order P componentwise, and call it the inverse limit of 
P,,i<a: 

P = lim inv P; 


iva 


(and r.o. P is an inverse limit of B;, i < «). 


Iterated Forcing 


Iteration of generic extensions was introduced in Section 73: We defined 
two-step iterations and introduced direct limits of sequences of complete Bool- 
ean algebras. We shall now generalize the technique by considering other than 
direct limits at limit steps of the iteration. 

Recall the two-step iteration. (To simplify matters, let us consider only 
notions of forcing that are separative and have a greatest element 1.) Let P bea 
notion of forcing and let B = r.o. P. In I®, let @ be a notion of forcing, and let 
OQ be a set of representatives of the class {xe M?: ||x € Q|| = 1} in the equiv- 
alence relation ||x = y|| = 1. Let us denote 


(36.16) P«@ 
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the set of all pairs (p, q) € P x Q, partially ordered by 


(36.17) (P1,491) S(P2,92) iff = py < pp and py # Qa < Qn 


(In P * Q, we identify any two pairs (p, q,), (p, 2) such that p + q, = q.) As 
we have shown in Section 23, the algebra B is embedded in the algebra 
D =r1.0.(P * Q) by the embedding e: B > D defined in (23.7). It is obvious that 
for each p € P, 


(36.18) e(p) = (p, 1) 


(where 1 denotes the greatest element of Q). Similarly, if h denotes the canon- 
ical projection of D onto B, then 


(36.19) h(p, q) = p 


We shall now define the general notion of iterated forcing. Let us assume 
that in each Boolean-valued universe 98 we are given a fixed B-valued notion 
of forcing Q € IN*. By iterated forcing, we understand a transfinite sequence of 
forcing notions P,, together with a commutative system of complete embed- 
dings e,,: B, + Bz where B, = r.0.(P,) for each « such that: 


(36.20) (i) P.+,; =P, * Q,, where Q, is the given notion of forcing in It®, 
and e, ,4, is the embedding satisfying (36.18); 
(ii) if a is a limit ordinal, then P, is either the direct limit 
lim dir;., {P;; e;;} or the inverse limit lim inv,,, {P;; e;} (and ej 
are the corresponding embeddings). 


There is a more intuitive representation of iterated forcing. The verification of 
the following facts may not be immediate but is routine: 

Elements of each P, can be identified with functions p = <p;: i < «> such 
that: 


(36.21) (i) for every » <a, the restriction p|y = <p;: i < y> belongs to P,; 
(ii) for every y<a, if Q, denotes the given B,-valued notion of 
forcing, then ||p, € Q, ||, = 1; ' 
(iii) the partial ordering <, of P, is defined as follows: p <,q iff for 
every y <a, 


Plysyqly and ply #y Py S9,% 
where +, denotes the forcing relation associated with (P,, <,). 


If « is a successor ordinal, then P, consists of all functions that satisfy 
(36.21). 

If « is a limit ordinal and P, is the inverse limit, then P, consists of all 
functions that satisfy (36.21). 

If « is a limit ordinal and P, is the direct limit, then P, consists of all 
functions p = <p;: i < «> that satisfy (36.21) and such that there is some y < a 
such that p; = 1 for all i> y. 
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The embeddings e,,: B, + By satisfy 


(36.22) €ag(p) = p°1°1°1%:- (pe P,) 
and similarly, the canonical projections h,, satisfy 
(36.23) hap(p) = p|x (pe Ps) 


[Instead of the verification of (36.21)}-(36.23), the reader can take them for the 
definition of iterated forcing, and verify that {e,,:« < B} is a commutative 
system of complete embeddings, that each h,, is the canonical projection, that 
each P,,, is isomorphic to P, * Q,, and that for a limit «, P, is isomorphic 
either to lim dir;_., {P;; e;;} or lim inv,., {P;, e;;}-] 

We proved in Section 23 that the two-step iteration preserves both the 
chain condition and the closedness of forcing (cf. Lemma 23.6 and Exercise 
23.5). Also, if the only limits are direct limits, then iteration of forcing preserves 
chain conditions (cf. Lemma 23.7; see also Exercise 23.8). We shall now gener- 
alize these results. 

A notion of forcing (P, <) is strongly A-closed if whenever D c P (D for 
directed) is such that |D| <A and for any d,, d, € D there is e € D such that 
e <d, and e <d,, then there is p € P such that p < d for alld e D. 


Lemma 36.4. 


(a) If P is strongly A-closed, and if ||Q is strongly A-closed||,...p, then P * Q is 
strongly A-closed. 

(b) If P = lim dir,., P;, if each P; is strongly A-closed, and if cf « > A, then P is 
strongly A-closed. 

(c) Let us consider iterated forcing ; for each a, let P,, B,, Q, be as above. Let A 
be a cardinal and assume that for each a, Q, is a strongly A-closed notion of 
forcing in 9°, Let us further assume that if « is a limit ordinal and cf « < A, 
then P, is the inverse limit of P,, B < a. Then each P, is strongly A-closed. 


Proof. (a) Let D = {(p.g,):« <A} be a directed subset of P « Q. Clearly, 
D, = {p, : « < A} is a directed subset of P and hence there is p € P stronger than 
all p,, « < A. Since for any «, B < A there is y < A such that (p,q,) < (p.qa) and 
(Pp, 4)) < (Pp 4g), it is clear that p | (g, < q, and q, < q,) and thus p forces that 
{q.: % < A} is a directed subset of Q. Hence 


p + 3qe Q stronger than all the qg, 
and therefore there is g such that ||q¢ ¢ Q|| = 1 and 


ptq<q,foralla<% 


It follows that (pq) < (p, 4.) for all « < A. 

(b) Let D be a directed subset of P, |D| < A. For each d € D there is yg < 
such that if d= <p;:i<a), then p; = 1 for all i > yg. Since A < cf a, there is 
y <a such that each de D is as follows: 


d=(d|y)1°110 
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Now D, = {(d|y): d € D} is a directed subset of P,; and since P, is strongly 
A-closed, D, has a lower bound p € P,. Then 

pricier’: 
is a lower bound for D in P. 

(c) By induction on «. It follows from (a) and (b) that the assertion is true if 
a is a successor or if P, is the direct limit. Thus assume that P, = lim inv,_., P;. 

Let D=<p’:v<A} be a directed subset of P,; for each v let 
p’ = <pj:i<a>. We shall construct, by induction on i<a, a function 
p = <p;:i< a> € P, stronger than all p’, v < A. 

We construct p such that for each i < a, (p;:j <i> is in P; and is (in P;) 
stronger than all p’ |i, v < A. Having constructed <p; : j < i>, we let p; be such 
= <pj:j <i> kp, < p} for allv <i 
Moreover, if p; = 1 for all v < A, we let p; = 1 too. 

If y < aw is a limit ordinal, we have to show that <p,;: i < y> € P,.If P,is the 
inverse limit, then there is nothing to prove, so let us assume that P, is the 
direct limit. By the assumption, we have cf y > A and therefore there is 6 < y 
such that for all v <A, pj = 1 for all i such that 6 <i < y. Hence we have 
p; = 1 for all i, such that 6 <i<y, and so ¢pj:i<A>eP,. Thus we have 
p=<pj:i<a>eP,, and it is clear from the construction that p < p* for 
allv<1. 


Iterated forcing does not generally preserve chain conditions, but there is 
one important instance when it does (see Exercise 23.8): 


Lemma 36.5. Let « be a regular uncountable cardinal and let P be the direct limit 
of P,,% < Kk. Assume that there is a stationary set S < k such that for alla € S, P, 
is the direct limit of P;, i< a. If each P, satisfies the x-chain condition, then P 
also satisfies the x-chain condition. 


Proof. Fhe same proof as in Lemma 23.7. @ 


The most important property of iterated forcing is the following factor 
lemma. Although what the lemma states is very simple, it is somewhat com- 
plicated to formulate. 

Let us consider an iteration of forcing. For each «, let P, be the ath iterate, 
let B, = r.o. P,, and let Q, € WN: be the B,-valued notion of forcing that gives 
the (« + 1)th step of the iteration. 

Let us fix an ordinal number «, and let us do the following in the Boolean- 
valued model 87: 

Let us consider the following iteration of forcing: 


(36.24) (i) PY = {1}; 
(ii) Py = n° * QO, 45; 
(iii) if B is a limit ordinal, then P¥? is either the direct limit or the 
inverse limit of P{”, i < B, according to whether in I, P,4, is 
the direct or inverse limit. 
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Clause (ii) needs an explanation. Q,,, is an element of the Boolean-valued 
model 9"***, Since B, is embedded in B,,,, the model 9®«** can be con- 
sidered a Boolean-valued extension of 9": (by the algebra BY = B, ,5: B,) and 
so Q,4, can be considered a BY)-valued object in 9. Since the factor lemma 
shows (by induction) that P, ,, is isomorphic to P, * P(?, it follows that in I, 
BY) = r.0.(P$?), and hence the definition (ii) is legitimate. 


Lemma 36.6. (Factor Lemma). Let us consider iterated forcing and let the nota- 
tion be as above. Let « be an ordinal and let P*) be as in (36.24). Let us assume 
that for any limit ordinal B, if cf B < |P,|. then P, gis the inverse limit. Then for 
each B, 


Piss is isomorphic to Pi + PY) 


Proof. By induction on f. Let B be an ordinal number; we shall construct an 
isomorphism x between P, * Pf and P,, 4. 

If B =0, then P, * P® = {(p, 1): pe P,} and we let n(p, 1) = p. Thus let 
B > 0. A typical element of P, « P is a pair (p, g) where p € P, and q is an 
element of 92 such that in 9, g is a B-sequence and satisfies the conditions on 
iterated forcing; in particular, for each i < B, q|i is in P® and the ith term 
of q is in Q,.4;. 

We shall define a B-sequence (p,4;: i < B> and let x(p,q) = p ° <a, Pat iy -++s 
Pa+i>--->. This mapping z will be an isomorphism between P, * Pf) and P, 5. 
For i < B, let g; € IN: be such that with B,-value 1, q; is the ith term of g. Hence 
(recall the remark following the definition (36.24) of P¥?) 


B;2) = 1) 


By the induction hypothesis, B,,; is isomorphic to B, * BY, and so IN®:*‘ is 
isomorphic to (907). Let p,.; € I°**' be the element corresponding to q; 
under the isomorphism between (9t?7)® and 9+), Clearly, 
\|Pa+i € 0.43 lla. ss =1. 

Let x(p, g) = P °<Pa, Putts -+-> Patis -++>- All we have to do now is to show 
that x is an isomorphism between P, + Pi) and P,,,. We shall show that for 
each (p, q) € P, * P§, n(p, q) is in P, and leave the rest to the reader, namely 
to show that 


MN: F (q; is BY-valued and ||q; € Q, . ;| 


(pq)<(p'q') iff = (pq) < n(p'g’) 


We want to show that for each y < B, p’<p.4;: i < y> isan element of P,,,. 
Since ||p,4; € Q.+i||p,,, = 1 for eachi < B, we need only show that if y is a limit 
ordinal and P,,, is the direct limit, then there exists ig < y such that p,,;= 1 
for all i, ip <i < y. 

Thus let y < £ be a limit ordinal such that P,,, is the direct limit of P, , ;, 
i < y. Hence in 92°:, P” is the direct limit, and therefore 


(36.25) ||(3ig < ¥)(Vi = ip) the ith term of q is 1||5, = 1 
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Now we have made an assumption that if P,,, is the direct limit, then 
cf y > |P,|. It is easy to see that because | P,| < cf y, (36.25) implies that there 
exists ig < y such that for all i > ig 


lla: = Mn, = 1 
Thus for all i > ig, 


|| Pati = 1|5,.; =1 
and hence p,,;=1foralli>ij). 


Proof of Theorem 88 Let IN be a transitive model of ZFC and assume that x is 
a supercompact cardinal in IN and that 2" = «* (otherwise there is nothing to 
prove). We shall construct a generic extension IN{G] of IM in which x is measur- 
able and 2" = x**. 

We use iterated forcing, and successively adjoin to each inaccessible car- 
dinal « < x, «** subsets of w. At limit steps of the iteration we use direct limits 
when the ordinal is a regular cardinal and inverse limits otherwise. 

Let us define, by induction on a, the ath iterate P, (and the corresponding 
forcing relation I+, and the algebra B, = r.o.(P,)) and the B,-valued notion of 
forcing Q,: 


(36.26) (a) If « is an inaccessible cardinal, let Q, be the notion of forcing in 
9 that adjoins a** subsets of a; that is, we let Q, be, in M+, the set of all 
functions p whose domain is a subset of size <a of « x a** (and Q, is ordered 
by =). Further, we let @, be a set of representatives for 


{xe MF: |x € Q, || = 1} 


in the equivalence relation ||x = y|| = 1. 

If is not an inaccessible cardinal, let @, = {1} (as usual, 1 denotes the 
greatest element of each notion of forcing). 

(b) P, is the set of all «-sequences <p; : i < a) satisfying the following: 


(1) for every y <a, <pj:i<y)€ P, and p, e@,; 
(2) if « is a regular cardinal, then JigVi > ig p; = 1. 


(c) If p, qe P,, then p <,q iff 
(Vy < «) [ply <,q|y and p|y #, p, is stronger than q,]. 


Finally, let P = P,,,,, and let B=r.o. P. 

Let G be a generic filter on P and let IN[G] be the generic extension of IN by 
G. We shall prove that x is a measurable cardinal in I9[G] and that 
M[G] § 2" = x**. To begin, P is isomorphic to the two-step iteration P, + Q,. 
Thus IM[G] = M[G,][H,], where G, is Mt-generic on P, and H,, is 
MAG,]-generic on Q, = ig,(Q,). Now P, is the direct limit of P,, « <x; and 
since K is a Mahlo cardinal, there is a stationary set of « < x such that P, is also 
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a direct limit. Since clearly |P,| <« for all « <x, it follows by Lemma 36.5 
that P, satisfies the x-chain condition and hence x is a regular cardinal in 
IM[G,]. Also, | P,.| = «, and hence M[G,] satisfies (Va < K)2* < x.In N[G,], Q,. 
is the standard notion of forcing that adjoins x** subsets of x and preserves 
all cardinals. Thus W[G] & (x is a regular cardinal and 2" = x**). 

It remains to prove that x is a measurable cardinal in NG]. The basic idea 
is as in Lemma 36.2 or Lemma 36.3: to find an elementary embedding of I[G]; 
the actual construction is somewhat more complicated. 

Let A = k**. Since x is supercompact in 9, there is an elementary embed- 
ding j: Dt N such that « is the least ordinal moved, j(x) > A and 


(36.27) ANA MIN 


It is easy to verify that |P| =A, that (by (36.27)) Pe ®, and moreover, P is 
defined in M by the same definition (36.26) as in IN. Also, (r.o. P)™ = B. 

Since Pe N and RC M, G is also an N-generic filter on P, and we can 
consider the model ®[G]. Let me prove now the following formula which will 
be used toward the end of the proof: 


(36.28) AKIG] A M[G] < RG] 


It suffices to show that if fe MG] is a function from A into ordinals, then 
fe NG]. Let fbe a name for f and let py € G be a condition that forces that fis 
a function from J into the ordinals. For each a < A, let 


A, = {P< po: 8 p tf (&) = B} 


Each A, is dense below po (and hence A, ~ G # @). For each a < / and each 
péA,, let us denote by g(a, p) the unique B such that p + f(%) = B. Since 
|P| =A, we have |g| = A and hence g € 2. Now it is easy to see that fe N[G] 
because it is defined in N[G] as follows: f (a) = the unique f such that for some 
pe G, g(a, p) = B. QED. (36.28). 


Let us now consider j(P). In %, jP is a notion of forcing obtained by 
iteration (i.e., via (36.26)) up to j(k) + 1. I claim that in N we can apply the 
factor lemma to jP at a = x + 1. Indeed, the first nontrivial step above « in the 
iteration occurs at the least inaccessible cardinal (in ®) above x, thus the first 
nontrivial direct limit is taken far above A and then only at regular cardinals. 
Since |P,4,| =A, the assumption of Lemma 36.6 is satisfied. 

Hence jP is isomorphic to a two-step iteration (in 2) 


(36.29) (iP leva * iP Meo 


Now the first factor of (36.29) is equal to P, , ; = P. Let us denote Q the second 
factor of (36.29). By the factor lemma, Q is, in R, a notion of forcing obtained 
by iteration (36.26) from x + 1 to jx + 1. At each i> xk, the iteration uses a 
notion of forcing in N*,, that is either trivial or adjoins i** subsets of i (if i is 
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inaccessible in §); in either case, the notion of forcing is strongly A-closed in 
3), By Lemma 36.4c, Q is strongly A-closed in 28. Thus we can write 


(36.30) jP=P+@ 


where Q € §® is a strongly A-closed notion of forcing. 

Let i@ be the G-interpretation of N®, and let Q = i2(Q). Thus Q is a strongly 
A-closed notion of forcing in R[G]. 

Let pe P. Then by (36.30), jp is (represented by) a pair (s, g) where s € P 
and ge M® is such that |qge@Q|=1. By the definition of P, p= 
<pj:i<« + 1 and there is ig < x such that p; = 1 for all i, ip < i < x. Thus 
i(p) = <pi: i < j(k) + 1> and p; = 1 for all i, ig < i < j(x). In particular, p;, = 1; 
and since p; = p; for all i < x, and s = j(p)|(« + 1), we have s = (p|x) 1. This 
implies that if p € G and jp = (s, q), then s € G. 

Now let 

(36.31) D={qeQ: for some pe G, q = i&(q) where j(p) = (s, q)} 
Since j|P € M and has size A, we have j|P € N and therefore D € N[G]. It is 
easy to see that D is directed, i., if g,, gq, € D, then there is q € D such that 
q <q, and q <q, (this is because G ¢ P is directed). We have (in N[G]), 
|D| < |G| < |P| =A; and because Q is strongly A-closed, there exists a € Q 
(a master condition) such that a < q for all q € D. 

We shall now consider (as an auxiliary model), a generic extension of I{G]. 
Let H be an M[G]-generic filter on Q such that H contains the master condition 
a. Since H is also R[G]-generic, and jP = P * Q, there is an N-generic filter K 
on jP such that R[K] = N[G][H]; in fact 


(36.32) K = {(s, q): s € G and ig(q) € H} 

Everything is ready now to extend the elementary embedding j: I— N to 
an embedding of W[G] in N[K]. We work in IM[G][H] and define, for 
x € M[G], 

(36.33) I(x) = kG) 


where x € M® is some name for x, and i? is the K-interpretation of 2. 

We have to show that the definition (36.33) does not depend on the choice 
of the name x; the verification of elementarity of is then straightforward. Here 
we use the master condition a. If pe G, then jp = (s, g) where se P and 
\|q € Q|| = 1. We have shown that s € G, and if q = ig(q), then, because pe G, 
we have gq > a and therefore q € H. Thus (s, g) € K, and we have 


(36.34) if peG, . then j(p)e K 


Now if p € G forces x = y, then jp € K forces jx = jy and hence i2(jx) = ix(jy). 
Thus we have (in 9[G][H]) an elementary embedding 


J: M[G] > RK] 
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and we can define, in the usual way, an I{G]-ultrafilter over 
U={X cK: Ke j(X)} 


U is nonprincipal and N[G]-x-complete. It suffices to show that U € IN[G]; for 
then [G] satisfies that x is a measurable cardinal. 

By (36.28), Q is A-closed not only in N[G], but also in I[G]. Thus the 
generic extension IN[G][H] of MG] does not add any new A-sequences in 
MG], and because |U| =A we have Ue NG]. Ww 


37. SOME APPLICATIONS OF FORCING IN THE 
THEORY OF LARGE CARDINALS 


In the preceding sections, in particular in Sections 34 and 36 we used the 
method of forcing to obtain consistency results concerning large cardinals. I 
shall now present several other applications of forcing and discuss various 
consistency results involving large cardinals. 


Large Cardinals in Generic Extensions 


As we have already seen, various ingenious methods of forcing have been 
devised to ensure that a given large cardinal remains a large cardinal in the 
generic extension. There are in fact several quite general results saying that if 
the notion of forcing used has such and such properties and if x is a large 
cardinal of such and such kind, then in the generic extension x is still a large 
cardinal of that kind. Conversely, there are results that say that certain notions 
of forcing cannot make a given cardinal large. 

The two lemmas that are presented below are typical examples of such 
results. We proved (in Lemma 36.2) that if x is measurable and | P| < x, thenk 
remains measurable in 9[G]. It turns out that practically every large cardinal is 
preserved under “mild” extensions, ie. such that |P| <x, and conversely 
does not become large in a mild extension if it is not large already. The other 
lemma is included to show the relation between saturation of Boolean algebras 
and saturation of ideals in the corresponding Boolean-valued models. 


Lemma 37.1. Let « be an infinite cardinal in M, and let (P, <) be a notion of 
forcing such that |P| < x. Let G be an M-generic filter on M. Then k is inacces- 
sible (Mahlo, weakly compact, Ramsey, measurable, compact) in M if and only if 


it is inaccessible (Mahlo, weakly compact, Ramsey, measurable, compact) in 
IMG]. 


Proof. If « is inaccessible in WM, then firstly « is regular in IN[G] because all 
cardinals and cofinalities above |P| are preserved. Secondly, if « <x, then 
(27)""41 < |r.0. P* <x and hence x is inaccessible in I[G]. Conversely, if x is 
inaccessible in IN[G], then x is inaccessible in M because IM < MG]. 
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If x is Mahlo in 9, then firstly x is inaccessible in I[G]. Secondly, every 
a > |P| is a regular cardinal in 9[G] if and only if it is a regular cardinal in M 
and so the set S = {a <x: |P| <a and a is regular in [G]} is stationary in 
IM. By Lemma 35.4, S is also stationary in M[G] and hence x is Mahlo in IN[G]. 
Conversely, if k is Mahlo in N[G], then x is Mahlo in M because Mt < MG]. 

If x is weakly compact in M, let F: [x]? > {0, 1} be a partition of [x]? in 
M[G]. Let Fe M? : its name, such cy |F : [RK]? > {0, 1}]| = 1. For each 
a+ Bex, let G(x, ) = ||F(@, B) =O]; G is (in M) a partition of [x]? into | B| 
pieces (where B = r. 7 P). Since | B| 2 k, there is H € x of size x homogeneous 
for G, and it is easy to see that H is homogeneous for F. 

Conversely, if « is weakly compact in WN[G], let F: [x]? > {0, 1} be a parti- 
tion of [x]? in IN. There is, in M[G], a set K < x of size k, homogeneous for F. 
An easy forcing argument shows that K has a subset H € Mof size x (note that 
K = |) {K,: pe G} where K, = {a : p  & € K}, and that some K, must be un- 
bounded in x); hence F has in 9 a homogeneous set of size x. 

The argument for Ramsey cardinals is exactly the same as for weakly com- 
pact cardinals. 

If « is measurable in 9, then it is measurable in I[G] by Lemma 36.2. 
Conversely, if « is measurable in IN[G], let U € MG] be a x-complete nonprin- 
cipal ultrafilter over x, let J be the dual prime ideal, and let J € IN? be its name. 
(Without loss of generality we assume that ||J is a K-complete nonprincipal 
prime ideal] = 1.) Let | = {X x: ||X € J|| = 1}. It is easy to verify that J is a 
x-complete ideal eine all singletons. We ss that J is | P|*-saturated: 
Ifp + X ¢ Jand p t Y¢ J, then p t X m1 Y ¢ J (because J is prime). Hence if 
X and Y are such that X¢I, Yé¢I, and XoYelI, then 
|X ¢ J|| - || ¥ ¢ J|| =0, and it follows that J is | P|*-saturated. However, since 
] is y-saturated for some v < x and x is inaccessible, we conclude by (a general- 
ization of) Lemma 27.5—see also Section 34—that x is measurable. 

If « is compact, let 4 > and let us show that in NG], there is a fine 
measure on P,(A). Let U be a fine measure on P,(A) in 9, and let j = jy be the 
natural elementary embedding jy: M— Ulty(IM). The standard argument 
shows that X € U if and only if H € j(X), where H is the set in Ulty(IM) 
represented by the function d(Z) = Z on P,(a); also, H = {j(a): a < A} (and is 
equal to it just in case U is normal). Similarly, as in the proof of Lemma 36.2, 
we extend j to N[G] as follows: 


i(x) = ig"(jx) 
where x is a name for x; the definition is legitimate because we assume, without 


loss of generality, that P € V, and hence j(p) = p for all p € P, and j(P) = P. 
Now we define, in N{G], an ultrafilter W over P,(A) as follows: 


Xew iff Hej(Xx) 
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It is routine to verify that W is a fine measure on P,(A); for instance, if 
Zo € P,(A), then {Z € P,(A): Z > Zo} € W because j(Zo) = {j(a): a € Zo} SH. 

Conversely, if « is compact in IN[G], let S be a set in IM and let F be a 
k-complete filter over S (in 9t); let us show that there is a k-complete ultrafilter 
in M extending F. Every set X < F of size <x in WMG] is included in some 
Y cF of size <x such that Y € Mt (this is because |P| <x). Hence F gener- 
ates a x-complete filter in I[G] and that in turn is included in a x-complete 
ultrafilter on U. Let J be the dual prime ideal. As in the proof for measurable 
cardinals above, the ideal I ={X CS: ||X €J|| = 1} is x-complete and 
|P|*-saturated, and clearly X € F implies S — X € I. Since x is inaccessible 
and / is y-saturated for some v < x, | has anatom A. If X e F,thenX 1 A¢ I 
and so {X © S:X n A¢]} is a k-complete ultrafilter extending F. @ 


There are of course numerous examples when k ceases to be large when we 
use a notion of forcing of size > x (a good example is the Lévy collapse). The 
example given below is quite interesting since obviously inaccessibility of x is 
preserved by any notion of forcing that is «-distributive for all « < k. 

Note that if « is a Mahlo cardinal, then x has no unbounded subset A such 
that |A  y| <> for all regular y <x (since the set of all regular y <x is 
stationary, an application of Fodor’s theorem would give |A| <x). 


Exercise 37.1, Let « be an inaccessible cardinal. There is a notion of forcing (P, <) such 
that |P| =x and P is a-distributive for all « <x, and such that x is not a Mahlo 
cardinal in the generic extension. 

[Forcing conditions are sets p< x such that |p 7 y| <y for every regular y < k; 
p <q iff p is an end-extension of q, ie., if g = p © @ for some «. To show that for any 
a<k, P does not add any new a-sequence, observe that Vp 4g <p such that 
P, = {re P:r < q} is a-closed.] 


The following lemma shows that there is a relation between saturation of 
ideals in generic extensions and saturation of the notion of forcing. Recall that 
in Exercise 34.5 we proved that if « carries a g-saturated x-complete ideal, then 
so it does in the generic extension if the notion of forcing is o-saturated. The 
lemma below is a generalization. 

The proof of (a) uses generic ultrapowers (see Section 35). One particular 
property needed is the following: 


Exercise 37.2. Let I be a x*-saturated x-complete ideal over x. Let G be a correspond- 
ing generic ultrafilter and let N= Ultg(M) be the generic ultrapower. Then every 
sik —> Min M[G] is in N. 

[Let s be a name for s; for each a < k, let s, be a name such that ||s(z) = s,|| = 1. 
By the remark preceding Exercise 35.11, each s, is represented by a function f, € M 
on x. Let h: k +k be the least unbounded function (that is, h represents x in 2). 
Let f be the function on « defined by f(a) = < fp(a): B < h(a)>. Show that f represents 
s in the generic ultrapower.] 


468 6. OTHER LARGE CARDINALS 


Lemma 37.2. Let B be a complete Boolean algebra in M, let G be an Wt-generic 
ultrafilter and let x be an uncountable regular cardinal in M. 


(a) Let A<x* and assume that sat B <A and sat B<k. If in M, « carries a 
A-saturated x-complete ideal, then the same is true in IN[G]. 

(b) Ifsat B < A and if in IN[G], « carries a A-saturated x-complete ideal, then the 
same is true in WM. 


Proof. We shall prove (b) first since the proof is somewhat easier. Let J « N° 
be such that |J is a X-complete Z-saturated ideal over x|| = 1. We let 
I ={X <x: ||X € J|| = 1}. It is easy to see that J is a x-complete ideal contain- 
ing all singletons. To show that / is A-saturated, let us consider the Boolean 
algebra D = P(x)/I and let us show that D is A-saturated. 

In 9°, let C be the Boolean algebra P(K)/J. Since B is A-saturated and 
9? — C is A-saturated, the algebra B « C is j-saturated (see Lemma 23.6). Thus 
it suffices to find a homomorphism h: D > B * C such that h(d) ¥ 0 for every 
d#0. 

If de D, then d is the equivalence class (mod I) d = [X] for some X € k. 
Let h(d) = ¢ where c is in N° the equivalence class of X mod J. It is routine to 
verify that the definition of h does not depend on the choice of X, that h is a 
homomorphism from D to B * C, and that h(d) # 0 whenever d + 0. 

I shall now sketch the proof of (a). Let J be, in IN, a x-complete A-saturated 
ideal over x. Let J € IN[G] be the ideal generated by IJ. Since sat B < k, it is 
routine to verify that J is k-complete. Let J € IN? be the canonical name for J, 
and let C € 9? be the Boolean algebra C = P(K)/J. 

We want to show that 28 F C is J-saturated; by Lemma 23.6 it suffices to 
show that B * C is A-saturated because B is A-saturated. Let D = P(x)/I. We 
shall find in 9° a Boolean algebra E such that 9? § E is {-saturated, and such 
that D * E is isomorphic to B * C. Since D is A-saturated, it will follow that 
D « E is A-saturated and we shall be done. 

In 9”, consider the generic ultrapower JN = Ultg(Mt), where G is the canon- 
ical ultrafilter on D. Let j: 9 — N be the corresponding elementary embedding. 
Let E = j(B). 

Let sat(B) = v < x. By elementarity of j, we have NF sat(jB) = j(¥); and 
since j(3) = ¥ and by Exercise 37.2 all ¥-sequences in IN” are in MN, we have 
M? + sat(E) = 3. Thus W F E is A-saturated. 

It remains to show that B *« C and D * E are isomorphic. Let ce B* C. 
Then c € 9 and |c € C||s = 1. Thus there is X € N° such that ||X ¢ kl], = 1 
and that 


||c is the equivalence class of X mod J||, = 1 


Let f: « +B be the function f(a) = | € X||. Since f(a) € B for all a<x, f 
represents in N = Ultg(B) © WM? an element e € j(B) = E; and ec D* E. We 
let h(c) = e. 
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We leave it to the reader to verify that the definition of h(c) does not depend 
on the choice of X and that h: B* C+D» Eis an isomorphism. Mf 


Large Cardinals and the Generalized Continuum Hypothesis 


Considering the influence of large cardinals on cardinal arithmetic, it is 
important to know what behavior of the continuum function 2 is compatible 
with various kinds of large cardinals. The most is known for measurable car- 
dinals: First, there is a transitive model of ZFC + “there is a measurable 
cardinal,” namely the model L[U], which satisfies the GCH. Secondly, 2" > «* 
for a measurable cardinal implies existence of models with many measurable 
cardinals, thus showing that consistency of 2“ > x* at a measurable cardinal 
requires some stronger assumption than just measurability. And thirdly, 
Theorem 88 provides a model for 2" > x* at a measurable cardinal. 

For some, “small,” large cardinals, consistency with the GCH can be estab- 
lished by means of a transitive model. For instance, weakly compact cardinals 
are consistent with the GCH because every weakly compact cardinal is weakly 
compact in L. Or, if x is a Ramsey cardinal, it is known that there exists a 
transitive model (the core model K) that satisfies the GCH and in which x is 
Ramsey. On the other hand, no construction of a transitive model is known for 
compact (or supercompact) cardinals. However, compact and supercompact 
cardinals are consistent with the GCH, but the consistency proof uses a generic 
extension by iterated forcing, using the techniques and ideas presented in Sec- 
tion 36. 

Iterated forcing as in Section 36 can also be used to establish the consist- 
ency of 2 > x* and “x is weakly compact (Ramsey, supercompact)” relative 
to ZFC + “x is weakly compact (Ramsey, supercompact).” 


Changing Cofinality of Cardinals 


Let us address ourselves to the following problem: Can one construct a 
generic extension in which all cardinals are preserved but the cofinality of some 
cardinals is different from their cofinality in the ground model? Obviously, in 
order to achieve this we have to change some (weakly) inaccessible cardinal 
into a singular cardinal. Now Corollary 3 of Jensen’s covering theorem tells us 
that for this, it is necessary to assume at least 0* in the ground model. Thus we 
formulate the problem as follows: Let x be some large cardinal and let A < x be 
a regular cardinal. Find a generic extension which preserves cardinals and in 
which cf x = 4. 

We have seen one method of doing this in Section 35 (application 7 of 
generic ultrapowers); however, the assumptions we have used there are rather 
strong and perhaps not as plausible as better known large cardinal 
assumptions. 

Theorem 89 below provides an answer to the problem when xk is measurable 
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and A= >. A generalization of the construction in Theorem 89 gives the 
solution for any regular 1 < x assuming that x is supercompact. 


Theorem 89 (Prikry). Let « be a measurable cardinal. There is a generic exten- 
sion in which cf k = w and no cardinals are collapsed. Moreover, every bounded 
subset of k in IN[G] is in the ground model. 


Proof. Let x be a measurable cardinal and let D be a normal measure on x. Let 
(P, <) be the following notion of forcing. A forcing condition is a pair 
p = (s, A) where s € [x]*°, ie., s is a finite subset of x, and A € D. A condition 
(s, A) is stronger than a condition (¢, B) if: 


(37.1) (a) ¢ is an initial segment of s, ie. t= s 7 « for some a; 
(b) ACB; 
(c) s—tcB. 


We immediately note that any two conditions (s, A), (s, B) with the same first 
coordinate are compatible, and hence any incompatible W ¢ P has size at most 
x. We also note that if (s, A) and (t, B) are compatible, then either s is an initial 
segment of t, or ft is an initial segment of s. 

Let G be a generic filter on P. We shall show that in IN[G], « has cofinality 
, that every bounded subset of « is in IN, and that all cardinals and cofinalities 
above x are preserved. 

The last statement is immediate since P satisfies the x * -chain condition. It 
is also easy to show that cf x = w in IN[G]: If (s, A) and (¢, B) are in G, then 
either s is an initial segment of t or vice versa; hence S = (J {s: (s, A) € G for 
some A} is a subset of x of order type w. By genericity of G, S is clearly an 
unbounded subset of x, and hence cf k = w. 

It remains to show that if X € M[G] is such that X ¢ A for some A < x, then 
X € M. For this, we need the property of P stated in Lemma 37.3 below (and 
Lemma 34.4). The proof uses Theorem 70 which states that every partition of 
[x]<° into less than x pieces has a homogeneous set H € D. 


Lemma 37.3. Let o be a sentence of the forcing language. There exists A € D 
such that the condition (@, A) decides a, i.e., either (@, A) | o, or (@, A) Te. 


Proof. Let S* be the set of all s € [x]<® such that (s, X) t o for some X and let 
S~ = {s: 3X(s, X) To}. Let T = [k]“° — (S* U S~). By Theorem 70, there 
is a set A € D such that és every n, either 7 <¢ §* or[A]" SS or[A]" € T. 
We shall prove that (@, A) decides o. 

If not, then there are conditions (s, X) and (t, Y), both stronger than (@, A) 
such that one forces o and the other forces 1a. We may assume that |s| = |r], 
say |s| = |t| =n. Since (s, X)<(@, A), we have s €[A]"; and similarly, 
t € [A]". But se S* and t € S-, which is a contradiction since S* and S~ are 
disjoint and therefore cannot both have a nonempty intersection with [A]". @ 
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Lemma 37.4. Let o be a sentence of the forcing language and let (sy, Ao) be a 
condition. Then there exists A S Ag such that A € D and such that the condition 
(so, A) decides o. 


Proof. A slight modification of the preceding proof; we may assume that 
min(Ay) > max(so). Let S* be the set of all s¢[A,]<° such that 
(so Us, X) It o for some X © Ag and let S~ be defined similarly. As before, 
there exists A © Ay in D such that for no n, [A]" intersects both S* and S~. It 
follows that (sy, A) decides co. Wl 


Now let A < x and let X € A; we will show that X e€ IM. Let X be a name for 
X, and let po € G be a condition such that p + X & A. It suffices to show that 
for each p < po there is g < p and aset Z CA such that g + X= % 

Let p < Po, p =(s, A). For each « <A, there is, by Lemma 37.4, a set 
A, & A in D such that (s, A,) decides the sentence & € X. Let B= (\,<, Aq; we 
have BeD and q=(s, B) decides each &€X, a<Ad. Thus if 
Z={ua<d:qt de X}, we haveg + X=Z. 

This completes the proof of Theorem 89. 


We proved in Section 29 that every measurable cardinal is a Rowbottom 
cardinal and that a Rowbottom cardinal is either weakly inaccessible or has 
cofinality w. The model N[G] of Theorem 89 provides an example of a singular 
Rowbottom cardinal. The exercise below shows that x has in 9[G] the combin- 
atorial property equivalent to being a Rowbottom cardinal. 


Exercise 37.3.* In WG], if F: [k]<° +A is a partition into A < x pieces, there exists 
H © k of size k such that F takes at most Xo values on [H]<°. 

[Let F be a name for F and let (so, Ao) be a condition (such that max(so) < 
min(A9)). Let g be a partition of [k]<° x [k]*° into 4 pieces, defined as follows: If 
s € [Ay] <® and for some X © Ap, (So U's, X) + F(?) = a, then let g(s, t) = a; otherwise, 
let g(s, t) = 0. Show that there is A © Ap in D and a countable SA such that 
g[[A]<° x [A]<?] ¢ S. Then (so, A) # FI[A]<°] < 1] 


Singular Cardinals Problems 


It follows from Jensen’s covering theorem that if the singular cardinals 
hypothesis fails, then 0* exists; more recent results then show that, moreover, 
there is a model with a measurable cardinal. Thus to construct models violating 
the singular cardinals hypothesis one needs large cardinals in the ground 
model. And even then we cannot prescribe the behavior of the continuum 
function at singular cardinals arbitrarily: As we have seen in Section 8, the least 
singular cardinal at which the SCH fails has cofinality w, and there are also 
bounds on 2" in some cases. 

The last two theorems establish independence of the singular cardinals 
hypothesis. 
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Corollary (to Theorems 88 and 89). It is consistent (relative to existence of a 
supercompact cardinal) that there is a strong limit singular cardinal k such that 
2" >k*. 

Proof. Let x be a supercompact cardinal. First we construct a generic extension 
in which x is measurable and 2" > x*. Then we extend the model further to 
make x a singular cardinal. The new model still satisfies 2“ > «*, and x is a 
strong limit cardinal. 1 


There are several forcing constructions giving answers to various singular 
cardinals problems. For instance, there is a model in which 2" = &, , , for all n, 
and 2%°=8&,,,,. It is an open problem to construct a model in which 
2® > &,,, for all «. 


Exercise 37.4. It is consistent that 2%" <x and xt <x!" <2", 
[Extend the model in the corollary by adjoining a large number of subsets of w.] 


More Applications of Forcing 


We shall now use the method introduced in Section 36 to show that it is 
consistent with a measurable cardinal x to assume that there is more than one 
normal measure on x. Then we use the method to prove Theorem 86b, giving a 
model with a precipitous ideal over «. 


Example. Let M be a transitive model of ZFC + GCH + there is a measurable 
cardinal x. Let 1 > x be a regular cardinal. There is a generic extension in 
which 2" = x*, 2"* = A, and there are A normal measures on k. 

We use the method introduced in Lemma 36.3 (which will be followed 
closely). For each regular cardinal «, let P(w) be the notion of forcing that 
adjoins a generic subset of «; let P be the Easton product of the P(«)’s for all 
successor cardinals « < x. More precisely, P consists of 0, 1-functions p such 
that dom(p) € k x k, and: 


(37.2) (i) if (a, B) € dom(p), then « is a successor cardinal < x, and B < «; 
(ii) for every regular y, |{(a, 8) ¢ dom p:a<y}| <3. 


For each y, let P, consist of all p € P such that « < v whenever (a, 8) € dom p; 
similarly P” is the set of all p such that « > v for all (a, B) € dom p. For each v, 
P is isomorphic to P, x P’. 

Let U be a normal measure on x, let N = Ulty(M), and let j = jy be the 
corresponding elementary embedding. Let us consider the notion of forcing 
j(P) in NR. As in Lemma 36.3, we have (jP), = P; let Q = (jP)*. Clearly, 
(x, B) ¢ dom p for any B < x and hence Q is x-closed. 

If G x H isa generic filter on P x Q, then INR[G x H] has a normal measure 
on x defined in a similar way as in Lemma 36.3: 


(37.3) XeD iff Kei, y(j(X)) 
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As before, every X € x in M[G x H] is in M[G]; X can be any r.o. P-valued 
name for X, and its choice is irrelevant because p € G implies jp € G x H. 

Let D be the canonical name for D; thus if pe P, ge Q, and if X « M°?, 
then 


(37.4) puqt(XeDekKej(Xx)) 


Let p € P and q € Q; we have p = j(p), and q is represented in the ultrapower N 
by a function <q, : « < «> where q, € P* for each « < x. From (37.4) we get 


(37.5) puqtXeD iff for almost alla, pUg,raeXx 


Now we are ready to construct the model. Let R be the x*-product of A 
copies of Q, ie, the set of all functions f¢7Q such that 
|{i <A: f(i) # D}| < x. We consider the notion of forcing P x R. 

Let G x H be an Wt-generic filter on P x R. We claim that the model 
M[G x H] has the required properties. 

Since R is x-closed, all subsets of x are contributed by G; hence 2" = x* 
holds in 9[G x H]. Standard arguments show that cardinals are preserved and 
2"* <A in MG x HI]. 

For each i < A, let Q; denote the ith copy of Q and let D; be the canonical 
name for a normal measure using Q; instead of Q in (37.4). It suffices to show 
that for any i # k < A, D, and D, denote different measures in WG x H]. 

The last assertion follows by a standard argument using genericity, and we 
leave its proof to the reader: Given i + k and a condition (p, r) in P x R, use 
(37.5) to find a stronger condition (p’, r') and some r.o. P-valued name X such 
that (p’, r’) forces Xe D; but X¢ D,. @ 


The model L[U] has the property that the only x-complete ultrafilter over x 
that extends the closed unbounded filter is the unique normal measure (see 
Exercise 31.12). Exercise 37.6 shows that if there are x distinct normal measures 
on x, then there exist nonnormal x-complete ultrafilters extending the closed 
unbounded filter. 


Exercise 37.5. Let U,, « < x, be x-complete nonprincipal ultrafilters over x and let D be 
a normal measure on x, D + U, for all «. Then there exists X € D such that X ¢ U, for 
all «. 

[For each « < x let X, € D be such that X, ¢ U,. Let X be the diagonal intersection 
Duc xX a J 


Exercise 37.6. Assume that there exist x distinct normal measures D,, a < kK, on x. Then 
there exists a x-complete ultrafilter U over x such that U is not normal and such that 
C € U for every closed unbounded set C. 

[Let {A, : a < x} bea pairwise disjoint collection of subsets of x such that A, € D, for 
all « < x; such a collection can be easily constructed using Exercise 37.5. Let W be any 
«-complete nonprincipal ultrafilter over x. We define U as follows: Let X e€ U iff 
{a: X - A, € D,} € W. U is a x-complete nonprincipal ultrafilter over x. If C is closed 
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unbounded, then C 1 A, € D, for all «, and hence C € U. For each a let a, = min A,, 
and let f be a function on x that has value a, on each A,. Then for each y < k, 
{E:f(€) > y} e U and {& : f(€) < &} € U; hence U is not normal.] 


Proof of Theorem 86b. We shall now use the method of Lemma 36.3 to show 
that it is consistent, relative to a measurable cardinal, that \, carries a precip- 
itous ideal. 

Let IN be a transitive model of ZFC and let « be a measurable cardinal. We 
shall show that if IN[G] is the generic extension of M obtained by the Lévy 
collapse such that x becomes &,, then 9[G] has a precipitous ideal over &. 

Let P be the set of all functions p such that dom(p) is a finite subset of k x 
and such that p(«, n) < a for all (a, n) € dom(p); p is stronger than q if p 2 q 
(see (20.7)). Let G be an M-generic filter on P. In IM[G], « is &,. 

Let D be, in IN, a normal measure on k, let N = Ultp(M) and let j: Ma N 
be the elementary embedding j = jp. In [GI], let J be the ideal over x gen- 
erated by the dual of D; ie., 


(37.6) Xel iff XA Y=Q@ forsome YeD 


A routine argument (using sat P = x) shows that IJ is in N[G] a countably 
complete ideal containing all singletons. It can be proved that J is precipitous; 
instead, we shall prove a weaker (but sufficient) property, namely that there 
exists SON,, S¢/, such that [|S ={X ©N,: X cn SeE]} is a precipitous 
ideal. 

For that, it suffices to show that there is S ¢ I such that (when forcing with 
sets X ¢1) S forces that the generic ultrapower is well-founded. In turn, it 
suffices to construct an extension of IN[G] in which there exists an I[G]- 
ultrafilter W over x, generic over IN[G] (with respect to forcing with sets X ¢ /) 
such that the generic ultrapower Ultw(9N[G]) is well-founded. 

Let us go back to Nt and consider again the notion of forcing P. For every v, 
let P, be the set of all p € P such that a < v whenever (a, n) € dom(p), and let 
PY = {pe P:a>v for all (a, n) € dom(p)}; P is isomorphic to the product 
P, x PY. 

Let us consider the notion of forcing j(P). Clearly, (jP),.= P, and thus jP is 
isomorphic to P x Q where Q = (jP)". Every q € Q is represented in the ultra- 
power 9 by a function <q, : « < «> such that q, € P* for all a < kx. 

Let H be an W[G]-generic filter on Q; thus G x H is M-generic on P x Q. 
As in Lemma 36.3, we define in M[G x H] an M[G]-ultrafilter W over x as 
follows: 


(37.7) Xew iff xe i®,y(jX) 


The definition (37.7) does not depend on the choice of the name X because 
p € G implies j(p) € G x H. Let W be the canonical name for W. As in (37.5), 
we have for any pe P, ge Q, 


(37.8) (p,q)tXeW — iff for almostalla, pUq, Kae X 
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(here X is an r.o. P-valued name and <q,: « < K> represents g in 2; “almost 
all” refers to the normal measure D). 

First we observe that the ultrapower Ulty(92{[G]) is well-founded. This is 
because the following commutative diagram holds: 


M[G] —i—. NG x H] 


iw 


Ulty(MG]) 
In the diagram, j is the extension of j: M— MN defined by 
Hx) = iG « n(x) 


and k is defined as follows: If fe IN[G] is a function on x representing [f] in 
Ulty(MN{G]), then 


KAT) = Gif lx) 


Both j and k are elementary and the diagram commutes. 

It remains to show that W is I[G]-generic with respect to forcing with sets 
X ¢1. It suffices to show that if 2 = {X;:i < 6} is an I-partition of x, then 
X; € W for some i. Let 2 € W°-? be a name for & and let X;, i < 0, be names 
for the X;. Let us assume that there are conditions p € G and q € H such that 


pit & is an I-partition of K 
and for each i < 9, 
(p,q) * XE W 


We shall derive a contradiction. 
Let q be represented in M by <q, : « < >. By (37.8) there is for each ia set 
A; € D such that for all « € 4,, 


(37.9) PUG ta¢ X; 
Let us define (in IN[G]), 
(37.10) T = {a<k:q,€ G} 


We shall prove that T ¢ I and that T 4 X; €/ for all i < 0, thus reaching a 
contradiction since % is an I-partition. 

For each i < 6, if € T and we A,, then p U q, € G and hence, by (37.9), 
a ¢ X;. It follows that T 1 X; 0 A; = @, and so by (37.6), Ta X;,€ 1. 

Let us finally show that T ¢ I. It suffices to show that T ~ Z # @ when- 
ever Z € D. Thus let Z € D, and let us prove that g, € G for some a € Z. Let 


A= {re P:r <q, for some a € Z} 


It is easy to see that A is dense in P because Z is unbounded and gq, € P* for 
eacha <x. ThuuAnG#Q@andhencee TOZ4C. @ 
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Large Cardinals and Set Theory Without the Axiom of Choice 


Since the methods of the theory of large cardinals use heavily the axiom of 
choice, most of the problems concerning large cardinals are not very interesting 
if the axiom of choice is not assumed. An exception is measurability. 

In ZF, a measurable cardinal is defined in the usual way: An uncountable 
aleph x is measurable if there exists a x-complete nonprincipal ultrafilter over 
k. One of the first properties of measurable cardinals we proved in ZFC in 
Section 27 is that every measurable cardinal is inaccessible. The same proof in 
ZF gives only the following: If x is measurable, then x is regular, and 2? # x for 
anyjA<k. 

In particular, it is not excluded that %, might be measurable. And indeed, 
we prove in Theorem 90 below that ZF + “&, is measurable” is consistent. 
The consistency is relative to ZFC + “there is a measurable cardinal.” This is 
necessary because if x is measurable (in ZF) and if U is a k-complete nonprinci- 
pal ultrafilter over x, then L[U] is a model of ZFC + “x is measurable.” 


Theorem 90 (Jech). Let IN be a transitive model of ZFC + “there is a measur- 
able cardinal.” There is a symmetric model N > M of ZF such that NF &, is 
measurable. 


We shall construct a symmetric extension of Mt. Recall the theory of sym- 
metric models from Section 21. We consider a complete Boolean algebra B, a 
group Y of automorphisms of B, and a normal filter ¥ on G (see (21.5)). For 
every xe? we let sym(x) be the symmetry group of x, sym(x) = 
{néG:nx = x}, and call x symmetric if sym(x) € F. We denote by HS the class 
of all hereditarily symmetric names (21.14). If G is an Mt-generic ultrafilter on B, 
we let N be the G-interpretation of the class HS; MN is a model of ZF and 
ND M 

Let us call a subset A ¢ B symmetric if 


(37.11) {né€G:na=a for allae ASE F 


Lemma 37.5. Let x be measurable in M, and let N be a symmetric extension of IW 
(via B, G, F, FY). If every symmetric subset of B has size < x, then x is measurable 
in N. 


Proof. Let U be, in It, a x-complete nonprincipal ultrafilter over x. We show 
that U generates a x-complete nonprincipal ultrafilter over x in N. It suffices to 
show that if y < x and {X,: a < y} is a partition of x in N, then for some a < y, 
X, includes some Y € U. 

I shall give the proof for y = 2 since the general case is analogous. Let 
X eM be a subset of x, and let X e HS be a symmetric name for X. Let 
A = {||é € X|| :« <x}. If € G is such that 2(X) = X, then (because m& = & for 
all «) na = a for all ae A; thus A is a symmetric subset of B. 

Hence |A| <x. For each ae A, let Y,= {w: ||é e€ X|| =a}. Clearly, 
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{Y, : a € A} is a partition of x into less than x pieces, and hence one Y = Y, is in 
U. Now if ae G, then we have Y € X, and if a ¢ G, then Y © x — X. Hence 
either X or x — K has a subset that isin U. @ 


Proof of Theorem 90. Let x be a measurable cardinal in I. Let P be the set of 
all one-to-one finite sequences p = (a9, 0, ..-, %,—1> Of ordinals less than x; p 
is stronger than q if p extends q (this notion of forcing collapses x and makes it 
countable). Let ¢ be the set of all permutations of x; every 2 € Y induces an 
automorphism of (P, <) as follows: 


TX pcre by >) = n(x), eae) 1 1) 
and, in turn, an automorphism of B = r.o. P. Thus we identify with the group 
of automorphisms so induced. 
For each y < k, let 


H, = {né G: na =a for all a < y} 


and let ¥ be the normal filter on Y generated by {H, : y < x}. Thus x € M? is 
symmetric just in case there is y < « such that mx = x whenever na = a for all 
a<y. 

Let G be an M-generic ultrafilter on B and let N be the symmetric model 
given by B, G, F, Y. We shall show that x = (,)" and that x is measurable in 
N. 

If y < x, then y is countable in M: Let f be the name such that 


|| F(%) = &|| = L{p € P: p(n) = 


for all n<q@ and a</y. Clearly, f is symmetric because n(f) =f for every 
nm € H,, and hence fe HS. The interpretation of fis a one-to-one function of w 
onto y. 

It remains to show that x is measurable in N. By Lemma 37.5 it suffices to 
show that every symmetric A © Bhas size < x. Let A < B be symmetric. There 
exists y < x such that a = a for alla A and all ne H,. 

For every ae A, let S,= {pe P:p <a}. Ifmne H,and peS,, thenape S, 
because mp < na=a. Let T,= {pe S,: p(n)<y+o for all ne dom(p)}. If 
nm € H, and pe T,, then mpe S,. Conversely, if pe S,, there is x € H, that 
maps all « € ran(p) greater than y into y + w; since x € H,and p € S,, we have 
mpeS, and hence ape T,. Thus S,={nx(p):peT, and ne H,}, and 
consequently 


(37.12) if a#beA, then T,#7, 
However, each T, is a set of finite sequences in y + w; and since x is inacces- 
sible, (37.12) implies that |A| <x. 


In connection with measurability of &,, we recall the following open ques- 
tion: Is it consistent that the closed unbounded filter over &%, is a countably 
complete ultrafilter ? It has been proved by the method of Theorem 80 that if that 
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is the case, then for every @ there is a transitive model with 8 measurable 
cardinals. 

Let me also mention another open problem. In Section 21 (Example IV) we 
presented a model of ZF in which §, is a singular cardinal. By Jensen’s cover- 
ing theorem (see Exercise 30.7), if we want both &, and &, singular, then we 
have to use large cardinals. Indeed, a model is known (using k < A such that x 
is supercompact and A is measurable) in which cf w, = cf w, = w. The prob- 
lem of whether cf « = @ for all limit « is consistent is still open. 


38. MORE ON ULTRAFILTERS 


We have used ultrafilters extensively in our study of large cardinals, partic- 
ularly ultrafilters that are countably complete. In this last section of Part 
III, we shall investigate ultrafilters that are not countably complete. First we 
shall consider ultrafilters over w that have a partition property related to 
Ramsey’s theorem (Lemma 29.1), and then we shall investigate a property of 
ultrafilters called regularity. 


Ramsey Ultrafilters Over w 


In Section 24, we introduced p-points and Ramsey ultrafilters. Recall that 
an ultrafilter D over @ is a p-point if for every partition « of w such that A ¢ D 
for all A € &, there exists X € D such that X - A is finite for each A € ~. Dis 
a Ramsey ultrafilter if for every partition of w such that A ¢ D forall A € 
there exists X € D such that for every A € «7, X ~ A has one element. 

If 28° = &,, then Ramsey ultrafilters exist: Let ./,, « <.w,, enumerate all 
partitions of @ and let us construct an w,-sequence of infinite subsets of w as 
follows: Given X,, let X,,, GX, be such that either X,,,<¢ A for some 
Ae &,, or that |X,4,;.0 A| <1 forall Ae #,. Ifa is a limit, let X, be such 
that X, © X, mod f. for all B < a. Then D = {X : X 2 X, forsomea <q,}isa 
Ramsey ultrafilter. 

We shall show below (Theorem 91) that existence of Ramsey ultrafilters is 
not provable in ZFC; we shall exhibit a model of ZFC in which there are no 
Ramsey ultrafilters. 

The following lemma explains the name of Ramsey ultrafilters: 


Lemma 38.1. Let D be a nonprincipal ultrafilter over w. D is Ramsey if and only 
if for all natural numbers n and k, every partition F: [w]" > {1, ..., k} has a 
homogeneous set H € D. 


Proof. First assume that D has the partition property stated in the lemma. Let 
& be a partition of w such that A ¢ D for all A € ; we shall find X € D such 
that |X - A| < 1 forall A € x. Let F: [w]? > {0, 1} be as follows: F(x, y) = 0 
if x and y are in the same A € &, and F(x, y) = 1 if x and y are in different 
members of .. If H € D is homogeneous for F, then clearly H has at most one 
element common with each A € . 
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Now let us assume that D is a Ramsey ultrafilter. We shall first prove that D 
has the following property: 


(38.1) if X9 2X, > X, >--- are sets in D, then there is a sequence ay < a, < 
a, < +: such that {a,}°_9 € D and a,,, € X,, for all n. 


Thus let Xy > X, 2--: be sets in D. Since D is a p-point, there exists Y € D 
such that each Y — X, is finite. Let us define a sequence yo < y, <-:: in Y as 
follows: 


Yo = least yo € Y such that {ye Y: y> yo} © Xo 
y1 = least y, € Y such that y, > yo and {ye Y:y>y}CX,, 


Yn+1 = least y,4, € Y such that y,4,; > y, and {ye Y: y> yaaa} SXy, 


For each n, let A, = {y € Y: y, < y < yn+1}. Since D is Ramsey, there exists a 
set {z,}-°9 € D such that z, € A, for all n. 

We observe that for each n, z,,2.€ X,,: Since Z,42 > Yns2, we have 
Zn+2 © Xy,,,, and since y,,, > z,, we have X,,, < X, and hence z,,.€ X,,. 

Thus if we let a, = z2, and b, = Z2,4,, for all n, then either {a,}° 9 € D or 
{b,}n-o € D; and in either case we get a sequence that satisfies (38.1). 

Now we use the property (38.1) to prove the partition property; we proceed 
by induction on n and follow closely the proof of Lemma 29.1. Let F be a 
function from [w]"*? into {1, ..., k}. For each a € a, let F, be the function on 
[w — {a}]" defined by F,(x) = F(x u {a}). By the induction hypothesis, there 
exists for each a € wa set H, € Dsuch that F,, is constant on [H,]". There exists 
X € D such that the constant value of Fis the same for alla € X;say F(x) =r 
for all a € X and all x € [H,]". 

For each n, let X,= X V1 Hy) 0H, -:: 0 H,. By (38.1) there exists a 
sequence do <a; <a,<:-- such that a,,,¢X,, for each n, and that 
{a,\r-9 € D. Let H = {a,}".). It is clear that for each ie w, a;e¢ X and 
{a,,:m > i} © H,,. Hence F,(x)=r for all x € [{a,,: m> i}]", and it follows 
that F is constant on [H]"*'. @ 


If D is an ultrafilter over @, let us call a function f: w > w unbounded mod D 
if {n: f(n) > k} € D for every k € @; let us call f one-to-one mod D if there is 
X € D such that f is one-to-one on X. The following exercise is a straightfor- 
ward application of the definition of Ramsey ultrafilter: 


Exercise 38.1. An ultrafilter D over w is a Ramsey ultrafilter if and only if every function 
unbounded mod D is one-to-one mod D. 


If D and E are ultrafilters over w, then D < E means that for some function 
f.o-ao, 


D =f,(E) = {X :f-4(X) € B} 
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Exercise 38.2.* If D = f,(D), then {n: f(n) = n} € D. 

[Let X = {n: f(n) <n}, Y = {n:f(n) > n}. For each ne X, let I(n) be the length of 
the maximal sequence such that n > f(n) > f(f(n)) > ---. Let Xo = {ne X : I(n) is even} 
and X,;={ne X:I(n) is odd}. Neither X, nor X, can be in D since, eg, 
Xo Of-1(Xo) = @. The set Y is handled similarly, except that it remains to show that 
the set Z of all n such that the sequence n < f(n) < f?(n) < f3(n) <--: is infinite cannot 
be in D. For x, y € Z let x = y if f*(x) = f(x) for some k and m. For each x € Z, let a, 
be a fixed representative of the class {y: y = x}; let I(x) be the least k + m such that 
f*(x) =f"(a,). Let Zo = {x € Z: I(x) is even} and Z, = {x € Z: I(x) is odd}. Clearly 
f-1(Z1) 0 Z=Zo] 


D = E means that there is a one-to-one function of w onto w such that 
E = f,(D). = is an equivalence relation (and if D', = D < E = E’,thenD’ < E’). 


Exercise 38.3. If D < E and E < D, then D= E. 
(Use Exercise 38.2.] 


Thus < is a partial ordering of ultrafilters over w (or rather their equiv- 
alence classes mod =). A nonprincipal ultrafilter D over w is minimal if there 
is no nonprincipal E such that E < D and E # D. 


Exercise 38.4. An ultrafilter D over @ is minimal if and only if it is Ramsey. 

[If D is Ramsey and E = f,(D) is nonprincipal, then f is unbounded mod D, hence 
one-to-one mod D and consequently, E = D.If D is minimal and fis unbounded mod D, 
then D < f,(D) and hence D = g,(f,(D)) for some g. It follows, by Exercise 38.2, that fis 
one-to-one mod D.] 


We shall now outline the proof of the following theorem which shows that it 
is not provable in ZFC that Ramsey ultrafilters exist. 


Theorem 91 (Kunen). Let Mt be a transitive model of ZFC plus GCH. There is a 
generic extension of IN in which there are no Ramsey ultrafilters. 


We start with the following observation. Let S be an infinite set. A finitely 
additive measure on S is a real-valued function » on P(S) such that: 


(38.2) (i) “(@) = 0 and y(S) = 1; 
(ii) if X ¢ Y, then p(X) < u(Y); 
(iii) if X and Y are disjoint, then u(X VU Y) = n(X) + u(Y); 


(compare with (27.1)). A finitely additive measure p on S is atomless if for every 
X ¢S of positive measure there is Y < X such that 0 < n(Y) < p(X). 


Lemma 38.2. If u is an atomless finitely additive measure on w, then there is no 
p-point extending the filter {X <w: p(X) = 1}. 


Proof. Assume that D is a p-point such that X € D whenever p(X) = 1. Hence 
every X € D has positive measure. We construct an w,-sequence X,,a% < @,, of 
sets in D as follows: Given X,, let X,,, < X, be such that X,,, ¢ D and 
MXa41) < u(X,). If o is a limit, let X, € D be such that X, © X, mod. for all 
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B <a (see Lemma 24.9). Then (Xo) > u(X,) > ++: > u(X,) > ++: is a descend- 
ing w,-sequence of real numbers; a contradiction. 


Now let IN be the ground model and assume that M satisfies the GCH. Let 
kK = @, and let us consider the measure space "{0, 1} defined in (34.3); let B be 
the corresponding measure algebra. For every « < x, let B, be the measure 
algebra of *{0, 1}, and B* the measure algebra of *~*{0, 1}. We have 
B= B,@® B’; and if cf « = @,, then B, = | )g<q Bg. Also, B= |_),<, Ba- 

Let G be an M-generic ultrafilter on B. We shall show that in M[G] there is 
no Ramsey ultrafilter over w. Let D € M[G] be an ultrafilter over w and let D 
be a name for D. For each a <x we have |B,| <&, and so there are &, 
B,-valued names for subsets of w. Moreover, if cf « = w, and X is a B,-valued 
name for a subset of w, then X is B,-valued for some B < a. 

For each a < w, there is y < w, such that whenever X is a B,-valued name 
for a subset of w then ||X € D|| € B,. Consequently, there exists « (of cofinality 
w,) such that for all X e M?, ||X < || € B, implies ||X € D|| € B, and hence if 
we denote G, = Go B, and U=Dn MG,], then U € M{G,] and U is an 
ultrafilter. 

A somewhat more complicated argument (which we leave out) shows that if 
D is a Ramsey ultrafilter in M[G], then « can be found such that U is a Ramsey 
ultrafilter in M{[G,]. 

Now M[G] is a generic extension of M[G,], namely M[G] = N[G,][G*] 
where G’ is IN[G,]-generic on B*. We state without proof that the completion of 
B* in M[G,] is a measure algebra (in W[G,]). Hence if we apply the following 
lemma in I[G,], we obtain a contradiction, thus showing that IN[G] has no 
Ramsey ultrafilters. 


Lemma 38.3. If U is a Ramsey ultrafilter (in MN) and if B is an atomless measure 
algebra, then in IN[G] there is no Ramsey ultrafilter extending U. 


Proof. Let m be a measure on B. We shall use U and m to define a finitely 
additive measure on w in M[G] in very much the same way as we did in Lemma 
34.6. 

If {a,}°_ 9 is a bounded sequence of real numbers and if U is an ultrafilter 
over w, there is a unique real number a such that for every ¢ > 0, the set 
{n: |a, — a| <} is in U. We denote this unique a 

= lim a, 
U 

Now let me follow (34.6}-(34.12). If a € B is nonzero and ifa + A a, we 
let 
m(a ite Al) 

m(a) 


SA, n) = 


As before, we further let 


and = t,(A) = lim f,(A, n) 


pi(A) = nf Ha(A) 
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and finally 
L(A) = sup p3(A) 
beG 

All we said about yp in the proof of Lemma 34.6 is again true except that y is 
finitely additive, not x-additive. In particular, if X € Mis such that X € U, then 
u(X) = 1. Also, since B is atomless, it can be shown that p is atomless. 

We want to apply Lemma 38.2 and show that there is no Ramsey ultrafilter 
extending U. For this reason, we shall show that the filter {X : u(X) = 1} coin- 
cides with the filter generated by U. Thus it suffices to show that if u(X) = 0, 
then there is Ye U such that X nN Y= @. 

Let us assume, on the contrary, that there is Xe? such that 
|u(X) = Ol] = 1, and 


(38.3) (WY eU)XVY4 Ql] =b+40 


Let ¢ = m(b). To get a contradiction with (38.3), it suffices to find Y € U such 
that m(|X A Y#Bl|)<e Since [XA Y# Bl =Y{\he Xl :ne Y}, it 
suffices to find Y € U such that 


(38.4) y |l#e Xl <e 
neY 


If ||u(X) = 0|| = 1, then we note that by (34.9), 4,(A) = 0 for all a € B. Hence 
lim ||i € X|| = 
U 


and (38.4) follows from this lemma: 


Lemma 38.4. If U is a Ramsey ultrafilter and {a,}°_ is a sequence of nonnega- 
tive real numbers such that limy a, = 0, then for every ¢ > 0 there is Y € U such 
that Vey An <€. 


Proof. For each k=1, 2, 3, ... let X;={n:e/2**! <a, <e/2*}. If 
{n: a, = 0} € U, then there is nothing to prove; otherwise, | )?_, X, € U, and 
since limy a,=0, we have X,¢U for all k. Let YeU be such that 
|Y a X,| <1 for all k. Clearly, Yeya,<é Mf 


This completes the proof of Theorem 91. @ 


Regularity of Ultrafilters 


Let U be a nonprincipal ultrafilter over S. We say that U is regular if there 
exists a family {M, : x € S} of subsets of S such that 


(38.5) (a) each M, is a finite set; 
(b) for every ae S, {x:aeM,}e U. 


[More precisely, we say that U is (No, |S|)-regular and, in general, call U 
(x, A)-regular if there exists a family {M,: x € S} of subsets of 2 such that 
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|M,.| <x for all x, and {x : y €'M,} € U for all y < 2. (Compare with (33.24).) 
Many of the results presented below can be generalized] 

Let me recall that an ultrafilter U over S is uniform if |X| = |S| for every 
X e€ U. It is evident from the definition that every regular ultrafilter is uniform 
(if X € U and |X| < |S|, then |) {M,: x eX} #5). 
Exercise 38.5. U is regular if and only if there exists a collection {X,: a € S} < U such 
that for any infinite Z ¢S, (\aez Xa =D. 

[Let x e X, iffae M,.] 


It follows that if U is a countably complete ultrafilter, then U is not regular. 
Furthermore, it is easy to see that every nonprincipal ultrafilter over a count- 
able set is regular. 


Lemma 38.5. For every infinite cardinal x there exists a set S of size k and a 
regular ultrafilter U over S. 


Proof. Let S be the set of all finite subsets of x. For each ae S, let 
a= {xe S:x 2a}. Let U be an ultrafilter such that a € U for allae S. 

For each x € S, let M, = P(x). For every a € S, we have ae M, ifand only 
if x € a. Hence U is regular. @ 


Regular ultrafilters have been studied in model theory, in connection with 
the cardinality problem for ultrapowers. If A is an infinite set, then clearly 


|A| < |Ulty(A)| < |A]!*! 
for any ultrafilter over S. If U is |A|*-complete, then |Ulty(A)| = |A|, and 
the next lemma states that if U is regular, then | Ulty(A)| = |A|!5!. There are 
various results on the size (or order-type) of the ultrapower, and we present 


some of them below; most of the natural questions about the size of ultra- 
powers remain open however. 


Exercise 38.6. If U is a uniform ultrafilter over S, then | Ulty(S)| > |S|. 
[There is a family F of functions f:S—S such that |F| = |S|* and that 
l{x : f(x) = g(x)}| < |S| whenever f 4 ge F; compare with Lemma 24.7.] 


Lemma 38.6. Let U be a regular ultrafilter over S and let A be an infinite set. 
Then 


| Ulty(A)| = | A] 


Proof. We may assume that S = x is an infinite cardinal. Let B be the set of all 
finite sequences in A; since A is infinite, we have |B| = | A|. We will show that 


(38.6) | A" < |Ulty(B)| 


Let M;, € < x, bea family of finite subsets of x such that each a < x belongs to 
almost all (mod U) M;. For each g € “A, let f = F(g) be the following function 
from x into B: 


F(E) = <g(%o), glo), «+++ Gln -1)> 
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where a%) <%, <***<a,_,; enumerates M,. Now if g + h, then there is « < 
such that g(a) # h(«), and for almost all €, « is in M, and hence F(g) and F(h) 
differ almost everywhere. Thus F gives a one-to-one mapping of “A into 
Ulty(B), proving (38.6). 


One of the results on size of ultrapowers is the following: 


Exercise 38.7. If U is not countably complete, if A is an infinite set, and if 
A = |Ulty(A)|, then AX = A. 

[Let B be the set of all finite sequences in A; we show that | Ult A|*®° < | Ult B|. Let 
{X,:n <q} be a partition of S such that X,¢ U, for all n. If ff =<f,:n<o@) is a 
sequence of functions f, : S > A, we let F(f') be the function h: S > B defined as follows: 
Ifx e X,, let h(x) = < fo(x), f(x), -...fa(x)>. ff = <f,: n < w) and gj = <g,:n< wy) are 
such that for some n, f, # g, mod U, then F(f') # F(g) mod U.] 


If x is a limit ordinal, then Ulty(«, <) is a linear ordering without a greatest 
element, and we may ask what its cofinality is. The following two exercises deal 
with this problem for Ulty w. 


Exercise 38.8. If U is not countably complete, then every countable subset of 
Ulty(w, <) is bounded. Hence the cofinality of Ult w is at least w,. 

[Let {X,:n <q} be a partition of S such that X,¢ U for all n. If f,, k < @, are 
functions f,: Sa, let f: S—+q@ be as follows: If x € X,, let f(x) = max(fo(x), ..., 
Sa(x)) + 1. Clearly, f > f, mod U, for all k.] 


Exercise 38.9. If U is a regular ultrafilter over S, then every subset of Ulty(w, <) of size 
|S| is bounded. Hence the cofinality of Ult w is at least |S|*. 

[Let M,, x € S, be a family of finite subsets of S such that each a € S is in almost all 
M,. If fa, a € S, are functions f,: S > a, let f: Sw be as follows: If x € S, let f(x) = 
max{ f,(x): ae M,}+ 1. Clearly, f>f, mod U, for all ae S.] 


Let us consider now a uniform ultrafilter U over an infinite cardinal x and 
the ultrapower Ulty «x. The constant functions are the functions c,, y < x, such 
that c,(a) = y for alla <x. A function f: « > x is unbounded iff > c, mod U for 
all y < x; f is monotone if f(«) < f(B) whenever a < 8. The diagonal function is 
the function d(a) = a. 


Lemma 38.7. If U is a regular ultrafilter over x, then there is no least unbounded 
function in the ultrapower ; i.e., if f: « + is unbounded, then there is an un- 
bounded g such that g < f mod U. 


Proof. Let M,,« <x, be a family of finite subsets of x such that each y€ x is in 
almost all M,; let f: «> be an unbounded function. Let g be defined as 
follows: Let g(x) be the greatest element of M, less than f (a), if such an element 
exists. Since f is unbounded, g(a) is defined almost everywhere. It is clear that g 
is unbounded because g < c, mod U would imply f<c,,, mod U. @ 


The following lemma plays an important role in the investigation of regu- 
larity of ultrafilters: 
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Lemma 38.8. Let « be a regular cardinal and let U be a nonregular uniform 
ultrafilter over x. Then the ultrapower has a least unbounded monotone function; 
i.e., there exists an unbounded monotone f: k > k such that there is no unbounded 
monotone g with g < f mod U. 


Proof. Let U be a uniform ultrafilter over k and let us assume that the ultra- 
power has no least unbounded monotone function. We shall show that U is 
regular. We shall construct a k-sequence of unbounded monotone functions fo, 
Sis ---sfys 0057 <k, Such that if y < 6 < x, then f,(a) > f,(w) for almost all « < x, 
and f(a) > f;(«) for all «. Then it follows that U is regular, as witnessed by the 
family {M, : a < x}, where 


M, = {y :f,(4) > fy+1(@)} 


Clearly, each y is in almost all M,, and each M, is finite. 

We construct the f, as follows: Given f,, there exists a monotone f,, 1 </f, 
because we assume that there is no least unbounded monotone function (and 
we let f,+1(«) <f,(«) for all «). If y is a limit ordinal, we define f,(«) = 
min{ f,(«) : € < y} for a <x. It is clear that f, is monotone. To show that f, is 
unbounded, let v < x and let us show that f, > c,. For each € < y there is a, 
such that f,(6) > v for all B > a,. Let a = sup,<, a; since x is regular, we have 
a <x, and clearly f,(8)>vforallB>o. Mf 


Corollary. Let « be a regular cardinal. If there exists a nonregular uniform 
ultrafilter over x, then there exists one that extends the closed unbounded filter. 


Proof. Let U be a uniform nonregular ultrafilter over x and let f: k > xk be the 
least unbounded monotone function in Ulty. Let D=f,(U)= 
{X : f_1(X) € U}. 

D is clearly a uniform ultrafilter over x, and it is easy to see that the 
diagonal function is the least unbounded monotone function in Ultp. Now if C 
is a closed unbounded subset of x, then C € D because otherwise consider the 
function g(x) = sup(C - a). The function g is unbounded and monotone, and 
g(a) < « whenever 0 # a ¢ C. Hence D extends the closed unbounded filter. 
(Compare with Exercise 28.12.) 

It remains to show that D is not regular. Thus assume, on the contrary, that 
M,, «<k, is a family of finite sets such that for every y <x, the set 
X, = {a: y € M,} is in D. We shall show that U is regular. For each « < k, let 
N, = Mya). Each N, is finite, and if y <x, then {a: ye N,} =f-_,(X,) is in 
U. @ 


As for existence of nonregular ultrafilters, it is not very difficult to construct 
one over a measurable cardinal. The problem is to show that a nonregular 
ultrafilter can exist over a small cardinal. The best result to date in this direc- 
tion is a model with a nonregular ultrafilter over w,. 
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Nonregular Ultrafilters Over w, 


We shall now turn our attention to this particular problem: Can there be a 
nonregular uniform ultrafilter over w,? Although the question is open, some 
consequences of existence of such ultrafilters are known; most significant is 
Theorem 92 below, which shows that existence of a nonregular ultrafilter over 
@, implies that 0* exists. 

We start with a combinatorial lemma. Let us recall that two functions fand 
g ON @, are almost disjoint if {a : f(x) = g(a)} is at most countable. 


Lemma 38.9, Let U be a uniform ultrafilter over w,. Each of the following condi- 
tions is sufficient for U to be regular: 


(a) There exist %, almost disjoint functions fe, € <.w,, from w, into w, and a 
function f: @, > w such that f, < f mod U for all €. 

(b) There exist %_ almost disjoint functions from w, into w. 

(c) There exist & almost disjoint functions f., § < wz, from w, into w, anda 
function f: @, > @, such that fe <f mod U for all €. 

(d) There exist %3 almost disjoint functions from w, into @,. 


Proof. (a) For each a < a, let 


M, = {y:f,(«) <f (a) and f,(«) # f(a) for all € < y} 


Since for each a, f(a) is a natural number, it is easy to see that each M, is finite. 
Also, every y belongs to almost all M, because the set {a : f,(a) = f(a) for some 
& < y} is countable and thus ¢ U. 

(b) Let ¥ bea family of X, almost disjoint functions from w, to w. Distinct 
functions in ¥ represent distinct ordinals in the ultrapower Ulty; these 
ordinals thus form a linearly ordered set of size %,. Therefore there exists fe F 
such that for uncountably many g € ¥ we have g < f mod U. Now we apply 
(a). 

(c) For every & <p, let f’; be the restriction of f, to the set {a : f,(a) < 
f («)}. Since for each a, f(a) is countable, it follows that there exists a family 
{gz : € < @} of functions with dom(g,) € U and ran(g,) < @ such that if ¢ # n, 
then g, and g, are almost disjoint, i.e., {a : g(a) = g,(a)} is at most countable. 
The same argument as in (b) shows that there is a function g: w, >@ and a 
family {he: € <@,} of almost disjoint functions such that for each € <a, 
dom(h,) € U and h; < g mod U. To prove that U is regular, we argue as in 
(a), using the sets M, = {y: ae dom(h,), h,(a) < g(a) and h,(a) # h(x) for all 
o< yf. 

(d) Let ¥ be a family of &3 almost disjoint function from @, into w,. The 
ordinals represented in Ulty by functions in ¥ form a linearly ordered set of 
size &3, and therefore there exists f¢ FY such that there are \, functions g € F 
with g < f mod U. Now we apply (c). @ 
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Note that (a) implies that the cofinality of Ulty(w, <) is w, if U is a 
nonregular uniform ultrafilter over w,. Note also that by (b), if there exists a 
Kurepa tree, then every uniform ultrafilter over w, is regular (and hence if there 
is a nonregular uniform ultrafilter over w,, then X. is an inaccessible cardinal 
in L). 

Corollary. Assume that there exists a nonregular uniform ultrafilter over w,. 
Then: 


(a) if 28° = &,, then 28! =); 
(b) if %, <2®° <X,,, then 2%! = 2%, 


Proof. (a) We recall that there exist 2*' almost disjoint functions from @, into 
28° If 28° = &, and 2*! > &,, then we have &; almost disjoint functions from 
@, into w, and hence U is regular. 

(b) Let us assume that &, < 2®°< &,, and that 28° < 2®!. Then 2"! > &, 
and by Lemma 35.2 there exists a family of &3 almost disjoint functions from 
@, into w,, and hence U is regular. @ 


In the proof of Lemma 38.9 we used almost disjointness of the functions f; 
only to make sure that (1) f; #f, mod U if € # n, and (2) {a : f,(a) = f(a) for 
some ¢ < y} ¢ U (if y is countable). Thus the lemma can be generalized: 


Lemma 38.10. Let D be an ultrafilter over w, extending the closed unbounded 
filter. Throughout (a)-(d) of Lemma 38.9, replace “almost disjoint” by 
“fo: fe(a) =f,(a)} is thin.” Then each of the modified conditions (a)-(d) implies 
that D is regular. @ 


Corollary. Assume that there exists a nonregular uniform ultrafilter over w,. If 
X., is a strong limit limit cardinal, then 28 < &,,,. 


Proof. By Theorem 24 (see Lemma 8.7), 2%#1 < X, where @ is the norm of the 
constant function c,, on w, (or, in other words, 6 is the length of the well- 
founded relation f < g (f, g: w, > w,) defined by f <q iff {a : f(a) < g(a)} con- 
tains a closed unbounded set). Thus it suffices to show that there is no function 
f: @,; > @, such that || f|| =o. 

By exercise 35.13, if there is f: w, > w, that has norm w,, then there exist 
&, functions f,: w, > w such that any two differ on a closed unbounded set. By 
Lemma 38.10b, any ultrafilter over w, extending the closed unbounded filter 
must be regular. Hence by the corollary of Lemma 38.8, every uniform 
ultrafilter over w, is regular. 


The following lemma is not necessary for the forthcoming proof of Theorem 
92, but shows that a nonregular ultrafilter over w, can be “normalized”: 


Lemma 38.11. Let U be a uniform nonregular ultrafilter over w, and let 
f: @; 4 @, be an unbounded function in Ulty. Then there exists a monotone 
unbounded function h such that h < f mod U. 
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Proof. For every B < ay, let Py = {a: f(a) = B}; for every By < w, we have 
UL) {Ps : B < Bo} ¢ U. We claim that there exists a function g: w, > w, such that 
g(f («)) = « for almost all a. 

To prove the claim, let {g, : € < w,} be a family of almost disjoint functions 
from @, into w, (see Lemma 24.7). For each € < wy, let fe = gz of. We note 
that f. # f, mod U whenever € + n, and that if y < w, and S € w, is countable 
such that y ¢ S, then 


(38.7) {a : f(a) = f-(a) for some € € S} ¢ U 


Let us assume that for all ¢ <w,, fe<dmod U (where d is the diagonal 
function). Now the property (38.7) is sufficient for the arguments in Lemma 
38.9(c), (b), and (a) (see the remark preceding Lemma 38.10); and hence the 
existence of functions f,, € < w, with property (38.7) and bounded by d im- 
plies that U is regular. Hence there is ¢ such that g, of > d mod U, and the 
claim is proved. 

Now we let A = {a : g(f(a)) = a}; we have A € U. We shall show that for 
every B < w,, the set A 4 P, is at most countable. If f(a) = B and a € A, then 
g(B) = a; hence Am Py & g(B). Thus the function f|A has the property that 
each value f is taken at most countably many times. It is now easy to construct 
an unbounded monotone function h: w,—, such that h(a) <f(«) for all 
aéeA. 


Corollary. [f U is a uniform nonregular ultrafilter over w,, then the ultrapower 
has a least unbounded function. Consequently, if there is a nonregular uniform 
ultrafilter over w,, then there is one that is normal in the following sense: Every 
regressive function is bounded in the ultrapower by some constant function 
Cy, P< Oy. 


Proof. By Lemma 38.8, there is a least monotone unbounded function f; and by 
Lemma 38.11, fis the least unbounded function. Now D = f,(U) is a nonregu- 
lar ultrafilter and has the property that the diagonal is the least unbounded 
function. @ 


Theorem 92 (Ketonen). If there is a uniform nonregular ultrafilter over w ,, then 
0* exists. 


Proof. Let us assume that there exists a uniform nonregular ultrafilter over w,. 
By the corollary of Lemma 38.8, there exists a nonregular ultrafilter over w, 
that extends the closed unbounded filter. Let D be such ultrafilter. 

To show that 0* exists it suffices to produce a nontrivial elementary embed- 
ding of L. We shall show that there is a nonprincipal L-ultrafilter U over a 
countable ordinal a such that Ulty(L) is well-founded ; then the natural embed- 
ding jy is a nontrivial embedding of L into L. 

We start the proof by constructing functions f,: w, > @,, for &, ordinals y. 
Let I be the set of all limit ordinals y such that w, < y < w, and that L, is an 
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elementary submodel of <L,,,, €>. Let y € IP. We consider a relation E, on w, 
such that the model <@,, E,» is isomorphic to <L,, €>. Let 2,: L, + w, be the 
unique isomorphism. Let C, be the set of all « < , such that: 


(38.8) (i) <a, E,> is an elementary submodel of (w,, E,> and 7,(@,) € a; 
(ii) for all € <a, 2,(é) ea; 
(iii) for all € < @, ifaw < €, then 7,(€) ¢ a. 
It is rather easy to verify that C, is a closed unbounded subset of w ,. Moreover, 
ifa € C,, then <a, E,> is isomorphic to some (unique) Ly; let f,(«) be such that 
<a, E,> is isomorphic to (Ly ,a), €>, and let p}: Lyi) > « be the unique isomor- 
phism. Let j; be the elementary embedding 


FP Lye L, 


defined by j5(x) = 2; '(0%(x)). If € < a, then (38.8) (ii) implies that j5() = €. By 
(iii), f(z) => w,; and since 7,(w,) is in a, E,>, we have j*(a) = w,. Thus a is the 
least ordinal moved by j;, and j;(a) = a. 

We have defined, for each y € T, a function f, from C, into @,. 


Lemma 38.12. If , 6€ 1 and y <6, there exists a closed unbounded set C,s 
such that f,(a) < f,(«) for all a € C,,. 


Proof. Let y<deT. Let i:w,;—+@, be the embedding of <w,, E,> into 
<w, Es) corresponding to the inclusion of L, in L, (see the diagram below): 


iy 
Lye ers <a, E,) < (aw, E,> oa 


| | 


L — > (a, E;> <<w,, E> ——_L, 


‘Sf o(a) Pa® ns 


inclusion 


js 


FIGURE 38.1 


We let 
(38.9) Cys = {a © C, 0 Cy: m4 (L,) € & and (VE € a)i(z) € a} 


Clearly, C,, is closed unbounded. Let a € C,,; we shall show that f,() < f(a). 
Let B = f,(x); we shall find a transitive set z € Ly) such that B  z. 

We follow the diagram in Fig. 38.1 from the upper left corner to the lower 
left corner. For each v < , consider i(p%(v)). This element of (w,, E5> is in 
(a, E) (because of 38.9); also, it is in ext,(m5(L,)). Thus 2,(L,) has in (a, E;) a 
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subset of E;-order-type 8. So we let z = (p3)”'2,(L,). Now it follows that 
Sa) > B=f(a). wf 


Thus f,, y ¢ I, are &, functions from w, into w, such that any two differ on 
a closed unbounded set. Since D is a nonregular ultrafilter extending the closed 
unbounded filter, it is necessary, by Lemma 38.10c that for every function 
f: @, > @, there is y € I’ such that f < f, mod D. This is the key element of the 
proof of Theorem 92. 


Lemma 38.13. @, is inaccessible in L. 


Proof. Assume that q@, is not inaccessible in L. Then there is «9 such that for all 
a such that % <a <@, a is not a cardinal in L. For each « > a, let f(x) be 
a countable ordinal such that L,,,) F is not a cardinal. 

There exists y ¢ T such that f <f, mod D. Hence for almost all «(mod D), 
Ly) F & is not a cardinal. However, for almost all « there is an elementary 
embedding j; of L, q into L, such that j}(~) = @,, and L, is an elementary 
submodel of L,,,. This is a contradiction because L,,, F w, is acardinal. 


Now consider the function f(«) = (a* )'; since w, is inaccessible in L, f is a 
function from @, into @,. Thus there exists yg € TF such that f< f,, mod D; let 
A€ D be such that for all « € A, f,,(«) > (a*). 

If ye is such that y> yo, then for every ae ANC,,, f,(a) > (a*); 
hence L, (.) contains all constructible subsets of «. Therefore, the elementary 
embedding j}: Ly) + L, defines an L-ultrafilter U} over a: 


(38.10) xeUS iff aef(x) (xga, xeL) 
Lemma 38.14. If y < 6 are inT and yo < y, then for almost all a, Uj = U5. 
Proof. Let ae AO Cy, 0 Cy,5 0 Cys; we shall show that US = Uj. Let us use 


YoY 


again the diagram in Fig. 38.1. Let x < « be in L. We have 
xeU; iff a € j5(x), xe U5 iff awe j5(x) 


Thus it suffices to show that j}(x) = j3(x) for all x Ca, x € L. 

We follow the diagram in Fig. 38.1 from the upper left corner to the lower 
left corner. Let x < a, x € L,and let z = j§(x). We denote u = p%(x) = 2,(z), and 
v = i(u) = 7,(z). By (38.9), we have v € a, and therefore v = p%(y) for some 
y € Lyyay. Hence z = j(y). 

Now both j; and jj have the property that « is the least ordinal moved. 
Therefore j3(x) 0 a = x, and j3(y) © « = y. Thus we have y = z 4 a = x, and 
hence j}(x) = j3(x). @ 


We are now ready to finish the proof of Theorem 92. It suffices to show that 
for some y and « for which Uj is defined, the ultrapower Ulty-(L) is well- 
founded. Thus let us assume that the ultrapower is not well-founded for any y 
and a. 
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Let y > yo bea fixed ordinal in. For each a € A 4 C,,, there is a sequence 
of constructible functions gg, °g;, -.-, Jn, --. on « such that for each n, 
{E <a: g,(€) > Gn+1(€)} € US. As in the proof of Lemma 32.12, we observe that 
if there are such functions, then there are such functions with values < w,, and 
hence we fix for each a a descending (mod U%) sequence {g*: n < w} of func- 
tions from « into @,. 

For each « there exists a countable ordinal B such that gf, € Lg, for every n. 
Let f(z) denote such f. The function fis defined on A 71 C,,, with values <a. 
Therefore there exists 6 > y such that f</f, mod D. Hence for almost all a, 
gn © Lyyay for all n. By Lemma 38.14, U; = U§ for almost all «; and therefore 
there exists a such that U$ is defined, that g% € L,(«) for all a, and that 
G, > Ga+1 mod U§ for all n. 

Now we are reaching a contradiction. For each n, gj is in Ly.) and hence 
3(gr) is defined, and moreover, g* > g%4, mod U% means that 


(is(Gn))(ce) > (i5(Gn-+ 1))()- 
This gives a descending sequence of ordinals 

(is9o)(x) > (gi )(a) >, 
acontradiction. @ 


PART IV 


Sets of Reals 


CHAPTER 7 
DESCRIPTIVE SET THEORY 


39. BOREL AND ANALYTIC SETS 


Descriptive set theory deals with sets of reals that are described in some 
simple way: sets that have a simple topological structure (e.g., continuous images 
of closed sets) or are definable in a simple way. The main theme is that 
questions that are difficult to answer if asked for arbitrary sets of reals, become 
much easier when asked for sets that have a simple description. An example of 
that is the Cantor-Bendixson theorem (Theorem 14): Every closed set of reals is 
either at most countable or has size 2*°; compare this with the independence 
of the continuum hypothesis. 

Since properties of definable sets can usually be established effectively, 
without use of the axiom of choice, we shall work in set theory without the 
axiom choice. When some statement depends on the axiom of choice, I shall 
explicitly say so. However, we shall assume a weak form of the axiom of choice. 
The reason is that in descriptive set theory one frequently considers unions and 
intersections of countably many sets of reals, and we shall often use facts like 
“the union of countably many countable sets is countable.” Thus we shall 
work, throughout this chapter, in set theory ZF + DC, where DC is the prin- 
ciple of dependent choices (cf. (5.4)): 


(39.1) If p is a binary relation over a set A and if for every a € A there exists 
be A such that b p a, then there is a sequence ag, a;,..., @,,... in A 
such that a,,, p a, for allne N. 


Recall some consequences of the principle of dependent choices: 


(39.2) (a) The countable axiom of choice (Exercise 5.7). 
(b) Every infinite set has a countable subset (Exercise 5.4). 
(c) The union of countably many countable sets is countable. 
(d) @, is a regular cardinal. 
493 
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(e) A linear ordering without infinite descending chains is a well- 
ordering, and a binary relation without infinite descending chains 
is well-founded (Lemma 5.2). 


Most of the arguments in descriptive set theory apply not only to subsets of 
R (the real line), but to a number of other topological spaces with a similar 
structure; the n-dimensional Euclidean space R", the closed unit interval [0, 1], 
the Cantor space C, or the Baire space WY = “N. 

A topological space & is a Polish space if it is homeomorphic to a complete 
separable metric space. [A set D < & is dense if it intersects every nonempty 
open set; is separable if it has a countable dense subset. If d(x, y) is a metric 
on 2, then {a,}”_9 is a Cauchy sequence if lit, y+. dan, Gm) = 0; a metric 
space X is complete if every Cauchy sequence in % converges to some point 
ae 2] 

The spaces mentioned above are Polish spaces. For instance, the Baire 
space .V can be endowed with the following metric: If a, be “Nanda # b, let 


(39.3) d(a, b) = m where nis the least n such that a(n) # b(n) 


As a matter of fact, the Baire space is somewhat easier to work with than the 
real line, and we shall therefore, starting in the next section, work almost 
exclusively with sets in the Baire space. 


Exercise 39.1. For each n, the product space .V" is homeomorphic to .V. The product 
space °. is homeomorphic to .. 


Note that the Baire category theorem (Theorem 13) holds for any Polish 
space %: Replace the rational intervals by a countable basis for the topology 
and use completeness of the metric (and the countable axiom of choice). The 
facts on compact sets given in Exercise 4.5 hold for any topological space. [A 
compact set is closed set C with the property that whenever C is covered by a 
collection of open sets, C < | );<; G;, then there are finitely many i,, ..., i, € 1 
such that CCG, UU G,,.] 


Exercise 39.2. A closed set F ©. V is compact if and only if the tree T; has the following 
property: Every node s € 7; has only finitely many immediate successors s°n,, ..., 5°, 
in Ty. 


Borel Sets 


A o-algebra of sets is an algebra of sets (see Section 17) closed under 
countable unions and intersections: # € P(S) is a a-algebra (of subsets of S) if: 


(39.4) (i) SEB; 
(ii) if X € B, then S—X eB; 
(ii) if X¥,¢4,n=0,1,..., then Jo X, € Band (\~_) X,€ B. 
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Let X be a Polish space. A set A < & is a Borel set if it belongs to the 
smallest o-algebra of subsets of 2 containing all closed sets. 

Let me first give a more explicit description of Borel sets. For each a < @, 
let us define the collections £2 and IT° of subsets of 2: 


(39.5) L° = the collection of all open sets 


II? = the collection of all closed sets 


Lf = the collection of all sets A = |) A,, where each A, 
n=0 


belongs to II} for some B < « 


I1° = the collection of all complements of sets in £° 


= the collection of all sets A = (\ A,, where each A, 
n=0 


belongs to Lf for some B < a 


It is clear (by induction on «) that the elements of each £? and each II? are 
‘Borel sets. Since every open set is the union of countably many closed sets, we 
have £? < £8, and consequently 


if «<P, then DPCP, Loc, Mc, mcr 
Hence 


(39.6) Ur= Um 
a<o, a<o, 

and it is easy to verify that the collection (39.6) is a o-algebra (here we use the 
countable axiom of choice). Hence every Borel set is in some L?, « < w,. 

Note that each £2 (and each IT2) is closed under finite unions, finite inter- 
sections, and inverse images by continuous functions (ie., if A € £2 in Y, then 
f_1(A) € £2 in & whenever f: ¥ — Y is a continuous function). 

The sets in £8 are customarily called F,-sets; the elements of IT are the 
G,-sets. 


Exercise 39.3. Let f be a real-valued function on R. Show that the set of all points at 
which f is continuous is a G5-set. 


If the Polish space & is countable, then of course every A € & is a Borel set, 
in fact an F,-set. Uncountable Polish spaces are however more interesting: 
Not all sets are Borel, and the collections £° form a hierarchy. We shall show 
that for each «, £° ¢ T°, and hence 

ES Sette tes 


(where < denotes proper inclusion). 
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The following lemma holds for any uncountable Polish space; I shall how- 
ever prove it only for the Baire space ./. 


Lemma 39.1. For each « > 1 there exists a set U S.N? such that U is X° (in 
N*), and that for every Z2 set A in .V there exists a€ .V such that 


(39.7) A = {x: (x, a) € U} 
(U is a universal X2 set.) See Fig. 39.1. 


FIGURE 39.1 


Proof. By induction on «. To construct a universal open set in .4”?, let G,, ..., 
G,, ... be an enumeration of all basic open sets in ./”, and let Gp = @. Let 


(39.8) (x,y)eU iff = xeEG,) forsomen 


Since U = | )®o H, where each H, = {(x, y): x € Gy} is an open set in.V”?, 
we see that U is open. Now if G is an open set in./”, we let ae “N be such that 
G = Ue Gan; then G = {x: (x, a) € U}. 

Next let U be a universal £2 set, and let us construct a universal £2, , set V. 
Let us consider some continuous mapping of .V onto the product space °.V’; 
for each a € .V and each n, let a, be the nth coordinate of the image of a. [For 
instance, let us define a,,) as follows: aj,(k) = a(I'(n, k)), where I is the canon- 
ical one-to-one correspondence T’: N x N > N.] Now let 


(39.9) (x, y)eV iff forsomen, (x, yyy) ¢ U 


Since V = |)» H,, where each H,, = {(x, y): (x5 Yup) ¢ U} is a MI2-set, we see 
that Vis £°, ,. If A isa £2, , set in.V, then A = |), A, where each A,,is IT?. 
For each n, let a, be such that.Y — A, = {x : (x, a,) € U}, and let a be such that 
Qin) = a, for all n. Then A = {x : (x, a) € V}. 

Finally, let « be a limit ordinal, and let Us, 1 < B < a, be universal L}-sets. 
Let 1 <a <a, <-+*' <a, <--: bean increasing sequence of ordinals such that 
lim, ... &, = a. We notice that if A is a £9-set, then there exist sets A,, n < @, 
such that A = |), A, and that A, € X? for all n. Thus if we let 


(39.10) (x,y)eU iff = for some n, (x, Yu) ¢ Us, 


the same argument as above shows that U is a universal £2 set. Ml 
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Corollary. For every « > 1, there is a set AS.N that is £° but not T1°. 
Proof. Let U ¢.W? be a universal £2-set. Let us consider the set 
(39.11) A = {x: (x, x) € U} 


Clearly, A is a £2-set. If A were I1°, then its complement would be £° and there 
would be some a such that 


A = {x: (x, a) ¢ U} 
But this contradicts (39.11): Simply let x =a. 


While the collection of Borel sets of reals is closed under Boolean oper- 
ations, and countable unions and intersections, it is not closed under con- 
tinuous images: As we shall learn presently, the image of a Borel set by a 
continuous function need not be a Borel set. We shall now investigate the 
continuous images of Borel sets. 

A subset of A of a Polish space & is called analytic if there exists a contin- 
uous function f:.V > £ such that A = f[1]. 

The projection of a set Sc X x Y (into 2) is the set 


(39.12) P={xe%: Fy (x, ye S} 
See Fig. 39.2. 


FIGURE 39.2 


Lemma 39.2. The following are equivalent, for any set A in a Polish space &: 


(a) A is analytic. 

(b) A is the continuous image of a Borel set B (in some Polish space Y). 
(c) A is the projection of a Borel set in X x Y, for some Y. 

(d) A is the projection of a closed set in ® x WV. 


Proof. We shall prove that: 


(1) every closed set (in any Polish space) is analytic; and 
(2) every Borel set is the projection of a closed set in Z x WV. 


Then the lemma follows: Since the projection map 2: X x Y — & defined by 
n(x, y) = x is continuous, it follows that every Borel set is analytic and that the 
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continuous image of a Borel set is analytic. Conversely, if A < & is an analytic 
set, A =f[.¥], then A is the projection of the set 


(F(x) x): x €-V} 


which is a closed set in @ x .V. 

In order to prove (1), note that every closed set in a Polish space is itself a 
Polish space, and thus it suffices to show that every Polish space is a contin- 
uous image of the Baire space 1. 

Let £ be a complete separable metric space; we construct a mapping fof .” 
onto & as follows: It is easy to construct, by induction on the length of s € Seq, 
a collection {C,:s € Seq} (where Seq = | )7-9 "N) of closed balls such that 
Cg = € and 


(39.13) (i) diameter (C,) < 1/n where n = length(s); 
(ii) Cy S Ro Cory (all s € Seq). 


For each ae JV, let f(a) be the unique point in (\ {C,:s <a}; it is easily 
checked that f is continuous and that 2 = f[.W]. 

In order to prove that every Borel set in % is the projection of a closed set in 
X x, it suffices to show that the family P of all subsets of % that are such 
projections contains all closed sets, all open sets, and is closed under countable 
unions and intersections. 

Clearly, the family P contains all closed sets. Moreover, every open set is a 
countable union of closed sets; thus it suffices to show that P is closed under 
ere and (0x 

Recall the continuous mapping at><a,,:neé N> of .V onto °.V from 
Lemma 39.1, and also recall that the inverse image of a closed set under a 
continuous function is closed. Let A,, n < @, be projections of closed sets in 
X x NW; we shall show that ()*_9 A, and (\?_o A, are projections of closed 
sets. 

For each n, let F, © & x WY bea closed set such that 


A,, = {x : Ja (x, a) € F,} 


Thus 
xé UW A, iff Inia(x,a)eF, 
- iff = 3a Ab (x, a) € Fy) 
iff = Ac (x, e@)) € Feyoy 
and 


xe (\A, iff Wn ia(x,a)eF, 
iff de Wn (x, Cin) © Fn 


ie Seeeye (ts eejer 
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Hence |_)%-o A, is the projection of the closed set 


{(x, c): (x, Coy) € F.yo)} 


and (2.9 A, is the projection of an intersection of closed sets. 


The Suslin Operation 


First some notation: We recall that Seq is the set of all finite sequences of 
integers: Seq =|)%-9"N. If ae “N and neN, let a(n) denote the finite 
sequence 


(39.14) a(n) = <a(0), ..., a(n — 1)) 


(hence a(n) =a|ne Seq). For each seSeq, U, is the basic open set 
{ae .V : a(n) =s} of .V, where n = length(s); U, is also closed. A denotes the 
closure of Ac &. 


Let {A,:s € Seq} be a collection of sets indexed by elements of Seg. We 
define 


(39.15) A{A,:s€ Seq}= \J () As 


ae NN n=0 


Exercise 39.4. The operations |)%-9 and (9 are special cases of the operation x. 


Note that if {B,: s € Seq} is arbitrary, then 


U () Bam = U ne (0) Bary 0 °° 0 Ban) 


ae NN n=0 aéNN n= 


and hence .{B, : s € Seq} = W{A,: s € Seq} where the sets A, are finite inter- 
sections of the sets B, and satisfy the following normality condition: 


(39.16) if sct, then A,2>A, 


Thus we shall restrict our use of . to families that satisfy the condition 
(39.16). The operation .¥ is called the Suslin operation. 


Lemma 39.3. A set A < & is analytic if and only if A is the result of the operation 
& applied to a family of closed sets. 


Proof. First we show that if F,, seSeq, are closed sets in %, then 
A = A{F,: s € Seq} is analytic. We have 


xe€A iff JaeNVxe () Faw 


iff a(x, a)e E (\B, 


where B, = {(x, a): x € Fa}. Clearly, each B, is a Borel set in % x W and 
hence A is analytic. 
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Conversely, let A < % be analytic. There is a continuous function f: .Vv > & 
such that A = f[./’]. Notice that for every ae .V, 


(39.17) (\ £Uaml = 1) [Yam] = {f(a)} 
(this is easy to verify; here X denotes the closure of a set X). Thus 


A =f. V) = a, OMG 


and hence A is the result of the operation . applied to the closed sets f[U,] 
(which satisfy the normality condition (39.16)). 


Exercise 39.5. Let A,, s € Seq, be Borel sets satisfying (39.16) and the additional condi- 
tion: For each s € Seq and all n # m, Asn OC Asm = O. Then W{A,: s € Seq} is a Borel 
set. 


VY, (Aan = AU {A, : length(s) = n} 


It follows from the preceding lemmas that the collection of all analytic sets 
in a Polish space is closed under countable unions and intersections, contin- 
uous images, and inverse images, and the Suslin operation (the last statement is 
proved just like the first part of Lemma 39.3). It is however not the case that the 
complement of an analytic set is analytic (if & is an uncountable Polish space). 
In the next lemma, we establish exactly that; we show that there exists an 
analytic set (in .”) whose complement is not analytic. 


The Hierarchy of Projective Sets 


For each n > 1, we define the collections £!, M1}, and A} of subsets of a 
Polish space & as follows: 


(39.18) x} = the collection of all analytic sets 
It} = the complements of analytic sets 
x}, , = the collection of the projections of all 
II! sets in 2 x VW 
It = the complements of the Z} sets in 
Al=2) aT} 


The sets belonging to one of the collections £} or M1} are called projective 
sets. It is easily seen that the following inclusions hold: 
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qj x} x3 
GY S Y ¢ Y 
Borel A} A} 
< GY < G ¢ 
mM Ml; 3 
FIGURE 39.3 


We shall show that for each n there is a L} set in./ that is not II); thus the 
inclusions in Fig. 39.3 are proper inclusions. 


Lemma 39.4. For each n > 1, there exists a universal L} set in.V’; i.e., a set 
U <.N? such that U is £} and that for every Z} set A in.V there exists v €. NV 
such that 


A = {x: (x, v) € U} 


Proof. Let h be a homeomorphism of .Y x .V onto /. If n= 1, let V bea 
universal Lf set; ifn > 1, let V be, by the induction hypothesis, a universal £1_ , 
set. Let 


(39.19) (x,y)eU iff Jae.V (h(x, a), y) EV 


Since the set {(x, y, a): (h(x, a), y) ¢ V} is closed (ifn = 1) or TI}_, (ifn > 1), U 
is a. 
If Ac W is XZ}, there is a closed (or 1}_,) set B such that 


(39.20) xeA iff Jae WV (x,a)eB 
If we let C = A.V? — B], we have 
(39.21) (x,a)EeB iff h(x, a¢C 


The set C is open (or Z}_,) in WV and since V is universal, there exists v such 
that 
C = {u: (u, v)€ V} 


By (39.21), we have 
(x,a)eB iff (h(x, y), vp) EV 
then (39.20) gives 
xeA iff jae WV (h(x, y) v) EV 
and by (39.19), 
A = {x: (x, v) € U} 
Hence U is a universal £} set. 


Corollary. For each n > 1, there is a set AS WN that is &1 but not M1. 
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Proof. Let U <.W? be a universal £} set and let 
A= {x:(x,x)e U} @f 


The collection of all Aj sets in a Polish space is a o-algebra and contains all 
Borel sets. It turns out that A} is exactly the collection of all Borel sets. 


Theorem 93 (Suslin). Every analytic set whose complement is also analytic is a 
Borel set. Thus A} is the collection of all Borel sets. 


Let % be a Polish space and let A and B be two disjoint analytic sets in &. 
We say that A and B are separable by a Borel set if there exists a Borel set D 
such that AC Dand BC &-D. 


Lemma 39.5. Any two disjoint analytic sets are separable by a Borel set. 


This lemma is often called “the £j-separation principle.” It clearly implies 
Suslin’s theorem since if A is an analytic set such that B= & — A is also 
analytic, A and B are separable by a Borel set D and we clearly have D = A. 


Proof. First we make the following observation: If A=(\)%_» A, and 
B = |J®-» B,, are such that for all n and m, A, and B,, are separable, then A 
and B are separable. This is proved as follows: For each n and each m, let D,,,, 
be a Borel set such that A, ¢ D,,, © X — B,,. Then A and B are separable by 
the Borel set D = |)? 0 (\r=0 Dam- 

Let A and B be two disjoint analytic sets in &. Let f and g be continuous 
functions such that A = f[.V] and B = g[.W’]. For each s € Seq, let A, = f[U,] 
and B, = g[U,]; the sets A, and B, are all analytic sets. For each s we have 
Ag = (Jo Ason and B, = (Ja Boom. If ae “N, then 


(F(a)} = () f1Usi] = () Aan 


and similarly for the sets B,. 

Let a, be “N be arbitrary. Since f[.V] and g[./] are disjoint, we have 
f(a) # g(b). Let G, and G, be two disjoint open neighborhoods of f (a) and g(b), 
respectively. By the continuity of fand g there exists n € Nsuch that Aj, S Gy 
and Bj, & G,. It follows that the sets A;,,, and Bj.) are separable by a Borel 
set. 

We shall now show, by contradiction, that the sets A and B are separable by 
a Borel set. If A and B are not separable, then because A = ()%_9 Aq) and 
B= |Jr=0 Acmy- there exist no and mo such that the sets A.,,) and Bim) are 
not separable. Then similarly there exist nj and m, such that the sets Aaon,y 
and Bymom,y are not separable, and so on. In other words, there exist 
a= (ngn,n,°**> and b=<mom,m,--*> such that for every k, the sets 
A (nom) 20d Bem. m,) are not separable. This is a contradiction since in the 
preceding paragraph we proved exactly the opposite: There is k such that Aq) 
and B;q) are separable. 
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Exercise 39.6. Let A,,n = 0, 1, 2, ..., be pairwise disjoint analytic sets. Then there exist 
pairwise disjoint Borel sets D, such that A, ¢ D, for all n. 
[Modify the proof of Lemma 39.5.] 


Exercise 39.7. If B<.V is a Borel set and if fis a one-to-one continuous function, then 
A = f[B] is a Borel set. 

[For each s € Seq, let B, = B 7 U, and A, = f[B,]. The sets A, are analytic and for 
each n, the sets A, such that length(s) = n are pairwise disjoint. Let D, be Borel sets such 
that for each n, {D, : length(s) = n} are pairwise disjoint and such that A, ¢ D, ¢ A,. By 
(39.17), A= S{A,:5 € Seq} = S{A,:s € Seq}, and hence A= oA{D,:s € Seq}. By 
Exercise 39.5, A is Borel.] 


Measure and Category 


We shall now turn our attention to two properties that are often used as a 
measure of good behavior of sets of real numbers: Lebesgue measurability and 
the property of Baire. Our goal is to show that all analytic sets of reals are 
Lebesgue measurable and have the Baire property. Since most readers are 
probably more familiar with Lebesgue measurability, let me first give a review 
of the theory of Lebesgue measure (in the n-dimensional Euclidean space R”). 


The Lebesgue Measure 


The standard way of defining Lebesgue measure is to define first the outer 
measure p*(X) of a set X CR" as the infimum of all possible sums 
Y{v(I,):k € N} where {I,,:k € N} is a collection of n-dimensional intervals 
such that X <\ )?o1,, and v(I) denotes the volume of J. For each X, 
u*(X) > 0 and possibly = oo. A set X is null if p*(X) = 0. 

A set A © R" is Lebesgue measurable if for each X & R", 


u*(X) = w*(X Oo A) + w*(X — A) 


For a measurable set A, we write (A) instead of u*(A) and call (A) the 
Lebesgue measure of A. 

The standard development of the theory of Lebesgue measure gives the 
following facts: 


(39.22) (a) Every interval is Lebesgue measurable, and its measure is equal to 
its volume. 
(b) The Lebesgue measurable sets form a o-algebra; hence every 
Borel set is measurable. 
(c) wis o-additive: If A,,n < @, are pairwise disjoint and measurable, 
then 


(Ga) = Eman 
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(d) y is o-finite: If A is measurable, then there exist measurable sets 
A,,n<@, such that A = |)®5 A,, and y(A,) < 00 for each n. 

(e) Every null set is measurable. The null sets form a o-ideal and 
contain all singletons. 


From the other basic facts on Lebesgue measure let me mention these two: 


(f) If A is measurable, then 
H(A) = sup{u(K): K ¢ A is compact} 


and 
(g) If A is measurable, then there is an F,-set F and a G,-set G such 
that F © A <G and that G — F is null. 


This last property gives this characterization of Lebesgue measurable sets: A 
set A & R" is measurable if and only if there is a Borel set B such that the 
symmetric difference A A B = (A — B) v (B— A) is null. 

One consequence of this is that if we denote by @ the o-algebra of Borel sets 
and by .@ the o-algebra of measurable sets, and if I, is the ideal of all null sets, 
then 4/I, = “/I,. The Boolean algebra 4/1, is o-complete; and since a fami- 
liar argument shows that I, is (as an ideal in .@) o-saturated, we conclude that 
%/I,, is a complete Boolean algebra. We shall return to it later. 


Exercise 39.8. If X is a null set and ay > a, >-:: >a, >--: is a sequence of positive 
numbers with lim a, = 0, then there exists a sequence G,,, n = 0, 1, ..., of finite unions of 
open intervals such that X < |) G, and y(G,) <a, for each n. Moreover, the inter- 
vals can be required to have rational endpoints. 

[First find an open G > X of measure < ag and express G as a disjoint union of 
intervals. ] 


Assuming the axiom of choice one can show that there exists a set of reals 
that is not Lebesgue measurable. One such example is the Vitali set in Exercise 
27.1. As another example there exists a set X & R" such that neither X nor its 
complement has a perfect subset (see Exercise 5.1 for a construction of such a 
set). The set X is not measurable: Otherwise, e.g., u(X) > 0 and by (39.22f) 
there is a closed K € X such that p(K) > 0; thus K is uncountable and hence 
contains a perfect subset, a contradiction. 

However, we shall show in Section 42 that it is consistent (with ZF + DC) 
that all sets of reals are Lebesgue measurable. 

I shall conclude this review of Lebesgue measurability with two lemmas. 
One is the well-known Fubini theorem, and I state it here, without proof, for 
the sake of completeness (we shall actually use it in Section 41). The other 
lemma will be used in the proof of Theorem 94. 

If A is a subset of the plane R? and xe R, let A, denote the set 


{y: (x, y) € A}. 
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Lemma 39.6. Let A < R? be a measurable set. Then A is null if and only if for 
almost all x, A, is null (i.e., the set {x : A, is not null} is null). 


Lemma 39.7. For any set X © R" there exists a measurable set A > X with the 
property that whenever Z < A — X is measurable, then Z is null. 


Proof. If u*(X) < oo, then because y*(X) = inf{u(A): A is measurable and 
A > X}, there is a measurable A > X such that (A) = *(X); clearly such an 
A will do. If u*(X)= 00, there exist pairwise disjoint X, such that 
X = |J%o X, and that for each n, u*(X,,) < 00. Let A, > X,, n < @, be mea- 
surable sets such that p(A,) = *(X,), and let A= (J?) 4,. 


It should be mentioned that the main results of descriptive set theory on 
Lebesgue measure (e.g., the forthcoming Theorem 94) can be proved in a more 
general context, namely for reasonable c-additive measures in Polish spaces. An 
example of such a measure is the product measure in the Cantor space °{0, 1} 
(see (34.3) for details). 


The Property of Baire 


In Section 14, we have proved the Baire category theorem (Theorem 13): 
The intersection of countably many dense open sets of reals is nonempty. It is 
fairly easy to see that the proof works not only for the real line R but for any 
Polish space. 

Let us work in an arbitrary Polish space %. Let us calla set A S & rare (or 
nowhere dense) if the complement of A contains a dense open set. Note that A is 
rare just in case for every nonempty open set G, there is a nonempty open set 
H ¢ Gsuch that A 1 H =@. A set A is rare if and only if its closure A is rare. 

A set A & & is meager (or of first category) if A is the union of countably 
many rare sets. A nonmeager set is called a set of second category. 

The Baire category theorem states in effect that in a Polish space every 
nonempty open set is of second category. 

The meager sets form a a-ideal. Moreover, in case of R", .V, or the Cantor 
space, every singleton {x} is rare and so the ideal of meager sets contains all 
countable sets. 

A set A has the Baire property if there exists an open set G such that A A G 
is meager. Clearly, every meager set has the Baire property. Note that if G is 
open, then G—G is rare. Hence if AAG is meager then 
(% — A) A (% — G) =A JA G is meager, and it follows that the complement of 
a set with the Baire property also has the Baire property. It is also easy to see 
that the union of countably many sets with the Baire property has the Baire 
property and we have: 


(39.23) (a) The sets having the Baire property form a a-algebra; hence every 
Borel set has the Baire property. 
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Exercise 39.9. For every set A with the Baire property, there is a G,-set G and an F,-set 
F such that GC A C F and such that F — G is meager. 
[Note that every meager set is included in a meager F,-set.] 


If @ denotes again the o-algebra of Borel sets, and if we denote by @ the 
o-algebra of sets with the Baire property, and if J is the a-ideal of meager sets, 
we have @/I = @/I. Note that the algebra #/I is o-saturated: Let G be a 
countable topology base for &. For each nonmeager set X with the Baire 
property there exists GeY such that G—X is meager. Thus the set 
D = {[G]: G € Y} of equivalence classes is a dense set in @/I. Hence &/I is 
o-saturated and is a complete Boolean algebra. 


Exercise 39.10. For every set A with the Baire property, there exists a unique regular 
open set U such that A A U is meager. The algebra #// is isomorphic to the algebra of 
regular open sets (with the operations defined in (17.5)). 


As is the case with Lebesgue measurability, the axiom of choice implies that 
there exists a set of reals without the Baire property. 


Exercise 39.11. The Vitali set M from Exercise 27.1 does not have the Baire property. 


[““ Meager ” and “ Baire property ” are invariant under translation. If M has the Baire 
property, then there is an interval (a,b) such that (a,b)—M is meager. Then 
(a, b) ~ M, is meager for all rational q # 0, hence each M 1~ (a — gq, b — q) is meager, 
hence M is meager, hence each M, is meager; a contradiction since R = |),<g M,_] 


If X < R" is such that neither X nor its complement has a perfect subset, 
then X does not have the Baire property: Otherwise, e.g., X is of second 
category and hence X contains a G,-subset G of second category. Now G is 
uncountable, and this is a contradiction since as we shall prove in Theorem 94, 
every uncountable Borel set (even analytic) has a perfect subset. 

The following two lemmas are analogs of Lemmas 39.6 and 39.7. The first 
one, although not very difficult to prove, is again stated without proof. 


Lemma 39.8. Let A & R? have the property of Baire. Then A is meager if and 
only if A, is meager for all x except a meager set. @ 


Lemma 39.9. For any set X in a Polish space &, there exists a set A > X that 
has the Baire property and such that whenever ZG A—X has the Baire 
property, then Z is meager. 


Proof. Let us consider a fixed countable topology basis for &. Let X < &. 
Let 


D(X) = {x € 2: for every U € & such that x e U, Um X is not meager} 


Note that the complement of D(X) is the union of open sets and hence open; 
thus D(X) is closed. 
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The set X — D(X) is the union of all X ~ U where U € GY and X 1 U is 
meager; since G is countable, X — D(X) is meager. Let 


A=X u D(X) 


Since A = (X — D(X)) U D(X) is the union of a meager and a closed set, A has 
the Baire property. 

Let Z ¢ A — X have the Baire property; we shall show that Z is meager. 
Otherwise there is U € such that U — Z is meager; hence U ~ X is meager. 
Since U mn Z # @and Z € D(X), there is x € U such that x € D(X), and hence 
U o X is not meager, a contradiction. 


Although both “null” and “meager” mean in a sense “negligible,” the 
following exercise shows that the real line can be decomposed into a null set 
and a meager set: 


Exercise 39.12. There is a null set of reals whose complement is meager. 

[Let q:, q2,... be an enumeration of the rationals. For each n > 1 and k > 1, let In, 
be the open interval with center q, and length 1/(k: 2"). Let Dy = U2, 14, and 
A= (\em1 D,. Each D, is open and dense, and y(D,) < 1/k. Hence A is null and R — A 
is meager.] 


I shall conclude this section with the following theorem. 
Theorem 94, 


(a) Every analytic set of reals is Lebesgue measurable. 
(b) Every analytic set has the Baire property. 
(c) Every uncountable analytic set contains a perfect subset. 


Corollary 1. Every Mj set of reals is Lebesgue measurable and has the Baire 
property. 


Corollary 2. Every analytic (and in particular every Borel) set is either at most 
countable or has cardinality 2*°. 


We prove (b) and (c) for an arbitrary Polish space. The proof of (a) is 
general enough to work for other measures (in Polish spaces) than just 
Lebesgue measure in R”. 


Proof. The proof of (a) and (b) is exactly the same and uses either Lemma 39.7 
or Lemma 39.9 (and basic facts on Lebesgue measure and the Baire property). 
Let me give the proof of (a) and leave (b) to the reader. 

Let A be an analytic set of reals (or a subset of R"). Let f:.” +R bea 
continuous function such that A = f[.]. For each s € Seq, let A, = f[U,]. We 
have 


(39.24) A= &A{A,:s € Seq} = A{A,: s € Seq} 
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and for every s € Seq, 
(39.25) A, = (J Agen 
n=0 


By Lemma 39.7, there exists for each s € Seq a measurable set B, 2 A,such 
that every measurable Z ¢ B, — A, is null. Since A, is measurable, we may 
actually find B, such that A, ¢ B, ¢ A,. 

Let B = Bg. Since B is measurable, it suffices to show that B — A is a null 
set. Notice that because A, € B, © A,, and because (39.24) holds, we have 


A = &A{B,:s € Seq} 
Thus 


B-A=B- \) Bin) 
0 


ae NN n= 


I claim that 


(39.26) B-— \) ()BayS U (2. - VU Bx) 
ae NN n=0 se Seq k=0 
To prove (39.26), assume that x € B is such that x is not a member of the 
right-hand side. Then for every s, if x € B,, then x € B,-, for some k. Hence there 
is ky such that xe By); then there is k, such that xe By,.,,), etc. Let 
a= kok, kz -**>; we have x € ()%_9 Ba, and hence x is not a member of the 
left-hand side. 
Thus we have 


B-Ac J (2,- U Ben} 
seSeq k=0 

Since seq is a countable set, it suffices to show that each B, — |_)?=o By, is null. 

Let s € Seq, and let Z = B, — | f=, B,,. We have 


Z = B,- ) Boy S B,- U Avy = By — Ay 
k=0 k=0 


Now because Z ¢ B, — A, and because Z is measurable, Z must be null. 

(c) The proof is a variant of the Cantor-Bendixson argument for closed sets 
in the Baire space. Recall that every closed set F in. is of the form F = [T] = 
{a: Vn a(n) € T}, where T is a tree, T & Seq. For each tree T < Seq and each 
s € Seq, let T, denote the tree {t€ T: t Ss or s € th; note that [T,] = [T] 9 U,. 

Let A be an analytic set (in a Polish space 2), and let f be a continuous 
function such that A = f[.”]. For each tree T < Seq, we define 


T' = {s € T: f[[T,]] is uncountable} 
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(SILT]] is the image of the set [7,] by the function f). For each « < @,, we 
define T” as follows: 


T = Seq 
Tety _ (TY 
T= (\T® — if wis a limit 
B<a 


Let « <q, be the least ordinal such that T*!) = T® and let T = T™. If 
T = @, then 


A= (f(ITPI}:s€ 7 — Te; 
B<a 


and hence A is countable. Thus if A is uncountable, T is nonempty and for 
every s € T, f[[T,]] is uncountable. In this case, we shall find a perfect subset of 
A, 


Let s € T be arbitrary. Since f[[T,]] has at least two elements, there exist 
So > sand s, > s (in T) such that f[[T,,]] and f[[T,,]] are disjoint. Then there 
ATE Sg > So ANd So; > Sq, ANd 519 > 5, 51; > S, Such that the four sets f[[T,,]], 
i,j = 0, 1, are pairwise disjoint. In this fashion we construct s,€ T for each 
finite 0-1-sequence t. These elements s, generate a subtree U = {s:s Cs, for 
some t} of T such that (1) U is perfect, (2) every s has at most two immediate 
successors in U (hence [U] is a compact set in .4”), and (3) fis one-to-one on 
[U]. 

Let P be the image of [U] under the function f- Since [U] is compact and fis 
continuous, P is also compact, and hence closed. Moreover, P has no isolated 
points because [U] is perfect and f is continuous. Thus P is a perfect subset of 
A. @ 


40. £, AND II} SETS AND RELATIONS IN THE 
BAIRE SPACE 


In Section 39 we introduced analytic subsets of a Polish space and showed 
that a set A ¢ & is analytic if and only if there is a closed set F € & x .W such 
that 


(40.1) xE€A — a(x, ale F 


Let us consider the product space & = .V", for an arbitrary integer r > 1. Asin 
the case r = 1, the closed subsets of ./" can be represented by trees: Let Seq, 
denote the set of all r-tuples (s,, ..., s,) € Seq’ such that length(s,) = --- = 
length(s,). A set T © Seg, is an (r-dimensional sequential) tree if for every 
(sy, ..., ,) € T and each n < length(s,), (s,|n, ..., s,|n) is also in T. Let 


(40.2) [T] = {(a,, ..., a,) € V": Vn(a,(n), ..., a,(n)) € T} 


510 7. DESCRIPTIVE SET THEORY 


The set [T] is closed, and every closed set in.” has the form (40.2), for some 
tree T. 

It follows that a set AS." is analytic if and only if there is a tree 
T S Seq, , such that 


(40.3) (x1, ..., x,)€ A (4z€ WY) (Vn EN) (X,(n), ..., X,(n), 2(n)) € T 


The formula (40.3) provides a more detailed analysis of £} sets in WV”. Let 
HF = V,, be the collection of all hereditarily finite sets. Let us call a subset 
X CHEF arithmetical if X is a definable set in the model (HF, €>. More gen- 
erally, if Y,,..., ¥, are subsets of HF, then X ¢ HF is arithmetical in Y,, ..., Y, 
if X is definable in the model (HF, ¢, Y,, ..., ¥,> where Y,,..., %, are con- 
sidered one-place predicates. 

We shall now define the lightface £} hierarchy of relations over .”. Let a be 
an element of .”, and let A © .’". We say that the r-ary relation A over WV is 
Lj in a (A € X}(a)) if there is a tree T < Seq, , , that is arithmetical in a and 
such that (40.3) holds. If A is Xj in @, we say that A is L}. Clearly, 


Zi= U Zila) 


aew 


We call (40.3) the normal form for Xj relations. 
For each n> 1, we define the collections £}(a), and I1}(a), and A}(a) as 
follows (compare with (39.18)): 


(40.4) Ae TIj(a) if W"—AeXi(a) 
AeXi.i(a) if A={(x,,..., x,): (ZEW) (x1, ..., x,, 2) € B} 
for some (r + l-ary) B € TI}(a) 
Ae II} (a) if W"— Ae Xi (a) 
A,(a) = 2, (a) > TI, (a) 


Using the definition (40.4) and the normal form (40.3) for £j relations, we 
obtain the following characterization of £} and I} relations: For instance, 
Ac.N" is } in a if there is a tree T © Seq,, 7, arithmetical in a, such that 


(X1,---,%,)€ A <9 zz Vz, In(x,(n), ..., X,(n), Z,(n), Z2(n)) ¢ T 


(the variables z,, z, range over .V, n ranges over N). We shall now present a 
slightly different normal form. 

First, let us give a new definition of £4(a) relations, and let me use this 
opportunity to be somewhat more general. Let A be an (r + /)-ary relation, 
Ac WN" x N'. We say that A is Li in ae VW if there is an (r +/+ 2)-ary 
relation R ¢ HF, arithmetical in a, such that 


(40.5) 
(xq, ---) X,, ky, ---) ky) € A <> Az Vn(X,(n), ..., X,(n), ky, ..., k), Z(n), n)e R 
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(z ranges over .V’, n ranges over N). Either r or | can be 0; ifr = | = 0, then the 
right-hand side of (40.5), i.e., 4z Vn(z(n), n) € R is either true or false; we call it a 
Zi(a) sentence. Accordingly, we say that A in (40.5) is a Z1(a) property of 
(x1, .--5 Xp, ky, ..., ky) or a Z}(a) formula. 

The new definition of 2}(a) agrees with the old one: If T < Seq,,, is such 
that (40.3) holds, then let R be the set of all (s,,..., 5,43, m) such that 
(s1, ---, 5,41) € T and n = length(s,); clearly R is arithmetical in T and (40.5) 
holds. Conversely, if R is an (r + 2)-ary relation such that (40.5) holds (with 
| = 0), then let T < Seq, ,, be such that 


(Si, +.) S41)€ T iff = Vn < length(s,)(s,|ny, ..., 5,4, |", n)eR 


T is arithmetical in R and (40.3) holds. 
This leads to the following normal form for Z}(a) (and TI}(a)) relations over 
N* x MN If nis odd, then A is £}(a) if 


(40.6) (xq, 20. Xs kay ey ky EAC 

Az, WZ2 °** 3z, Vm(X,(m), ..., X,(m), ky, ..., kj, Z,(m), ..., Z,(m), m) eR 
for some R arithmetical in a, and A is T1}(a) if 
(40.7) (x4, ..., X% ky, kK) EAC 

Vz, Azz °° WZ, Im(X,(m), ..., X,(m), ky, ..., ky, Z,(m), ..., Z,(m), m) eR 


for some R arithmetical in a. (The variables z,, ..., z, range over .”, m ranges 
over N.) If nis even, then the quantifier Vm in (40.6) is replaced by 3m, and 3m in 
(40.7) is replaced by Vm. 

[A student of recursion theory knows that we could obtain an even stronger 
normal form for Z}(a) relations: The R in (40.6) can be required to be recursive 
in a, not just arithmetical.] 

We shall now use the normal form to prove some closure properties for £} 
relations. Since a relation over ”" x M can be considered as an (r + /)-ary 
predicate, we can use the following notation 


AvB, AAB, A, A-—B, A+ B 
for Boolean operations (in fact, Av B is A U B etc), and 
ax A, Vx A, dm A, Vm A: 
(X14, ..+5 Xp, ky, ..-, ky) © 3x A iff Ax € N(x, X4,.0., Xp, ky, ---, ky) € A 
(xy, -..,X,,ky,...,k) € Im A iff Ime N(x, ..., Xp, m, ky, ..., kj)E A 
Lemma 40.1. Let n> 1. 
(i) If A, B are X}(a) relations, then so are 


dx A, AAB, AvB, dm A, Vm A 


512 7. DESCRIPTIVE SET THEORY 


(ii) If A, B are 1}(a) relations, then so are 
Vx A, AAB, Av B, Ym A, dm A 


(iii) If A is Z3(a), then 1A is T1}(a); if A is T13(a), then 1A is Z3(a) 

(iv) If A is 11}(a) and B is X}(a), then A> B is X}(a); 
if A is Z}(a) and B is T1}(a), then A > B is TI}(a). 

(v) If A and B are A}(a), then so are 1A, AA B, Av B, A> B, AB, \m A, 
In A. 


[Compare this with Lemma 14.2.] 


Proof. It suffices to prove the lemma for n= 1; the general case follows by 
induction. Moreover, the clauses (ii}-(v) follow fairly easily from (i). 

First, let A € D}(a) and let us show that 3x A is X}(a). For simplicity, let 
r=2and/=0: 


(40.8) (x, y)€ A <> Jz Vn(X(n), y(n), Z(n), n) eR 
where R is arithmetical in a. Thus 
yeaxA © Ax Iz Vn(X(n), Hn), Z(n), n)e R 


We want to contract the two quantifiers 4x 4z into one. Let us consider some 
nice homeomorphism between .V and .W?, e.g., for ue WY let u* and u™ be 


u*(n)=u(2n), ou (n)=u(2n+ 1) (ne N) 


There exists a relation R’ ¢ Seq? x N, arithmetical in R, such that for all 
u,ye NV, 


(40.9) Vn(a(n), y(n), n)eR’ iff ~~ Vk (u*(k), 9(k), u (k), k) ER 


Namely, if n = 2k (or n = 2k + 1), we let (s, t, n) € R’ just in case length(s) = 
length(t) = n and 


(<s(0), ..., s(2k — 2)>, <t(0), ..., t(k — 1)>, <s(1), ..., s(2k — 1), k)ER 
Now (40.9) implies that 
yexA — WYn (iin), Hn), n) eR’ 


and hence 3x A is Lj (a). 
Next let A and B be Zi (a): 


x€A — Iz Vn (X(n), Z(n), n)e€ Ry 
x€B «> Iz Vn (X(n), 2(n), n) € Rz 
where both R, and R, are arithmetical in a. Note that 


x€AAB + Izy Iz, Wn{(x(n), Z,(n), n) € R, A (x(n), Z2(n), n) € Ro] 
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and hence, by contraction of 4z, 4z,, there is R, arithmetical in R, and R,such 
that 


xE€ ANB — Fz Vn(X(n), Z(n), n)e R 


Thus AB is Li(a). 
The following argument shows that the case A v B can be reduced to the 
case im C. Let us define R as follows (s, t € Seq, m, ne N): 


(s,m,t,n)eR <— either m=1 and (s,t,n)eR, 
or m=2 and (s,t,n)e R, 
R is arithmetical in R, and R,, and 
x€AvB «+ Iz Vn (x(n), 2(n), n) € Ry v Az Vn (x(n), Z(n), n) € R, 
<> Im 3z Vn (x(n), m, Z(n), n)e R 
oo xe imc 


where C is Zj(a). 

The contraction of quantifiers 4m Jz is easier than the contraction 4x iz 
above. We employ the following homeomorphism between .” and 
N x WV: h(u) = (u(0), u’), where 


u(n)=u(n+1)  (neN) 


(x, m)e€ A «+ Iz Yn (x(n), m, Z(n), n)e R 


If 


then we leave it to the reader to find a relation R’, arithmetical in R, such that 
for all u, x €.N, 


Vn (x(n), a(n), n)e R' iff =~ Vk (x(k), u(0), w(k), k)eE R 
Then 
xe dm A <— Ju Vn (x(n), a(n), n)e R’ 
It remains to show that if A is Zj(a), then Vm A is Z}(a). Let 
(40.10) (x,m)€A << iz Vn (x(n), m, Z(n),n)eR 
where R is arithmetical in a. Thus 
(40.11) xeVm A Vm 3z Vn (X(n), m, Z(n),n)eR 


We want to replace the quantifiers Vm 4z by 3u Vm and then contract the two 
quantifiers Wm Wn into one. Let us consider the one-to-one function 
IT: Nx NWN and the following homeomorphism between .V and °.V: For 
each ue .V, let u,,, me N, be 


u,,(n) = u(T(m, n)) — (m, ne N) 
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Now we can replace Wm 3z in (40.11) by Ju Vm (note that in the implication > 
we use the countable axiom of choice): 


(40.12) Wm Jz Wn (x(n), m, Z(n),n)e R << Ju Vm Vn (X(n), m, i,,(n), n) € R 


Let «: N— Nand B: N— Nbe the inverses of the function I’: if [(m, n) = k, 
then m = a(k) and n = B(k). From (40.11) and (40.12) we get 


(40.13) xeVmA Wk (x(B(k)), ak), waa (B(k)) B(k)) ER 


Now it suffices to show that there exists a relation R’ € Seq? x N, arithmetical 
in R, such that for all u, x €.1, 


(40.14) Vk (x(k), ak), k)e R’ iff Wk (X(B(K), afk), uaay(B(K)), B(k)) € R 


The relation R’ is found in a way similar to the relation R’ in (40.9), and we 
leave the details as an exercise. 
Hence Wm A is X}(a) because by (40.13) and (40.14), 


xeVm A — Fw Yk (x(k), ak), k)e R’ 


One consequence of the closure properties proved above is that the ©} 
relations form a hierarchy as in Fig. 40.1. The inclusions in Fig. 40.1 are proper 
inclusions; the analog of Lemma 39.4 holds for the lightface Z} too. In fact, for 
each n there is a L} set (in .”"*') universal for Z} sets (in .”’). 


2} (a) 23(a) 
c ~ c 
Aj(a) A3(a) 
S Cc iS 
1;(a) T13(a) 
FIGURE 40.1 


The closure properties in Lemma 40.1 are very useful in practical computa- 
tions of complexity of projective sets in .”", and we shall use them extensively 
throughout this chapter. Before we start deeper investigations of the 2}, hier- 
archy, let us make one more preliminary remark. 

If R < Seq x N is an arithmetical relation, then the relation AC .V x N 


(x,n)E A <— (X(n), n)ER 
is both £{ and IT}. More generally, if 
(40.15) (xy,...,%,,k1,...,k))€e AC 
(X1 (ky), X1(k2), -.-, ¥a(ky), ---, X (ki), »--s X (ki), ka, -.., ki) ER 


where R is arithmetical is a Aj relation in." x M. Let us verify this for the 
caser=1,/=22: 
(x, ky, k2)€ A <> (K(k1), X(k2), ki, ka) ER 
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There is a relation R’, arithmetical in R, such that for all x, 
(x(k), X(k), ki k2)ER > (%(T (ky, ka), Pky, ka) € R’ 
and hence 
(x, kis ka)€ A > (X((ky, k2)), Pky, k2)) € R’ 
o Az Vn{n = T(k,, kz) > (X(n), n) € R’] 
< Vz In[n = T(k,, kz) A (X(n), n) € R’] 
Thus 4 is both £} and IT}. 
Let us call a relation A ¢.V" x M arithmetical if 
(40.16) (x4, ..., X, ky, ..., kK) E A 
<> Vm, Im, --- ¥m,(x(m,), X(k;), mj, kj) eR 


where R is an arithmetical relation over HF. 

Arithmetical relations over.’ x NM have the following closure properties: 
If A and B are arithmetical, then so are 1A, AA B, AV B, A> B, 3n A and 
Vm A. Moreover, since Aj is closed under 3m and Vm and since (40.15) is 
arithmetical, it follows that every arithmetical relation is A}. Also, if A is 
arithmetical, then Jz A is 2} and Vz A is I}. 

It goes without saying that the preceding discussion relativizes to Aj(a): A 
relation A is arithmetical in a if (40.16) holds for some R arithmetical in a. Every 
A arithmetical in a is A} in a. 


The Sets WF and WO 


We shall now present two important examples of II{ sets in .”. Let us 
associate with each x € .V the following binary relation E,, over N: 


(40.17) mE,n iff x(F(m, n))=0 


(C is the canonical one-to-one mapping of N x N onto N); we say that x 
codes the relation E,. We define 


WF = {x €.V : x codes a well-founded relation} 
WO = {x € WV : x codes a well-ordering of N} 
Lemma 40.2. The sets WF and WO are II}. 


Proof. We prove in some detail that WF is IT}. By the principle of dependent 
choices (see (39.2e)), E,. is well-founded if and only if there is no z: N Nsuch 
that z(k + 1) E, z(k) for all k. Thus 


xE€WF © Vz 3k 12z(k + 1) E, 2(k) 
In other words, WF = Vz A, where 
(x,z)€ A Fk x(F(z(k + 1), 2(k))) #0 
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and it suffices to show that A is arithmetical. But 
(x,z)€A <> In, mi, j,k [i = (2(n))(k + 1) 0 j = (2(n))(k) A 
m = T(i, j) 0 (x(n))(m) # 0} 
To show that WO is I} it suffices to verify that the set 
LO = {x: E, is a linear ordering of M} 


is arithmetical (and we leave this easy verification to the reader). Then 
WO=WFAaALOis TI}. @ 


We shall show later in this section that neither WF nor WO is a £} set; thus 
neither is a Borel set. 
For each x € WF, let 


(40.18) ||x|| = the length of the well-founded relation E, 


(see (2.11)). For each x, ||x|| is a countable ordinal (and for each « < @, there is 
x € WF such that ||x|| = a). If x € WO, then ||x|| is the order type of the well 
ordering E,. 


Lemma 40.3. For each « < a, the sets 
WF, = {x € WF: |x|] <a}, WO, = {x € WO: |x|| <a} 
are Borel sets. 


Proof. Note that the set {(x, n): n € field(E,)} is arithmetical (and hence Borel). 
Let us prove the lemma first for WO,. 
For each a < a, let 


B, = {(x, n): E, restricted to {m: m E, n} 
is a well ordering of order type < a} 


We prove, by induction on a < w,, that each B, is a Borel set. It is easy to see 
that By is arithmetical. Thus let « < @, and assume that all B,, B <a, are 
Borel. Then |_)s<, Bz is Borel and hence B, is also Borel because 


(x, n)e€ B, <> Vm (m E,, n— (x, m)é UB.) 
B<a 
It follows that each WO, is Borel because 
xe WO, van € field(E,) > (x, n) € U B,) 
B<a 


To handle WF,, note that the rank function pg (see (2.12)) can be defined 
for any binary relation E; namely: 
pe(u)=a iff Vo(v Eu p,(v) is defined) and 


a = sup{pz(v) + 1:0 Eu} 
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For each a < a, let 
C, = {(x, n): pg,(n) is defined and < a} 
Again, Co is arithmetical, and if we assume that all C p> B <4, are Borel, then 
C, is also Borel: 
(x,n)EC, v(m E, n(x, m)eé Us| 
B<a 


Hence each C, is Borel, and it follows that each WF, is Borel: 


xe WF, « vn(n € field(E,.) > (x, n)e€ (J c,] a 
B<a 


Corollary. The sets {x € WF : ||x|| = «} and {x ¢ WF: ||x|| <a} are Borel (sim- 
ilarly for WO}. 


Proof. {x € WF : ||x||<a}=\,.. WF,;. @ 


Exercise 40.1. The set A = {(x, z): z ¢ WO v ||x|| < ||z||} is £1. Hence for each a, WO, 
is £}(z) for each z € WO such that ||z|| = «. 
[(x,z)€ A + z¢WOv(3h: N+ Nm Vn(m E, n— h(m) E, h(n)).] 


The Tree Representation of 11! Sets in.” 


A Xj set in .W is the projection of a closed set in.”, and every closed set in 
WV has the representation 


[T] = {(a, a2) €.V?: Vn (@,(n), &,(n)) € T} 
where T is a tree, T < Seq). The projection of [T] is the X} set 
(40.19) A={xeNV:32€ WV Yn (G,(n), a,(n)) € T} 


Let us define, for a given T < Seq, and each x € WV, a tree T(x) & Seq as 
follows: 


(40.20) te T(x) < (x(n), t)e¢ T where n= length(t) 
Thus 
(40.21) x€A «+ Hz Yn 2(n)€ T(x) 


«+ [T(x)] is nonempty 
Let us consider the partial ordering of Seq by inverse inclusion: 
(40.22) S,<s, iff s,; 25, 
Then we can reformulate (40.21) as follows: 


(40.23) x€A + (T(x), <) is not well-founded 
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Thus if C is a IT} set, its complement A is £} and has the representation (40.19), 
and we have 


(40.24) xEC ++ T(x) is well-founded 


Moreover, if C is II}(a), then there is T < Seq, arithmetical in a, such that 
(40.24) holds. Conversely, if T © Seq, is a tree arithmetical in a, then the set C 
defined by (40.24) is II}(a); this is because the complement of C satisfies the 
X1(a) definition (40.19). 

The formula (40.24) gives a useful representation of II} sets. Before we 
proceed, let me show how this can be slightly improved. Let us extend the 
partial ordering < of Seq toa linear ordering < as follows: If s, t are incompat- 
ible finite sequences, let n be the least n such that s(n) 4 t(n); then let s <t just 
in case s(n) < t(n). Verify that X is a linear ordering and note that for every tree 
T C Seq, 


(40.25) (T, <) is well-founded iff = (7, S) is well-order 


Thus if C is a II} set, there is a tree T < Seq, such that 
(40.26) xeC « (T(x), X) is a well ordering 


Lemma 40.4. If C is a 11} set, then there exists a continuous function f: NW > NV 
such that C = f_,(WF), and there exists a continuous function g: NV — -N such 
that C = g_,(WO). 


Proof. We shall give the proof for WF; the proof for WO is similar. Let 
T & Seq, be such that 


xE€C « T(x) is well-founded 


Let {to, ty,..., t,,...} be an enumeration of the set Seq. For each x € .V, we let 
y =f (x) be the following element of .””: 


0 if ty, t, € T(x), and t,,<t 
T = | mo *n 2 m m 
(P(r, n)) \1 otherwise 


It is clear that E, is isomorphic to (T(x), <), and hence y « WF if and only if 
T(x) is well-founded. Thus C = f_ ,(WF) and it remains to show only that f is 
continuous. But it should be obvious from the definitions of T(x) and of 
y = f(x) that for any finite sequence s = (éo, ..., && 1 >, there is § € Seq such 
that if x > §and y = f(x), then j(k) = s. Hence fis continuous. 


Corollary 1. WF is not £}; WO is not Xj. 


Proof. Otherwise every II} set would be the inverse image by a continuous 
function of an analytic set and hence analytic; however, there are II} sets that 
are not analytic. 


Corollary 2. (Boundedness Lemma). If B © WO is Xj, then there is a < w, such 
that ||x|| <a for all x € B. 
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Proof. Otherwise we would have 
WO = {xe .V : &X(z € Ba||x|| < ||z||)} 


Here ||x|| < |z|| for x, z€.4” means: either z ¢ WO or ||x|| < ||z||; this relation 
is Z}; see Exercise 40.1. This would mean that WO is £!, a contradiction. 1 


Corollary 3. Every Mj set is the union of &, Borel sets. 


Proof. If C is 1}, then C=f_,(WF) for some continuous f. But 
WF = ().<w, WF,, and hence 


C= U £-1(WF,) 


a<o. 


Each f_,(WF,) is the inverse image of a Borel set by a continuous function, 
hence Borel. @ 


Corollary 4. Assuming the axiom of choice, every M1} set is either at most coun- 
table, or has cardinality &,, or cardinality 2*°. 


Proof. Follows from Corollary 3. 


Theorem 95 below improves on Corollary 3 by showing that every ©} set is 
the union of &, Borel sets. The following lemma is the first step toward that 
theorem. 


Lemma 40.5. Every Lj set is the union of %, Borel sets. 
Proof. Let A be a L} set. Let T < Seq, be a tree such that 
x€A ++ T(x) is not well-founded 


If U C Seq is a tree and t € Seq, let U, denote the tree {s € Seq: ts € U} (hence 
Ug =U). If (U, 2) is well-founded, let ||U|| denote the length of the well- 
founded relation > on U. 

As in Lemma 40.3, we prove by induction on « that for each t € Seg and 
every « < wy, the set 


(40.27) (xe: |(T(x))l] <a} 


is Borel. Namely, {x : || T(x), || <0} = {x : (x(n), t)¢ T} and if «>, then 
|| T(x), || < o if and only if ¥n(3B < a) || T(x)n || < B. 
Let us define, for each «, the set B, as follows: 


(40.28) x€B, < (||T(x)|| < a) ave(T]|(T(x))|| = «) 


Since the sets in (40.27) are Borel, it follows that each B, is Borel. We shall 
prove that A = (),<4, B,. First let x € A. Thus T(x) is not well-founded ; hence 
||T(x)|| 4 for any a, and it suffices to show that there is « such that 
|| T(x), || # @ for all t. If there is no such a, then for every a there is t such that 
|| T(x), || =, but there are &, a’s and only Xo #’s; a contradiction. 

Next let x ¢ A, and let us show that x ¢ B,, for all a. Let « < w, be arbi- 
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trary. Since T(x) is well-founded, then either ||T(x)||<« and x ¢ B,, or 
|| T(x)|| =a and there exists t€ T(x) such that ||(T(x)),|| =o, and again 
x ¢ B,. 


Theorem 95 (Sierpinski). Every £3 set is the union of &, Borel sets. 


We postpone the proof until we have obtained a representation of £} sets 
by trees over w x w, (see below). If we want to use the axiom of choice, then we 
can give a quick proof of Theorem 95: A £3 set A is the projection of a I} set 
in .V, hence the continuous image of a II} set C in .”, A = f[C]. The set C is 
the union of &, Borel sets B,, « < w,, and hence A is the union of &, analytic 
sets A, = f[B,]. By Lemma 40.5, each A, is the union of &, Borel sets, and 
hence A is the union of &, Borel sets. 


Corollary. Assuming the axiom of choice, every L} set is either at most countable, 
or has cardinality &,, or cardinality 2°. 


Uniformization of I} Relations 


We have mentioned above (40.27) that if T < Seq, is a tree, then for every 
a <Q), the set 


{x€.V: || T(x)|| <2} 


is Borel. This fact is also a consequence of the following general result: 


Lemma 40.6. Let T be a tree, T < Seq, arithmetical in a € .V. The following 
relations P,Q © .V? are X}(a): 


(x, y)€P «+ T(y) is not well-founded or ||T(x)|| < ||T(y)| 


(ae) (x, y)€Q << T(y) is not well-founded or ||T(x)|| < ||T(y)|| 


Proof. First we observe that if T and S are two well-founded trees < Seq and if 
\|T|| < S|], then there is a mapping h: T—S such that s ct € T(x) implies 
h(s) < h(t): This is proved by induction on ||S|| as follows. For every (n> € T 
let s, be such that || Tq) || < ||S,, || and let h, be an order-preserving mapping of 
Ti) into S,. Then let h(@) = @ and h(<n>“t) = s,°h,(t). 

Conversely, if there is an order-preserving h: T > S, then either ||T|| < ||S| 
or S is not well-founded. Thus we have 


(40.30) (x, y) € P<+T(y) is not well founded or there is an order-preserving 
h: T(x) T(y) 


and by the same argument 


(40.31) (x, y)€ @T(y) is not well-founded or there is n and an order- 
preserving h: T(x) > (T(y)) cay - 
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To verify that (40.30) and (40.31) are Zi (a), we first note that “ T(y) is not 
well founded” is Z}(a). Secondly, we replace the quantifier “there is h: Seq > 
Seq’ by the quantifier “there is z: N > N” by using an arithmetical enumeration 
{s,:ne€ NM of the set Seq: For each ze .¥, let h,: Seq Seq be defined by 
h,(S,) = Sam. Then we can express 


“there is an order-preserving h: T(x) > T(y)” 


as Jz €.V R(x, y, z) where R is arithmetical in T; hence (40.30) is 24(a). The 
same argument shows that (40.31) is Zi(a). 


Remark. Note that (x, y)€ PA(y, x) € P is equivalent to: Either ||T(x)| = 
|| T(y)|], or neither T(x) nor T(y) are well-founded. 


Lemma 40.6 can be slightly generalized. Again, let T < Seq, be a tree 
arithmetical in a € .V, and let {t,,: n € N} be an arithmetical enumeration of the 
set Seq. Then the following relations A, B ¢ WV? x Nare Li(a): 


(40.32)  (x,y,n)€A « (T(y)),, is not well-founded or 


I(TE)ull < TO) 
(x, y,n)€ B + (T(y)),, is not well-founded or 


MTO)eall < (TO) 


The proof of (40.32) is essentially the same as the proof of the lemma. 

The following theorem is a typical application of the representation (40.24) 
of II} sets. Let PS .W x W bea relation, and let F be a function such that 
FOWN x.N,ie., dom(F) ¢ 4, and ran(F) ¢ WV. We say that F uniformizes P 
if dom(F) = dom(P), ie., dom(F) = {x : dy (x, y) € P}. 

Theorem 96 (Kondé’s I1}-uniformization Theorem). Every Y1\(a) relation 
PoW x WN can be uniformized by a M1}(a) function f SV x 1. 

[“f is Ij” means that {(x, y): y =f(x)} is a I} relation.] 

To prove the theorem, we have to construct, for each x € VY, a subset Q, of 
the set P, = {(y: (x, y) € P} such that if P, is nonempty, then Q, has exactly 


one element, and that Q = {(x, y): y € Q,} is II}(a). This we shall do uniformly 
for all x € W. The following lemma shows how the sets Q, © P,, are obtained. 


Lemma 40.7. Let P < W be aII} set. Then there is a II} set Q < P such that Q 
has at most one element ; and if P + @, thenQ # ©. 


Proof. Let T © Seq, be an arithmetical tree such that 


yeP « T(y) is well-founded 


Let {t, : n € N} be an arithmetical enumeration of the set Seq and let us stip- 
ulate that tp = ©. 
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We shall construct, by induction on n, a sequence 
P=P),2>P,2°::-2P,2°°° 


and let Q = (\7<o P,,. It will be clear that Q has at most one element; we shall 
then show that if P # @, then Q # @, and that Q is I}. Let Py = P. For each 
n, let 


(40.33) 
ye Pass iff (a) yeP, 
(b) y(n) <z(n) = forall zeP, 


(c) I(T). < (TE), 
such that z(n) = y(n) 


for all ze P, 


In other words, we let P,,, be a subset of P,, such that all y € P,,, have the 
same y(n) and the same ||(T(y)),, ||. It is therefore clear that there is at most one 
y €.4° that belongs to all P,, ne N. 

Let P be nonempty. Then each P,, is nonempty, and let y be the unique 
candidate for membership in Q; ie., for each n, y(n) is the unique k, such that 
x(n) =k, for all x e P,,,. In order to show that Q is nonempty, we have to 
verify that y € P. In other words, we have to prove that T(y) is well-founded. 

Let t € T(y), and let n € N be such that ¢ = ¢,. For all x € P,,, ,, the ordinal 
\|(T(x)),, || is the same; let a(t) denote this unique ordinal. We shall show that if 
screT(y), then a(s)> a(t). This implies immediately that T(y) is 
well-founded. 

Let s, t € T(y) be such that s  t, and let m and n be such that s = ¢,, and 
t =t,. Let k be such that k > mand k > n, and let x € P,,,. Then x € P,,,, 
and hence «(s) = ||(T(x)), ||; and similarly «(t) = ||(T(x)), ||. But because s < ¢, 
we have a(s) = |\(T(x)),|] > (Tx), | = a(t) 

It remains to show that Q is IT}. The following equivalences verify that 1Q 
is &}; A and B are the relations from (40.32): 


y¢Q iff y¢PvaniyeP,vyéP,.:) iff yéPvyeR 
where 
yeR + 3n ize Pa(vk <n)(z(k) = y(k) A |(T))all = M(TO)a 
A (z(n) < y(n) v (2(n) = y(n) A || TZ) < ITO), ID) 


Now, if y € P, T(y) is well-founded; and it is easy to see that forall y ¢ P,ye R 
iff y € S where 


yeS « In Fel(vk < n)(z(k) = y(k) A(y, z, k) © AA(z, y, n) € A) 
A (z(n) < y(n) v (2(n) = y(n) A(z, y, n) € B))I 
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(Note that if z satisfies the right-hand side, then T(z) = (T(z)),, is well-founded 
and hence z € P.) Thus 


y¢Q iff y¢PvyeS 
Since T is arithmetical, the relations A and B are Lj and hence Q is TI}. @ 


Proof of Theorem 96. Although we stated the tree representation (40.24) 
explicitly only for II} subsets of .{°, it is obvious that r-ary relations can be 
characterized in an analogous way: IfC ¢ .{ is II}(a), then there is T < Seq, 1, 
arithmetical in a, such that 


(x1, ---,X,) EC iff  T(x,,.... x,) is well-founded 


where 
te T(x,,...,%X,) © (X,(n),..., X,(n), t)€ T where n= length(t) 


Thus let P¢.1° x .1” be II}(a). Let T < Seq, be a tree arithmetical in a, 
such that 
(x,y)eP iff T(x, ) is well-founded 


For each xe.17, we let P* = {y: (x, y)e€ P}. We define P§ 2 P{ 2°: 2 
P*>--- exactly as in (40.33) (with T(y) replaced by T(x, )’)), and then 
Q* = ()\xo P*. If P* is nonempty, then Q* has a single element which we 
denote f(x). Thus f = {(x, y): y € Q*}. 

It is obvious that the proof of Lemma 40.7 is uniform for all x; and in 
particular, the proof of II}-ness provides a proof that the set fis Ij ina. 


Exercise 40.2. Every £3(a) relation R&.1° x.{° can be uniformized by a Z}(a) 
function. 

[Let P <.1°3 be such that (x, +) € R<— 4z(x, y, z) € P, and that P is I1}(a). There is 
a II}(a) relation Q ¢ P such that for every x, if there is (1, z) such that (x, y, z) € P, then 
there is a unique (y, z) such that (x, , z) € Q. Let f = {(x, »): 32(x, », z) € Q}; funifor- 
mizes P.] 


A collection @ of subsets of . 1°" satisfies the reduction principle if for every 
pair A, Be @ there are disjoint A’, B’'¢ @ such that A’C A, B’C B, and 
AU B=AvU B.@ satisfies the separation principle if for every pair of disjoint 
set A, B € & there is a set E such that both E and 1E are in @, and that A Cc E 
and B < 1E. Lemma 39.5 proves that the collection of all analytic sets satisfies 
the separation principle. 


Exercise 40.3. The collection of I} sets satisfies the reduction principle. 
[Let A and B be Ij and let T, and T; be such that x € A +> T; (x) is well-founded, and 
x € B+ T,(x) is well-founded. Let 


x € A’ eex€ AA 1|Ta(x)] < ||Ti(x)], x € Box € BA TIT;(x)|] < || Th(x)].] 


Exercise 40.4. The collection of £3 sets satisfies the reduction principle. 
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{Let A and B be £3, and let P and Q be I} such that x € A<+ 3z (x, z)e P, 
x € Bes 3z (x, z)e Q. Let f be a Ij function that uniformizes P u Q. Let x € A’ 
dz((x, z) € Paf(x) =z), x € B’ <> 432((x, z) € QA (x, z) ¢ Paf(x) = z).] 


The two exercises above hold also for Ij(a) and £3(a). 


Exercise 40.5. If a collection @ satisfies the reduction principle then the collection 
€* ={A: 1A € @} satisfies the separation principle. 

[If A, B € @* are disjoint, then 1A U 1B=.¥V" and so if A’, B’ € @ are disjoint 
such that A’c 1A, B'S 1Band A’ vu B= 1A vu 7B, then B= 1A’ and both A’ 
and B' are in ¢*.] 


Hence the separation principle holds for £} and for I} (and £4(a) and 
TT; (a)). 


Exercise 40.6. There is no universal A! set, for any née N,ie.no D < .V? such that D is 
A} and that for every A} set Ac .4 there is ve VW such that A = {x : (x, v) € D}. 
[Assume there is such a D and let A = {x : (x, x) € D}.] 


Exercise 40.7. The collection of TI} sets (or £3 sets) does not satisfy the separation 
principle. 

[The reason is that I} satisfies the reduction principle (2) is similar). Let h be a 
homeomorphism of .4 x. onto .”, and let U¢.#? be a universal T1} set. Let 
(x, h(u, v)) € A iff (x, u) € U, (x, h(u, v)) € B iff (x, v) € P, and let A’, B’ be disjoint 
II} sets such that A’ ¢ A, B’< B, and A’ vu B'= Av B. If there existed Ee A! such 
that A’ c E and Bc “JE, then E would be a universal A} set.] 


The Tree Representation of X} Sets 


Let us generalize the notion of a sequential tree. Let K be a set. We denote 
Seq(K) the set of all finite sequences in K. A tree over w x K is a set of pairs 
(s, h) € Seq x Seq(K) such that length(s) = length(h) and such that for each 
n < length(s), (5(n), h(n)) is also in T. 

(For any sequence f of length < w, f(n) denotes <f(0), ..., f(n — 1)>.) 

Let T be a tree over w x K. For each s € Seq, we define T, < Seq(K) as 
follows: Let n = length(s), and let 


(40.34) heT, «  length(h) <n and (s(k), h)e T where k = length(h) 


If he T,, then h(k) € T, for all k < length(h). If s < t, then T, < T,; and in 
fact T, is an end extension of T, because if length(h) = length(s), then h € T, iff 
he T,. Thus for every x € .V we let 
(40.35) T(x) = U{T:scx} 


T(x) is a tree over K (ie., T < Seq(K)). Notice that (40.35) is a generalization of 
(40.20) (where K = w). 
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If T is a tree over w x K, we define 
(40.36) pT] = {x € W : (Fe °K) Yn (x(n), F(n)) € 7)} 
={xe WV: ¥Vnf(n)€ T(x)} 
= {x € W : T(x) is not well-founded} 
(“ T(x) is well-founded” means the relation > over T(x) is well-founded) and 
[T] = {(x, f) © Y x °K: Vn (x(n), f(n)) € T} 


Trees over w" x K are defined analogously; if T is a tree over w’ x K, then 
p,[T] denotes the set 


{(xq, --.5 X-) € V7: Vn (X,(n), ..., x(n), f(n)) € T} 

The normal form for Z} sets states that a set A © .V is £1(a) if and only if 
there is a tree over w x , arithmetical in a, such that A = p[T]. We shall now 
show that £3 sets admit a tree representation. (The representation generalizes 
easily from WV to W’.) 


Lemma 40.8. For every £3 set AS WN there is a tree T over w x w, such that 
A = p[T]. Moreover, if A is X}(a), then T is constructible from a. 


Proof. Let A be a X}(a) subset of ./”. There is a tree U < Seq;, arithmetical in 
a, such that 


x€A — Fy Vz In (X(n), y(n), Z(n)) ¢ U 


In other words, 
xE€A «+ Jy U(x, y) is well-founded 


A necessary and sufficient condition for a countable relation to be well-founded 
is that it admits an order-preserving mapping into w,. Thus 


xEA — By (Af : U(x, y)> @,)[if uc v, then f(u) > f(v)] 
— dy (Ff : Seq ,)[f |U(x, y) is order-preserving] 


Let {u,:neé N} be an arithmetical enumeration of the set Seq such that for 
every n, length(u,) <n. Iffis a function on (a subset of) N, let f* be the function 
on (a subset of) Seq defined by f *(u,) =f (n). Thus 


(40.37) xeA  Jy(3f:w->a,)[f*| U(x, y) is order-preserving] 


Now we define a tree T’ over w? x w, as follows: If s, t € Seq and h € Seq(w,) 
are all of length n, we let 


(40.38) (s,t,h)e T’ <> h*|U,., is order-preserving 


Clearly, T’ is a tree over w? x wy. 
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Let x, ye 4.1 claim that if (x(n), p(n), h) € T’, then h*| U(x, y) is order- 
preserving. This is because if u, v € dom(h) m U(x, y), then u = u,, v = u, for 
some i, j <n, hence length(u), length(v) <n and hence u, ve U,,, where 
s = X(n), t = y(n). Thus 
(40.39) feT (x,y) < Vn{(f(n))*| U(x, y) is order-preserving] 


But clearly a mapping f: w >, satisfies the right-hand side if and only if 
f*| U(x, y) is order-preserving. Hence (40.37) and (40.38) give 


xeEA o IWFfw->o, fe T(x, y) 
oY ¥ wa, Yn (Xn), Hn), F(n)) € T 


Now we transform T’ (over w? x w,) into a tree T” (over w x K where 
K =w x @,) such that we replace triples 


(<s(0), ..., s(n — 1), <t(0), ..., t(n — 1), <A(O), ..., h(n — 1)>) 
by pairs 
(<s(0), ..., s(n — 1)>, <((0), h(0)), -.., (¢(2 — 1), h(n — 1))>) 
and we get 
xe€A © (3g: a> K) Vn (x(n), g(n)) € T’ 


Since K = w x q@, is in an obvious one-to-one correspondence with w,, it is 
clear that we can find a tree T over w x w, such that 


(40.40) xE€A — (3g: a> ) Vn (X(n), g(n)) € T 


that is A = p[T]. As for the “ moreover ” clause, it is obvious that the tree T so 
obtained is constructible from the tree U, which in turn is constructible from 
a 


The tree representation of £3 sets is very useful in applications. As a first 
application, we shall finish the proof of Theorem 95. 


Proof of Theorem 95. Let A be a X} set. By Lemma 40.8 there is a tree T over 
w x @, such that A = p[T]. For each y < a, let T’ = {(s, h) € T: h € Seq(y)}. 
Since every f: w > w, has the range included in some y < @, it is clear that 
A= \) oT] 
y<o1 
For each » <«y,, the set p[T”] is analytic (because p[T’] = p[T] for some 
T < Seq) and is the union of &, Borel sets. In fact, Lemma 40.5 gives a 
uniform decomposition into Borel sets for any p[U] where U is a tree over 
w x S with S countable. If we let 


xe By > U||T"(x)| <a) (ve € Seq(y)) (F(T) = 2) 
(cf. 40.28), then A =\Jaco, Uy<o, BY. Of 
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41. PROJECTIVE SETS IN THE CONSTRUCTIBLE 
UNIVERSE 


We have seen in Chapters 2 and 3 that many problems in abstract set theory 
cannot be decided on the basis of the axioms of ZFC alone. The same is true for 
many problems in descriptive set theory. However, various questions about 
projective sets (e.g., which projective sets are Lebesgue measurable) can be 
settled in the constructible universe. In this section we shall investigate the 
relationship between constructibility and complexity of projective sets. 

All results hold interchangeably for projective sets (and relations) in the real 
line R, the Baire space .”, or the Cantor space C. I shall usually consider the 
space for which the proof is technically easiest. 


Theorem 97 (Gédel). The set of all constructible reals is a X} set. The relation 
<_, (the canonical well-ordering of constructible sets) is a X} relation over R. 


The field of <, is R © L. If all reals are constructible, then <, is also IT} 
(because x <, y iff y <, x) and hence <, is a A} relation over R. 

Theorem 97 easily generalizes to L[a]: Ifa e R (or aS worae.V), then 
the set R > L{a] is 23(a); also, the relation “x is constructible from y” is a £3 
relation over R. 

We proved in Section 14 (see Theorem 35 and Exercises 14.16 and 14.17) 
that “x is constructible” and “x <, y” are X, relations over the model HC of 
all hereditarily countable sets. Thus Theorem 97 follows from this lemma: 


Lemma 41.1. If A ¢ VW is such that A is Z, over (HC, €), then A is a L} set in 
MN; 


Proof. If A is X, over HC, there exists a X formula ¢ such that 
x€A «+ HCE Iu elu, x) 
«+ (3ue€ HC) HC F g[u, x] 
Since @ is Xo, it is absolute for transitive models and we have 
xé€A < (transitive set Me HC)(aue M)M F g[u, x] 


(e.g. M = TC({u, x})). By the principle of dependent choices every M € HC is 
countable and we have 


xéA ++ (Jcountable transitive set M) (Jue M) M F o[u, x] 
«+ (4 well founded extensional relation E over w) 
3n Im [n,(m) = x and (a, E> F e[n, mJ] 


where 7; is the transitive collapse of <w, E> onto <M, e)>. Recall the definition 
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(40.17) of E, for ze.” ; thus 
(41.1) xe€A « (32€.V/)[z € WF and <a, E,> F Extensionality, 
and 3n 3m (m,,(m) = x and (w, E,) F g[n, m))] 


We shall verify that (41.1) gives a £} definition of A. Since WF is I}, it suffices 
to show that the relations “<a, E> F g[n,, ...,n,]” and “2,(m) =x” are 
arithmetical in E. It is easy to see that <w, E> F @ is a property arithmetical in 
E. As for the transitive collapse, we notice first that if k e N, then 


Me(m)=k <> H7ro,..., 7%) such that m=r, and (w, EDF ro= OB 
and (Vi <k) aw, E> F (ria, =7; VU {r}) 
Then for x < w we have 
Tg(m)=x — Vn[nEm @ 2,(n)e€ x] 


and a similar formula, arithmetical in E, defines m,(m) = x for xe... 
Hence Ais 2}. @ 


The set A = VY 7 Lisa} set in ./. In case that wt = w, and 2%° >, A 
is an example of a £3 set of size %, although 2%° > &,. 

We can obtain an even better example. Since A is 2}, A is the projection of 
a Ij set Bin .V*. By the uniformization theorem, B has a II} subset f that is a 
function and has the same projection A. Since |A| = &, (under our assump- 
tion that wt = w,), the set f has also size &,. Thus it is consistent that 2®° > &, 
and there is a IT} set of size &. 

Theorem 97 provides examples concerning Lebesgue measure, the property 
of Baire, and perfect sets. It is particularly useful that the order-type of <, on 
L,, is @,, and hence for every constructible x € HC, the set {y: y < , x} isat 
most countable. 


Corollary 1. If V = L, then there exists a A} set that is not Lebesgue measurable 
and does not have the Baire property. 


Proof. Let A = {(x, y): x < , y}. For every y, the set {x : (x, y) € A} is coun- 
table, hence null and meager, and by Lemmas 39.6 and 39.8, if A is measurable, 
then it is null; and if it has the Baire property, then it is meager. 

Let B be the complement of A in R?, B = {(x, y): y <, x}. Again, for every 
x, the set {y : (x, y) € B} is countable, and hence null if measurable, and meager 
if it has the Baire property. 

It clearly follows that A neither is Lebesgue measurable nor has the 
property of Baire. @ 


The following lemma tells even more than that <, is a Z} relation. For any 
ze WN, let z,,, meé N, be defined by z,,(n) = z(I'(m, n)) (the canonical homeo- 
morphism between V and °.). 
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Lemma 41.2. The following relation R over .V is X}: 
(zx)ER iff {z,:neM={y:y <, x} 


Proof. Since the relation {z,:neé NM} < {y: y <, x} is clearly £3, it suffices to 
show that 


(41.2) Vy <,x IiW(y =z,) 


is £4. There is a sentence © such that if M is a transitive model of O, then <, is 
absolute for M; and if x € M is constructible, then every y <, x is in M. Thus 
(41.2) is equivalent to 


ji countable transitive model M that contains x, z, and all z,, 
and M § [Oand Vy <, x In(y = z,)]. 


This last property is £3 by a proof similar to Lemma 41.1. 


Corollary 2. If V = L, then there exists an uncountable 11} set without a perfect 
subset. 


Proof. First we construct an uncountable ©} set without a perfect subset. Let 
x€A - xe WOarvy <, x(TyI| = |x|) 


The set is uncountable: A is a subset of WO and for every a < w, there is 
exactly one x in A such that ||x|| = «.-Let me show that A is 2}: Let R be the 2} 
relation from Lemma 41.2; thus 


x€A & x€ WO 27(R(z, x) AVn( T(z, = ||x|])] 


and since 1|z,|| = ||x|| is TI}, A is 23. 

The set A does not have a perfect subset; in fact, it does not have an 
uncountable analytic subset. This follows from the boundedness lemma: For 
every analytic set X ¢ A, the set {||x|| : x € X} is bounded, and hence countable 
(because of the definition of A). 

Now A is £3 and hence is the projection of some IT} set B< .W. By the 
uniformization theorem, B has a IT} subset f that is a function and has the same 
projection A. The set fis uncountable, and I claim that fdoes not have a perfect 
subset. Assume that P ¢ fis perfect. The projection of P is an analytic subset of 
A. Since P ¢f, P is itself a function and because P is uncountable, the projec- 
tion A = dom(P) is also uncountable. This is a contradiction since we proved 
that every analytic subset of A is countable. @ 


Corollary 3. Assume that there is a S w such that 84!) = &,. Then there is an 
uncountable 11} set without a perfect subset. 


Proof. This is just a generalization of Corollary 2. Let 


xe€A xe Lalaxe WOAVY <q x (Ty = |xIl) 
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The same argument as before shows that A is a £3(a) subset of WO and that for 
all « < @,, A has exactly one element x such that ||x|] = a. The rest of the proof 
proceeds as before, and we obtain a I1}(a) set of cardinality %, without a 
perfect subset. 


Exercise 41.1, Let o be a theorem of ZF + DC such that o implies Extensionality, and 
let P(x) be a property (of reals) upward absolute for transitive models of o. Then P is 
a L} property. 

[Use Exercise 14.18 and Lemma 41.1, or prove directly, as Lemma 41.1.] 


Exercise 41.2. If A is a =} set in.V, then x € A is X, over HC. 

[Let T < Seqs be arithmetical such that x € A iff (Sy € .”) T(x, y) is well-founded. 
Show that {(T, x, y): T(x, y) is well-founded} is Aj over HC (cf. Lemma 14.3) and use 
the fact that T is arithmetical.] 


Absoluteness of £} Relations 


Let Ac.V" x M be a } (or II!) relation and let us assume that A is 
presented in a normal form (see (40.6), (40.7) or (40.3), and (40.4)). Let be a 
transitive model and assume that IN satisfies enough axioms of ZF + DC. 

We denote by A™ the relation (in 9) which is defined in I by the same 
normal form formula as A is in the universe. (Thus A™ depends on the normal 
form for A, and we shall always implicitly consider such a normal form.) For 
instance, if A = {x : dy Vn (X(n), y(n), n) € R} then 


A™ = {x € M: (Jy € M) Wn (X(n), H(n), n) € R} 


Note that we also assume implicitly that if RHF is arithmetical, then 
ReM. But that is subsumed in the assumption that IM satisfies enough 
axioms of ZF. 

More generally, let A be Z}(a) (or II}(a)) and let WN be such that ae M. 
Then A™ denotes the corresponding Z;(a) (or T1;(a)) relation in I. 

We say that a relation A is absolute for M if A™ = A A IM; ie., if for every 
Xp HEV AM 


(Nii Ree ky) eA - MULE (x4, --., X,, ky, --., Kk) € A 


where the formula to the right of F is the defining normal form for A. For 
instance, if 
xE€A «— Vy Iz Vn (x(n), ~(n), Z(n)) € T 


then “A is absolute” means that for every xe VO Mi, 
xEeA o (Wye VY OM) (Az EV A M) Vn (X(n), H(n), Z(n)) € T 


Theorem 98. (Shoenfield’s Absoluteness Theorem). Every }(a) relation and 
every I1}(a) relation is absolute for all transitive models I of ZF + DC contain- 
ing all ordinals and such that a€ MN. In particular, Z', and TY, relations are 
absolute for L. 
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Proof. It is enough to prove absoluteness of L} relations since a relation is 
absolute if and only if its negation is. Let us restrict ourselves to one dimension: 
Let ae WV and let A be a £4(a) subset of .”. Let IN be a transitive model of 
ZF + DC containing all ordinals such that ae 9. We shall prove that 
A™ = A. 

Let U & Seq; be a tree, arithmetical in a, such that for allxe.7, 


x€A <— Fy U(x, y) is well-founded 
Thus for allx Ee. VAM 
xe A™ o (Aye M) MF U(x, y) is well-founded 


However, for all x, y € Mt, U(x, y) is obviously the same tree in I as in the 
universe; and since well-foundedness is absolute, we have 


xe A™ «+ (3ye M) U(x, y) is well-founded 


Thus, if x € A™, then x € A, and it suffices to prove that if x ¢ A © Dt then 
xe A™ 
We shall now use the tree representation of £3 sets. Let T be the tree over 


w X @, constructed in the proof of Lemma 40.8. Hence T é€ L{a] and for every 
xe, 


(41.3) x€A «+ T(x) is not well-founded 


Now if x € IM is such that x € A, then T(x) is not well-founded, and by abso- 
luteness of well-foundedness, 


MF T(x) is not well-founded 


In other words, there exists a function g € WN from .V into the ordinals such 
that Vn (x(n), g(n)) € T. Now following the proof of Lemma 40.8 backward, 
from (40.40) to the beginning, and working inside 92, one finds y € 9 such that 


MF U(x, y) is well-founded 
Hence if x € Am WM, then x € A™ and we are done. @ 


Exercise 41.3. Show that £3(a) relations are absolute for all transitive models I of 
ZF + DC containing all countable ordinals and such that ae WM. 

[Go through the proof of Theorem 98 and notice that we needed only that T © Wis 
a class in .] 


Exercise 41.4. Prove Theorem 98 using the Lévy-Shoenfield absoluteness lemma 
(Theorem 36). 


[Use Exercises 41.2 and 15.15.] 


Exercise 41.5. Prove Theorem 36 in ZF + DC, using Shoenfield’s absoluteness 
theorem. 
[Use Lemma 41.1.] 
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Exercise 41.6. There is a theorem o of ZF + DC such that every £{(a) and every I1}(a) 
relation is absolute for all transitive models Yt of o such that ae WM. 

{If A is Mj(a), then x e€A++T(x) is well-founded; use absoluteness of 
well-foundedness.] 


Corollary. Every £3 subset of w is constructible. 
Proof. If AS qw is X3, then A‘ = Aand hence Ae L. 


In contrast to the corollary, it is consistent that there is a A} subset of w that 
is not constructible; an example will be presented in Section 44. Also, we have 


Lemma 41.3. If 0* exists, then 0* is a A} subset of w. 


Proof. We of course identify the set 0* of sentences with the set of the Gédel 
numbers of the sentences, and so 0* Cw. Let us also identify 0* with its 
characteristic function, ie, z€. such that z(n) = 1 if ne 0* and z(n) = 0 if 
n¢0*. 

By Exercise 30.1, the property “& is a well-founded remarkable E.M. set” is 
II, over HC. Hence by Lemma 41.1, the set {0*} is a 1} subset of .”. Thus 


neé0* «> 3:(z € {0*} and z(n) = 1) 
— V2(z € {0*} > z(n) = 1) 
shows that 0* is a A} subset of w. 
The following lemma is an interesting application of Theorem 98: 


Lemma 41.4. Let S be a set of countable ordinals such that the set 
A = {x € WO: ||x|| © S} is 23. Then S is constructible. (And more generally, if A 
is X3(a), then S € L{a].) 


Proof. Let A(x) be the 2} property such that A = {x : A(x)}. For each count- 
able ordinal «, let P, be the notion of forcing that collapses a; i-e., the elements 
of P, are finite sequences of ordinals less than «. Each P, is constructible; let us 
consider, in L, the forcing languages associated with the P,, and the corre- 
sponding Boolean valued models L?:. 

We shall show that for every « < w,, a belongs to S if and only if 


(41.4) LF every pe P, forces 4x(A(x) A ||x|| = «) 


This will certainly show that S is constructible. 

In order to prove that a € S is equivalent to (41.4), let us consider a generic 
extension ® of the universe V such that in N, w', is countable. Let us argue in 
N. 

The notion of forcing P, has only countably many constructible dense 
subsets, and hence for every p € P, there exists G © P, such that G is L-generic 
and pe G. It follows that for every «, every g and every pe P,, 


(41.5) LeE(p tq) iff for every L-generic G 3 p, [IG] § 9 
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Let « < wi, and let z € V be such that |/z|| = a. Clearly, « belongs to S ifand 
only if V satisfies 


(41.6) Ax(A(x) A [|x|] = [211) 


The property (41.6) is £3; and by absoluteness, (41.6) holds in V if and only if it 
holds in XN, and therefore N satisfies (41.6). 

Let G be an arbitrary L-generic filter on P,, and let u € L[G] be such that 
||u|] = a. Since MN satisfies (41.6) if and only if it satisfies 


(41.7) Ax(A(x) A |||] = |||) 


and (41.7) is £3, it follows that « € S ifand only if L[G] satisfies (41.7). Since an 
L-generic filter on P, exists (in ), we conclude (still in %), that «eS is 
equivalent to 


(41.8) for every L-generic GC P,, L[{G] § 4x(A(x) A ||x|| = «) 
But in view of (41.5) this last statement is equivalent to (41.4). 


Perfect Subsets of £} Sets 


Theorem 99 (Mansfield, Solovay). Let A be a X3(a) set in. Vv. If A contains an 
element that is not in L{a], then A has a perfect subset. 


The proof uses the tree representation of £3 sets (Lemma 40.8). The 
theorem clearly follows from this more general lemma: 


Lemma 41.5. Let T be a tree over w x K and let A = p[T]. Either A < L{T], or 
A contains a perfect subset; moreover, in the latter case there is a perfect tree 
U € L{T] over w such that [U] ¢ A. 


Proof. The proof follows very closely the Cantor-Bendixson argument; com- 
pare also with the proof of Theorem 94c. 
For each tree T over w x K, we define 


(41.9) T’ = {(s,h)e T: there exist (so, ho), (s1, 4:)¢€T such that so>s, 
S;>8, hh >h, h,>h, and that sg and s, are 
incompatible} 

Let T be a tree over w x K. Let 

TOSTo. every 
T? = (\T — if a isa limit 
B<a 


It is obvious that the definition (41.9) is absolute for all models that contain T, 
and hence T € L[T] for all «. Let « be the least ordinal such that T**”) = T. 

Let us assume first that T) = @; we shall show that A ¢ L[T]. Letx € A 
be arbitrary. There exists f € “K such that (x, f) € [T]. It is obvious that there 
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exists y<a such that (x,f)e[T”] but (x, f)¢[T°*”]. Thus there is 
(s, h) € T® such that sc x, h cf, and (s, h) ¢ T’*”); this means that for any 
(s', h') € T, if s’ > s and h’ 5h, then s’ c x. Now it follows that x € L[T]; in 
L[T], x is the unique x = |) {s' 2s: (s', h')e T™ for some h > 1}. 

Now let us assume that T” # @. The tree T has the property that for 
every (s, h) € T” there exist two extensions (so, ho) and (s,, h,) of (s, h) that 
are incompatible in the first coordinate. Let us work in L[T]. Let (so, ho) and 
(sy, hy) be some elements of T such that so and s, are incompatible. Then let 
(Soo» hoo)s (Sor: Aor), (S10 410), and (s11, 41,) be elements of T™ such that 
Sij > 5;, hj; > h; and that the s,; are incompatible. In this fashion we construct 
(s,, h,) € T® for each finite 0,1-sequence t. The s, generate a tree U = {s:s Cs, 
for some t}. It is clear that U is a perfect tree, that U € L[T], and that 
[U]<p[T]=A. @ 


Corollary. The following are equivalent: 


(i) For every a< @, Xf! is countable. 
(ii) Every uncountable M1} set contains a perfect subset. 
(iii) Every uncountable £} set contains a perfect subset. 


Proof. Obviously, (iii) implies (ii). By Corollary 3 of Theorem 97 (ii) implies (i). 
In order to show that (i) implies (iii), let us assume (i) and let A be an uncount- 
able L} set. Let a € .V be such that A € £4(a). Since &{ is countable, there are 
only countably many reals in L{a], and hence A has an element that is not in 
Lf{a]. Thus A contains a perfect subset. 


Projective Well-Orderings of Sets of Reals 


By Theorem 97, if all real numbers are constructible, then there exists a A} 
well-ordering of the set of all reals. We shall now show that a converse is true: If 
a X} relation well-orders the set of all reals, then all reals are constructible. We 
shall also show that there is no L} well-ordering of R, and that every well 
founded £3} relation over R has length less than w,. As usual, it is more 
convenient to prove these statements for the Baire space ./. 


Theorem 100. 


(a) ESN x WN is aX} well-founded relation, then length (E) < «,. 
(b) If[ES WN x.N is aX} well-founded relation, then length(E) < w. 
(c) If < is a X} well-ordering of WV, then every x € NV is constructible. 
(More generally, if < is X3(a), then. V < L{a].) 
Note that (a) implies that there is no L} well-ordering of ./. 
Proof of (a). This is an application of the boundedness lemma, or rather of the 
fact that the set WO is not £1. Assuming that a £} well-founded relation over 


AM has length > @,, we shall describe the set WO in a £} way, a contradiction. 
Let me first do the easier case when E is a well-ordering. Thus let E be a £} 
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well-ordering and let us assume that its order-type is > . Then for every 
a < w, there is an order-preserving mapping of (a, <) into (.”, E). Conversely, 
if a countable linearly ordered set (Q, <) can be embedded in (.”, E), then 
(Q, <) is a well-ordering. Hence let E, be, for each x € .V, the relation coded 
by x (see 40.17), and let LO be the arithmetical set of all x that code a linear 
ordering of N. Then 


(41.10) 
xe€WO — xeELOA(7: VY >.V) Yn Vm(n E, m— (f(m), f(m)) € E) 
— xELOnze WV VnVm(n E, m— (z,, 2m) € E) 


where for each z € .V and each n, z, is the element of .V defined by z,(k) = 
2(I'(n, k)) for all ke N. Now (41.10) gives a £} description of WO, a 
contradiction. 

In the general case when E is a £} well-founded relation we observe that if « 
is a countable ordinal such that a < length(E), then there exists a countable set 
SW and a function f of S onto « such that for every u € S and every B < f(u) 
there is v € S such that v E wand B < f(v) (namely f(x) = p,(x), and the count- 
able set S is constructed with the help of the principle of dependent choices). 
Conversely, if (Q, <) is a linearly ordered set and if there is a function f from a 
subset of ” onto Q such that for every u € dom(f) and every q < f(u) there is 
v € dom(f) such that v E uand q <f(v), then (Q, <) is a well-ordering. Thus if 
length(E) > @,, we have 


(41.11) xeWO — xeLOA(Ii countable S = {z,:neM)(F: SN) 
Wn Vk [if (k, f(z,))¢€£,, then 3m such that 
(2m> Zn) € E and either k = f (z,,) 
or (k, f (2m)) € Ex] 


Again, (41.11) can be written in a £} manner, and we get a contradiction. 1 


Proof of (b). Let ES .W x W bea &} relation. Let T be a tree over w? x w, 
such that for all x, ye, 


(41.12) (x,y)EE — (3: a> @,) Vn (x(n), ¥(n), f(n)) € T 


As usual, for each ze W and each neEN, let z,€ NW be such that z,(k) = 
2(I'(n, k)) for all k; similarly, for each f: w > w, and each n, let f,: wo > w, be 
such that f,(k) = f(I'(n, k)) for all k. 

Each of the following formulas is equivalent to the statement that the 
relation E is not well-founded: 


Ax Vm (Xm+is Xm) € E 
Ax Vn Hf Yn (m+ 1(1), Xn(n), f(r) € T 
dx Vm Vn (Xin + 1(n), Xm(), Fn(n)) eT 
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It is easy to construct a tree U over w x w, such that for all x €.V and all 
f:@97Q,, 


(41.13) Vn Wn (Xn41(1), Xu(), fn(m))€ T iff = Wk (x(k), F(k)) € U 
(see (40.9) for a similar construction). It follows from (41.13) that 
(41.14) E is well-founded iff  U is well-founded 


Now let ES .V x .V be aX} well-founded relation; we want to show that 
length(E) < w,. Let T be a tree over w* x w, such that (41.12) holds for all 
x, y€.¥ and let U be the tree over w x w, constructed from T as above; since 
E is well-founded, U is well-founded. 

Let us consider a generic extension 9t[G] of the universe (which we hence- 
forth call 9) in which wf" is countable and w= w?*l, Let us argue in 
NG]. 

Let E* be the relation over . defined by (41.12). First we observe that 
Ec E*: If x, ye WM, then 


(x, y)EE iff MF T(x, y) is well-founded 
iff  M[G] F T(x, y) is well-founded 
iff (x, y)e E* 


(because well-foundedness is absolute). We notice further that E* is well- 
founded: This is because by the construction of U (which is absolute) and the 
definition of E*, D[G] satisfies (41.14), ie., 


E* is well-founded iff U is well-founded 


Hence E* is well-founded, and length(E) < length(E*). 

The tree T is a tree over w x wy" and w™ is a countable ordinal. Since 
E* = p[T], it follows that E* is Z} relation. By part (a) of the theorem, the 
length of E* is countable; ie. length(E*)<w%, It follows that 
length(E) < a4 = w@¥. 

Now we can step back into the ground model and look at the result of the 
above argument: length(E)<w,. 


Proof of (c). Let < bea Z} well-ordering of. ¥ and let us assume that there is a 
nonconstructible real. Let T) = Seq({0, 1}), and let C = [To] = °{0, 1} be the 
Cantor space. Let us consider trees T € Ty and functions f: T + Ty such that (i) 
st implies f(s) < f(t) and (ii) for every x €[T], X20 f(X(n)) € C. Every 
such function induces a continuous function from [T] into C, which we denote 
I*. 

Lemma 41.6. If T ¢ Ty is a constructible perfect tree and if f: T + To is a con- 
structible function such that f* is one-to-one, then there exists a constructible 
perfect tree U S T and a constructible g: U > Tp such that g* is one-to-one, and 
g*(x) <f*(x) for every x € [U]. 
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It suffices to prove this lemma because then we can construct a sequence of 
tres 7, 2>7,2°:'2T,2-:: and functions fo, f,,...,f,,... such that 
S¥, (x) < f(x) for all x € [T,,,]. Since all [7,] are compact sets, their intersec- 
tion is nonempty and therefore there exists x such that f$(x) > f(x) >-°:> 
f(x) > ++: contrary to the assumption that < is a well-ordering. 


Proof of lemma. Let T < Ty be a constructible tree and let f: T—> Ty be 
constructible, such that f* is one-to-one. 

Since T is perfect, there exists a constructible function h: T > Tp such that 
h*: [T]+C is one-to-one and onto. For each s € To, let 5 be the “mirror 
image” of s, namely if s = ¢s(0), ..., s(k)>, let 5= (1 — s(O), ..., 1 — s(k)); for 
x € C, X is defined similarly. 

We claim that at least one of the sets 


A= {x €[T]:f*(x)>h*(x)}, B= {x € [T]:f*(x) > h*(x)} 
contains a nonconstructible element. Let z be the least nonconstructible ele- 
ment of C, and let x, y € [T] be such that h*(x) = z and h*(y) = z. Then both x 
and y are nonconstructible and hence f*(x) > z and f*(y) > z. Thus either 
f*(x)>z or f*(y)>z and so either A or B contains a nonconstructible 
element. For instance, assume that A does. (The other case is similar.) 

Since < is X,, and T, f, and h are constructible subsets of HF, the set A is 
©}(a) for some a € L. By Lemma 41.5, there exists a constructible perfect tree U 
such that [U] ¢ A. If we let g = h|U, then U and g satisfy the lemma. @ 


42. A MODEL WHERE ALL SETS ARE LEBESGUE 
MEASURABLE 


This section is devoted entirely to the proof of the following theorem: 
Theorem 101 (Solovay). Assume that there exists an inaccessible cardinal. 


(a) There is a model of ZF + DC in which all sets of real numbers are Lebesgue 
measurable and have the property of Baire, and every uncountable set of reals 
has a perfect subset. 

(b) There is a model of ZFC in which every projective set of reals is Lebesgue 
measurable, has the Baire property, and if uncountable, then it contains a 
perfect subset. 


The proof makes substantial use of absoluteness of measure and category, 
and we shall deal with that first. We begin with a finer analysis of the hierarchy 
x2 of Borel sets. 


Codes of Borel Sets 


Every Borel set of reals is obtained, in fewer than w, steps, from the basic 
open sets by taking complements and countable unions. We shall show how 
this procedure can be coded by a function c € “w. We shall define the set BC of 
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Borel codes and assign to each c € BC a unique Borel set A,. The code c not 
only describes the Borel set A, but also describes the procedure by which the set 
A, is constructed from the basic open sets. 

Let I,, I,, ..., I,, ... be an arithmetical enumeration of open intervals with 
rational endpoints (i.e., the sequence of the pairs of endpoints is arithmetical). 
For each ce .V, let 


(42.1) u(c) and = vc) (ie N) 


be elements of .” defined as follows: If d = u(c), then d(n) = c(n + 1) for all n; if 
d = v,(c), then d(n) = c([(i, n) + 1) for all n (where I is the canonical one-to- 
one correspondence between N x N and N). 

For 0 < « < @,, we define sets 2, and I], < VW as follows: 


(42.2) cer, if c(0)>1 
cell, if either ce 2, u I, for some B < a 


or c(0)=0 and u(c)e Z, 


(a>1) ced, if either ce 2, U II, for some B < « 
or c(0) = 1 and vc) e |) (2, LU M,) for all i 
B<a 


Ifce x, (ifc e€ I,), we call ca X8-code (a M12-code). Let BC, the set of all Borel 
codes, be 


BC= J = UT, 


a<wy, asa, 


For every c € BC, we define a Borel set A, as follows (we say that c codes 
A,): 


(42.3) if ced, then A, =|) {I,: c(n) = 1} 
if ce JI, and c(0)=0 then A, = R—- Ay 


if ce XZ, and c(0) = 1 then A,= \) Arye 
i=0 


It is clear that for every «> 0, if ce Z, (if ce 1,), then A,e XP (A, € M2). 

Conversely, if Bis a £2 set (a M12 set), then there exists c € , (c € I,) such that 

B= A,. This is proved by induction on @ using facts like: If c, ieq@ are 

elements of |_)s<, Ig, then there is c € X, such that c; = v,(c) for allie a. 
Thus {A, : c € BC} is the collection of all Borel sets. 


Lemma 42.1. The set BC of all Borel codes is M1}. 
Proof. Let us consider the following relation E over .’: 
(42.4) xEy iff either (0) =0and x = u(y) 


or y(0) = 1 and x = v,(y) for some i € w 
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The relation E is arithmetical. If ye £1, then y is E-minimal (i.e. ext,(y) = @) 
and vice versa; if ye I], and x Ey, then xe2,, and if ye, (a> 1) and 
x Ey, then x € | )gcq (Zp U My). 

We claim that 


(42.5) ye BC « E is well-founded below y 
«<> there is no ¢Zo, Z;,..., Z,,---> such that zp = y 
and that Vn(z,., E z,) 


By the remark following (42.4), if y € BC, then there can be no infinite descend- 
ing sequence Z) = y, z, E 29, 2, E 2, etc. Conversely, if E is well-founded 
below y, let p denote the rank function for E over ext,(y). By induction on p(x), 
one can see that every x € ext,(y) is a Borel code, and finally that y is itself a 
Borel code. 

Now (42.5) gives a IT} definition of the set BC and the lemma follows. 


Lemma 42.2. The properties A, < Ay, A, = Ag, and A, = @ are I} properties 
of Borel codes. 


Proof. We shall show that there are properties P,Q © R x .V such that P is 
IIj and Q is £} and such that for every c € BC, 


(42.6) aeA, — (ac)eEP © (ac)eQ 


(I hope that the reader does not mind that I talk about IT! relations over 
R x .V). Then 


A,S Ay — c,d € BC AVa((a, c) € Q > (a, c)€ P) 
A,=Ay @ ¢,d€ BCAA, SC AGAAGE A, 
A,=O@ «+ ceéeBCaVva(a,c)¢Q 
Tofind P and Q, let x € .V be fixed. Let T be the smallest set T < VW such that 
(42.7) xe T, and if ye T and z Ey, then ze T. 


The set T is countable. Let h: T > {0, 1} be a function with the following 
property: for all ye T, 


(42.8) if y(0) > 1, then A(y) = 1 iff for some n, y(n) = | and ae I,: 
if y(0) = 0, then h(y) = 1 iff h(u(y)) = 0; 
if y(O) = 1, then h(y) = 1 iff for some i, h(v,(y)) = 1. 


Note that if x is a Borel code then there is a unique countable set T < .V with 
the property (42.7), and a unique function h with the property (42.8); moreover, 
for every y € T we have h(y) = 1 just in case a € A,. Thus we let 


(42.9) (a,x)e€P «< (V countable T¢.”)(Vh: T= {0, 1}) 
[if (42.7) and (42.8) then h(x) = 1] 
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and 
(42.10) (a,x)€Q <— (Acountable T ¢.V)(jh: T = {0, 1}) 
[(42.7) a (42.8) A h(x) = 1] 


and it is clear that if c € BC, then ae A, iff (a, c) € P iff (a, c)e Q. 

It is a routine matter to verify (with some effort) that (42.9) can be written in 
a IT} way and (42.10) in a Z} way. (The quantifiers VT, Vh, and 3T jh are the 
only ones for which one needs quantifiers over ./; note that for instance, 
V2z(z E y ze T) in (42.7) can be written as 


(y(0) = 0 > uly) € T) A (y(0) = 1 > Vi(v{y)€ T))). 


Absoluteness of Measure and Category 


We shall now show that certain properties of Borel codes are absolute for 
transitive models of ZF + DC. If Mis a transitive model of ZF + DC and 
c € °w is in M, then because the set BC is IT}, c is a Borel code if and only if 
Mt c is a Borel code. By Lemma 42.2, the properties of the codes A, Aj, 
A, = Ay, and A, = @ are I} and therefore absolute: A, = A,holds if and only 
if A™ = A etc., where A™ denotes the Borel set in coded by c. Moreover, 
since a € A, is II}, it follows that A= A, A Wt for every Borel code c € M. 


Lemma 42.3. The following properties (of codes) are absolute for all transitive 
models IN of ZF + DC: 
A,= A, VU Ag, A, =A,2 Ag, 
A,=R-A,, A,=A, A Ag, A.= \) A, 
n=0 


(we assume that the codes c, d, e are in MN, as is the sequence <c,:n = 0, 1, ...)). 


We say that the operations U, 4, —, A, |) on Borel sets with codes in Mare 
absolute for Nt 


Proof. If co, Cy, ..., Ca, --. iS a Sequence of Borel codes in MN, let c € . V be such 
that c(0) = 1 and that v,(c) = c; for all i € w. Clearly, c is a Borel code, c € MN, 
and c codes (both in the universe and in 92) the Borel set |_)®9 A,,. Hence for 
any Borel code e € Wt, we have 


A® = |) A® iff A= A™ iff A,=A, iff A,= UA, 
=O n=0 


because A, = A, is absolute for Wt. Thus A, = |) A,, is absolute. 

An analogous argument shows that R — A, is absolute, and the rest of the 
lemma follows easily because the operations ~ and A can be defined from U 
and —-. Hf 
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Lemma 42.4. “A, is null” and “A, is meager” are properties absolute for all 
transitive models I of ZF + DC. 


Proof. Let IN be a transitive model of ZF + DC. Let y denote the Lebesgue 
measure. First we claim that if c € Mis a L9-code, then y™(A™) = y(A,). Let 
ko, ky, ..., k,,... be all the ke N such that c(k) = 1; thus A, is the union 
| )®-o I, of open intervals with rational endpoints. For each n, let X, = I es 
(Ing U «+7 U Ty,-,)3 hence A, = J%_9 X, and p(A,) = )%-o u(X,,). However, 
each X, is a finite union of disjoint rational intervals, and clearly u(X,,) is 
absolute. Hence p™(A™) = p(A,). 

A similar argument shows that if c € Mis a II$-code, then p™(A™) = y(A,). 

Next we claim that if c € M is a I9-code, then A, is rare if and only if 
MF A, is rare. This is because d = u(c) € Z, and it is easily verified (using open 
rational intervals) that “A, is dense” is absolute. 

Now we are ready to prove the lemma. Let us consider first the property “A, 
is null.” We use the following properties of Lebesgue measure: (1) X is null if 
and only if for every n € N, there is an open set G > X of measure < 1/n, and 
(2) u(X) > 0 if and only if there is a closed set F < X of positive measure. 

If ME A, is null, then M satisfies 


(42.11) Vn Je(e € X, and A, > A, and y(A,) < 1/n) 


Since the part (---) of (42.11) is absolute, it is clear that (42.11) holds in V, 
and hence 4, is null. 
If MF A, is not null, then M satisfies 


(42.12) Je(e € II, and A, < A, and p(A,) > 0) 


Again, (--:) is absolute, thus (42.12) holds in V and hence 4; is not null. 
Finally, we consider the property “A, is meager.” If 92 (A, is meager), 
then 9 satisfies: 


(42.13) There exist c,€11,, n=0, 1, ..., such that each A, is rare, and 
A, S \Jr-0 Ac, - 


Then (42.13) holds in V and so A, is meager. 


A Borel set B is not meager if and only if there is a nonempty open set G 
such that B A G is meager. Thus if 92 F A, is not meager, then IM satisfies 


(42.14) dd Je(de 3, and A, 4 O@ and A, = A, A A, and A, is meager) 
Then (42.14) holds in V and hence A, is not meager. 
Exercise 42.1. “A, is null” and “A, is meager” are absolute for all transitive models of 


ZF + DC. 
[Because IT} properties are.] 
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Random and Generic Reals 


Let us consider generic extensions of a ground model Nt, using either the 
algebra of Borel sets modulo the ideal of null sets or the algebra of Borel sets 
modulo the ideal of meager sets. 

Let @ be the o-algebra of Borel sets of reals, let J,, and J, (m for measure, c 
for category) be the o-ideals 


I, ={Bé B:y(B)=0}, 1,= {Be B: Bis meager} 
and let 


(42.15) Bu =B/lm ={[Blpi BEB}, B.=AB/l,={(B].: Be B 


where [B],, and [B], denote equivalence classes mod /,, and mod I, respec- 
tively. @,, and @, are complete Boolean algebras (by Exercise 17.23) and if 
B,, n € @, are Borel sets then (in either #,, or ¥,), 


00 foo) 
1B) = [U Ba] 
n=0 n=0 
(Also, —[B] = [R — B].) 
Exercise 42.2. The algebra @, is the unique atomless complete Boolean algebra that has 
a countable dense subset. 

{If B is a nonmeager Borel set, then there is a nonempty open set U such that U A B 
is meager; hence there is a rational interval J such that [/], < [B]..] 


Thus to form a generic extension using @, is the same as to adjoin a 
Cohen generic real. This observation justifies the definition below of a real 
number generic over Wt. 

Let IN be a transitive model of ZFC. Let us consider the Borel sets in 9; let 
B denote the collection of all Borel sets in I, and let ,, and #, denote the 
complete Boolean algebras (42.15) in M. 

Let B be a Borel set in I. B has a Borel codec € Mt, B = A,. Let us denote 
B* the Borel set in the universe coded by c. This definition does not depend on 
the choice of c € BC™ because by Lemma 42.2, if A, = Ay, then A* = A¥. We 
recall that B= B* ~ 9M, for every Be &. 


Lemma 42.5. 


(a) If G is an M-generic ultrafilter on B,, , then there is a unique real number x¢ 
such that for all Be B,, 


(42.16) xgeB* — [B], 6G 


The formula (42.16) determines G and hence INX[G] = Di[xg] 
(b) If G is an M-generic ultrafilter on B,, then there is a unique real number xg 
such that for all Be &, 


(42.17) xge B* © [B].eG 
The formula (42.17) determines G and hence IN[G] = IMN[x¢]. 


42. A MODEL WHERE ALL SETS ARE LEBESGUE MEASURABLE 543 


If x is a real number and if x = xg for some G C &,, generic over M, then x is 
random over IN. If x = xg for some G & B, generic over Mi, then x is generic 
over IM. 


Proof. The same proof works for both (a) and (b); let [B] denote [B],, in case 
(a) and [B], in case (b). 

To start, we claim that there is at most one real number x that satisfies 
(42.18) xe B* «— [B]eG (forall Be Z) 


If x satisfies (42.18), then x belongs to all B* such that [B] € G.Ifx < yare two 
real numbers, let r be a rational number such that x <r < y, and let A be the 
interval (r, 00) = {z € R: z > r}. Either [A] or [R — A] belongs to G but x ¢ A* 
and y ¢ (R — A)*. 

In order to show that there exists a real number x that satisfies (42.18), let 


(42.19) x = sup{r:r is a rational number and [(r, 0o)] € G} 


By the genericity of G, there exists r such that [(r, 00)] ¢ G, and hence the 
supremum (42.19) exists. Note also that x ¢ I (by the genericity of G). We 
shall show that x satisfies (42.18). We shall show, by induction on Borel codes 
in M, that for every c € BC™, 


(42.20) xeA* o [A]eG 


First we consider L9-codes (in 9), and let us start with those ce Z, 7 M 
that code a rational interval, i.e., such that c(n) = 1 for exactly one n; then c 
codes the interval J,. Let I, = (p, q). We have 


xeA* iff p<x<q iff p<sup{r:[(r, o)}eG}<q 
iff — [(p, «0)] € G and [(q, ~0)] ¢ G 
iff [(pqgleG iff [A]JeG 
Now if ce 2,, then A,=|J@o I,,, where {k,:n=0, 1, ...} is the set 
{k : c(k) = 1}, and we have 


xeA* iff xem iff In(xel‘) iff An([l,,]€G) 
n=0 


iff YU,JeG if [UL]JeG iff [A]jeG 
n=0 n=0 


Next let « < wf" and let c € I, A Mt, and let us assume that (42.20) holds for 
all ce X, 7 Mt. We may assume that c(0)=0; then u(c)e 2, M and 
Ayo = R — A,, and we have 


xeA* iff xg At, iff [Ayl¢G iff [AJeG 


Finally, the induction step for 2, is handled in a way similar to the case for 
ce 2,. Thus (42.20) holds for every ce BC™, and thus x is the unique real 
number that satisfies (42.16) (in case of Z,,) or (42.17) (in case of #,). 
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The following lemma provides a characterization of random and generic 
reals. 


Lemma 42.6. A real number is random over IN if and only if it does not belong to 
any null Borel set with code in WM, and is generic over M if and only if it does not 
belong to any meager Borel set with code in M. 


Hence if Ra(%9) and Ge(t) denote the sets of all random and of all 
generic reals over Jt, we have 


(42.21) Ra(M) = R* — |) {Ac € BC™ and A*is null} 
Ge(Mt) = R* — () {A*: ce BC™ and A* is meager} 
Note that by Lemma 42.4, A, is null (in 9) if and only if A* is null (in V). 


Proof. On the one hand, if x is random over I, let G be an Mt-generic 
ultrafilter on %,, such that x = xg. Then if A, is null then [A,] ¢ G, and by 
(42.16), x ¢ A*. Similarly for x that is generic over M. 

On the other hand, let x be such that x ¢ A* whenever A, is null (and 
ce 9). First we observe that if [A,] =[A,] then A, A A, is null, hence 
A* A A} is null and it follows that x belongs to A* if and only if x belongs to 
Aj. Let 
(42.22) G = {[A,]: x € A¥} 

It is easy to see that G is a filter on #,: If [A,]¢ G and [A,] eG, then 
x € A¥ ~ Af and hence [A, 9 Aj] € G; similarly, if [A,] < [A,] and [A] € G, 
then [A,] € G. 

We shall show that G is I-generic. Since #,, satisfies the c.c.c., it suffices to 
show that if {A, :n€ w} € Mis such that )? 9 [A,,]  G, then some [A,] is in 
G. But this is true because 


Yid= (Al and (UA) = Wat 


Finally, we claim that x = xg. But this follows from (42.22), by the gener- 
icity of G. Thus a real number x is random over IM if and only if x ¢ A* for any 
null Borel set A, € M. 

The proof is entirely similar for generic reals. 1 


Solovay Sets of Reals 


Let be a transitive model of ZFC. Let S be a set of reals. We say that the 
set S is Solovay over 9N if there is a formula g(x), with parameters in Nt such 
that for all reals x, 


(42.23) xeS iff = Wx] F p(x) 
The following lemma is the key step in the proof of Theorem 101: 
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Lemma 42.7. Let S be a Solovay set of reals over IN. There exist Borel sets A and 
B such that 


So Ra(M) =A Ra(M) and Sm Ge(M) = Br Ge(M®M) 
Corollary. 


(a) If the set of all reals that are not random over Sis null, then S is Lebesgue 
measurable. 

(b) If the set of all reals that are not generic over IN is meager, then S has the 
property of Baire. 


[Proof. Under the assumptions of the corollary, S A A is null and S A B is 
meager. ] 


Proof. Let me prove the lemma for random reals. Let us consider the forcing 
language in It associated with #,,. Let G be the canonical name for a generic 
ultrafilter on #,,, and let a be the canonical name for a random real; i.e., let a 
be the @,,-valued name defined in IN*= from G, by (42.16): ||a — x,|| = 1. 

Let ~(x) be a formula with parameters in such that (42.23) holds for all x. 
Let A. € & be such that 


[A.] = |le(a)| 


and let A = A*. The set A is a Borel set (in the universe); I claim that for all 
x € Ra(9), x belongs to S if and only if x belongs to A. But if x is random over 
M, let G be Mt-generic on #,, such that x = xg; then a is a name for x and we 
have 


xeS iff Mx] p(x) iff MG] F g(x) 
if |g(ajeG iff [AJeG iff xeA* 


The Models 9{[G] and 2 


Let 92 be a transitive model of ZFC and let « be an inaccessible cardinal in 
9. Let B be the Lévy algebra for x, i.e, B = r.o. P where P is the notion of 
forcing (20.7) that collapses each « < x onto No: The conditions are functions p 
on subsets of k x w such that each dom(p) is finite, and p(«, n) < a whenever 
(a, n) € dom(p). 

Let G be an Wt-generic ultrafilter on B. We shall show that in IN[G] every 
projective set of reals is Lebesgue measurable, has the property of Baire, and if 
uncountable, then it contains a perfect subset. 

In WG], let S be the class of all infinite sequences of ordinal numbers, 
S = Ord, and let 9t= HOD(S) be the class of all sets hereditarily ordinal 
definable over S. The class 9 is a model of ZF (see Exercise 15.21). In fact, 2 is 
a model of ZF + DC (see Lemma 42.8), and we shall show that in ® every set 
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of reals is Lebesgue measurable, has the Baire property, and if uncountable, 
then it contains a perfect subset. 

Let s be an infinite sequence of ordinals (in 9[G]), let be a formula, and 
let X € G be a set such that 


(42.24) X = {x: MG] F —(x, s)} 


The method of Section 15 shows that X is (in M[G]) ordinal definable over 
S = °Ord. Conversely, if X € OD(S), then for some formula yw and a finite 
sequence <s,,..., 5,> of elements of S, X = {x : MG] F W(x, <sy, ..., 5,>). 
Then clearly there is g and s € S such that (42.24) holds. Hence the class OD(S) 
consists of all sets X of the form (42.24)—sets definable in IN[G] from a sequence 
of ordinals. 

Note that every projective set of reals is definable from a sequence of 
ordinals: If A is Z}(a) for some a € “w, then A is definable in HC from a, and 
therefore A e OD(S). 


Lemma 42.8. 


(a) If f € MG] is a function on w with values in N, then fe N. 
(b) The model ® satisfies the principle of dependent choices. 


Proof. (a) We show that if fis a function from w into OD(S) then f ¢ OD(S). 
by (42.24), OD(S) = (|) {OD(s): s eS}; by Lemma 15.8 there is a definable 
function F on Ord x S such that for each s eS, the function F,(«) = F(a, s) 
maps Ord onto OD(s). Let f: w + OD(S). For each n, we choose «, and s, such 
that f(n) = F(q,, s,). Clearly, f is definable from <«,:n € w> and <s,:n€@). 
It is easy to find a single sequence u of ordinals such that both <a@,,: n € w> and 
<s,:n € w) are definable from u. Hence fis definable from u, and so f € OD(S). 

(b) In , let p be a relation over a nonempty set A such that for every x € A 
there is y such that y p x. Since IN[G] satisfies the axiom of choice, there exists 
in IN[G] a sequence ao, ay,..., a,,... such that a,,, p a, for all n. However, by 
part (a) of this lemma, the sequence {a,:néw)>isinw. W 


Measure and Category in {[G] and 9 


We shall now prove the part of Theorem 101 dealing with Lebesgue mea- 
sure and the Baire property, using Lemma 42.7. 


Lemma 42.9. Let s € IR[G] be an infinite sequence of ordinals. The set of all reals 
(in IN[G]) that are random over W{s] is null; the set of all reals that are not 
generic over Is] is meager. 


Proof. Since the algebra B is x-saturated, there exists a subalgebra D < Bsuch 
that |D| <x and Is] = M[D nr G]. It follows that « is inaccessible in Ms]; 
and since k = N?"°l, 9s] has only countably many subsets of w. Thus there 
are only countably many Borel codes in 9[s]; and by (42.21), the complement 
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of the set Ra([s]) is the union of countably many null sets and hence null. 
Similarly, the complement of Ge(9i[s]) is meager. Mf 


Lemma 42.10. Let X € IN[G] be a set of reals that is definable in IN[G] from a 
sequence s of ordinals. Then X is (in INX[G]) Solovay over Mis]. 


Proof. The proof uses the properties of the Lévy algebra discussed in Section 
25, in particular the factor lemma (Exercise 25.11). We shall first prove the 
following: Given a formula g, there is a formula @ such that for every sequence 
of ordinals x € IG], 


(42.25) MG] § v(x) iff —- Mx] F G(x) 


We recall that P is the notion of forcing (20.7) that corresponds to the Lévy 
algebra for x; the forcing conditions are finite and so the definition of P is 
absolute for all models. If M is a model, we denote M? the Boolean valued 
model constructed in M using P and if w is a formula and z € M?, we denote 
\|y(z)||“ the Boolean value (computed in M using P) of w(z). If ae M, then 
dé MP? is the canonical name for a. 

Let @(x) be the following formula 


(42.26) Joe) = 1 


Let x be a countable sequence of ordinals in IN[G]; we shall show that 
MM[G] § p(x) if and only if Mx] G(x). By the factor lemma (Exercise 25.11), 
there exists an N[x]-generic filter H on P such that NG] = M{x][H]. Arguing 
in Mix], we invoke the homogeneity of the Lévy algebra (see the corollary of 
Theorem 63): the Boolean value b = ||g(x)||"™ is either 0 or 1. Since H is 
generic on P over Ix], p(x) is true in V{x][H] if b = 1 and false if b = 0. 
Hence ¢(x) is true in IN[G] if and only if G(x) is true in Mx]. 

Clearly, the above argument works also for a formula @ with two variables: 
There is @ such that for all x, y € M[G]  °Ord, 


MG] § p(x, y) iff = Mex, y] F G(x, y) 


Now let X € NG] be a set of reals that is definable in W[G] from a 
sequence of ordinals s. For some formula @ 


xEX < MG] F —(x, s) 


for all reals x € ING]. Since every real can be considered a countable sequence 
of ordinals, we have, for all x « R™4, 


xeX < Ms, x] F G(s, x) 
<> WM[s][x] F G(s, x) 


which shows that X is Solovay over Dis]. 
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Corollary 1. Jn I[G] every set of reals definable from a sequence of ordinals (and 
in particular, every projective set of reals) is Lebesque measurable and has the 
property of Baire. 


Proof. This follows from Lemmas 42.7, 42.9, and 42.10. 


Corollary 2. In N every set of reals is Lebesgue measurable and has the property 
of Baire. 


Proof. Clearly, the model 9 has the same reals and the same elements of “aw as 
the model 9[G]. In particular, RN and MG] have the same Borel codes, and 
since A? = A™*6] . Qt = A™ for every ce BC™®, the two models have the 
same Borel sets. 

If X € N is a set of reals, then X is definable in I9[G] from a sequence of 
ordinals and hence 9{G] F (X is Lebesgue measurable and has the Baire 
property). Thus there are (in %[G]) Borel sets A, B, N, M such that 
X AACN, X A BEM, and N is null and M is meager (in W[G]). By 
Lemma 42.4, N satisfies that N is null and M is meager, and hence §& satisfies 
that X is Lebesgue measurable and has the Baire property. Mf 


A Remark on &} Sets of Reals 


The method of the proof of Theorem 101 can be used to prove the following 
result on £3 sets: 


Lemma 42.11. Assume that for every aca, &‘! is countable. Then every 
x} set of reals is Lebesgue measurable and has the Baire property. 


[Compare this with the Corollary of Theorem 99.] 


Proof. We use the tree representation of Z} sets. Let A be a L} set. (We may 
assume that A is a £} subset of the Baire space which is homeomorphic to the 
irrational members.) Let a € °w be such that A is £4(a), and let T be a tree over 
w Xx @, such that T € L{a] and 


x€A iff T(x) is not well-founded 
for all x € “w. Since well foundedness is absolute, we have 
xe€A iff  Lfa][x] F T(x) is not well-founded 


and hence A is Solovay over L{a]. 

Now each L{a] has only countably many subsets of w, hence only countably 
many Borel codes, and by (42.21) the complement of Ra(L{a]) is null and the 
complement of Ge(L{a]) is meager. Hence by Lemma 42.7, A is Lebesgue 
measurable and has the Baire property. 


Exercise 42.3.* Use the above method to show that all £1 sets are Lebesgue measurable 
and have the Baire property. 
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[Given a X} set A, find a countable transitive model M of ZF~ + DC such that A is 
Solovay over M. Use absoluteness of ©} for countable models, Exercise 42.1 and the fact 
that M has only countably many Borel codes.] 


Perfect Subsets in I{[G] and 2 


We shall now finish the proof of Theorem 101 by showing that in WG] 
every uncountable set of reals definable from a countable sequence of ordinals 
contains a perfect subset. Then it follows that in ®, every uncountable set A of 
reals has a perfect subset: If A is uncountable in ®, then A is uncountable in 
IG] (by Lemma 42.8); and since A is definable from a sequence of ordinals, A 
has a perfect subset F (in 9{G]); but then NF F is a perfect set. 

By Lemma 42.10, every set of reals definable in I[G] from s is Solovay over 
Ms]; thus it suffices to prove that in WG] every uncountable set of reals, 
Solovay over some Wis], contains a perfect subset. Furthermore, it suffices to 
give the proof only for sets of reals Solovay over I since the general case 
(Solovay over %{s]) follows from the special case by the factor lemma: 
M[G] = Vi{s][H] is a generic extension of M[s] via Lévy forcing. And finally, 
we can consider subsets of the Cantor space °{0, 1} instead of sets of reals. 

Thus let A be, in N[G], an uncountable subset of °{0, 1}, and let @ be a 
formula (with parameters in 9) such that for all x € °{0, 1} in IG], 


x€A iff Mx] F —(x) 


Since A is uncountable, there exists x € A such that x ¢ Mt. There exists (in M) 
a complete subalgebra C ¢ B such that |C| <x and that x € DG nm C]. Let 
us consider the Boolean-valued model I° and the corresponding forcing rela- 
tion it. There exists a name x € Wt and a condition p € C A G such that 


(42.27) pi xe (0, 1} and x ¢ Mand (MiLx] F —(x)) 


Since P™(C) is countable in IG], let Dy , Dy, ..., D,,... be an enumeration (in 
M[G]) of all open dense subsets of C in Me. 

We shall construct conditions p,éC, for all finite 0, 1-sequences s, as 
follows: 

Let pg < p be such that pg € Dy. Given p,, there exists n, € w such that p, 
does not decide x(7i,) (because p |r x¢ M), and we let p,o and Ps, be such that 
Pso x(7i,) = 6, and p,, t x(ri,) = I; moreover, we choose p,o and p,, so that 
both are in the open dense set D,, where k is the length of s. 

For every ze {0, 1}, let G,={peC: p2>p, for some sz}. Clearly, 
G, © D, # @ for every n, and hence G, is an M-generic ultrafilter on C. Let 
f(z) = ig,(x) be the interpretation of x by G, . Since G, is generic, and by (42.27), 
we have f(z) € A. Thus fis a function from “{0, 1} into A. 

It follows from the construction of f that fis one-to-one and continuous. 
Thus f[{0, 1}], the one-to-one continuous image of a perfect compact set, is a 
perfect subset of A. Hi 
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43. THE AXIOM OF DETERMINACY 


With each subset A of °w we associate the following game G,, played by 
two players I and II. First I chooses a natural number ao, then IJ chooses a 
natural number by, then I chooses a,, then II chooses b,, and so on. The game 
ends after w steps; if the resulting sequence <a), bo, ay, b;, ...> is in A, then I 
wins, otherwise II wins. 

A strategy (for I or II) is a rule that tells the player what move to make, 
depending on the previous moves of both players. A strategy is a winning 
strategy if the player who follows it always wins. The game G , is determined if 
one of the players has a winning strategy. 

The axiom of determinacy (AD) states that for every A  °w, the game G , is 
determined. 

The axiom of determinacy would be an attractive hypothesis if it were not 
for the fact that it contradicts the axiom of choice (see Lemma 43.1). In a sense, 
some consequences of the axiom of determinacy for sets of real numbers are 
more desirable than the consequences of the axiom of choice; for instance, AD 
implies that all sets of reals are Lebesgue measurable. However, the con- 
sequences of AD for cardinal arithmetic are quite undesirable: For instance, 
AD implies that all 8,, 3 <n < q, are singular cardinals. 

More interesting is the relation between determinacy and the theory of large 
cardinals. It has been established that AD implies existence of models with 
many measurable cardinals, and thus in order to prove the consistency of AD 
with ZF, one has to make some large cardinal assumption (consistency of AD 
is an open problem). 

A more plausible hypothesis than AD, widely used by descriptive set the- 
orists, is projective determinacy (PD) which states that G, is determined for every 
projective set A < °w. Although consistency of PD is also an open problem, 
PD does not seem to contradict the axiom of choice and has pleasing con- 
sequences in descriptive set theory. 


Some Consequences of the Axiom of Determinacy 


First some definitions: Let A < °w be given and let G, denote the corre- 
sponding game. A play is a sequence (dy by a, b, -**> € °w; for each n, a, is the 
nth move of player I and b, is the nth move of player II. A strategy for I is a 
function ¢ with values in w whose domain consists of finite sequences s € Seq of 
even length. The player I plays <aybya,b, ---) by the strategy a if ag = o(), 
a, = a(<dy bo), az = 0(<ap bo a; by»), and so on; it is clear that if I plays by o, 
then the play is determined by o and the sequence <b,,: n € w>. We denote the 
play by o * b. A strategy o is a winning strategy for I if 


(43.1) {o*b:bEN\CA 


in other words, if all plays that I plays by o are in A. Similarly, a strategy 
for II is a function t with values in w, defined on finite sequences s € Seq of 
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odd length. If ae .W and if t is a strategy for II, then a * t denotes the play 
in which I plays a and II plays by +. A strategy t for II is a winning 
strategy if 


(43.2) {axt:aeN}OCN-A 


Exercise 43.1. 


(a) The function f(b) = o * b is a one-to-one continuous function. 
(b) The set {o « b: b € .V} contains a perfect subset. 


[We shall sometimes consider games G, whose moves are not natural 
numbers but elements of an arbitrary set S. A play is then a sequence p € °S, 
and the result of the game depends on whether p € A or p¢ A (here A is a 
subset of “S). The other relevant notions are defined accordingly. | 

Since the number of strategies is 2*°, an easy diagonal argument shows that 
the axiom of choice is incompatible with the axiom of determinacy: 


Lemma 43.1. Assuming the axiom of choice, there exists A © °w such that the 
game G, is not determined. 


Proof. Let {o, : « < 2*° and {t, : a < 2%°} enumerate all strategies for I and all 
strategies for II. We construct sets X = {x,:a < 2%} and Y = {y,:a < 2%}, 
subsets of .V, as follows: Given {x,: € < a} and {y,: € < a}, let us choose some 
yq Such that y, = 0, * b for some b and y, ¢ {x;: € < a} (such y, exist because 
the set {o, * b:be.V} has size 2*°); similarly, let us choose x, such that 
Xq = a * T, for some a and-x, ¢ {y.: € < a}. It is clear that the sets X and Y are 
disjoint, that for each « there is b such that a, « b ¢ X, and there is a such that 
at, é€X. Thus neither I nor II has a winning strategy in the game G,, and 
hence G, is not determined. @ 


In contrast with this lemma, the axiom of determinacy implies a weak form 
of the axiom of choice: 


Lemma 43.2. The axiom of determinacy implies that every countable family of 
nonempty sets of real numbers has a choice function. 


Proof. We prove that if 2 = {X,,: n € w} is a family of nonempty subsets of 1’, 
then there exists fon 2% such that f(X,) € X, for all n. Let us consider the 
following game: If I plays (ap a, a2 ---> and II plays <b) b,b, --->, then II wins 
just in case b € X,,. It is clear that I does not have a winning strategy: Once I 
plays ay, the player II finds some b € X,,, plays b = <b)b,b,-:-> and wins. 
Hence II has a winning strategy t, and we can define f on & as follows: 
S(X,) =t*<(n000-->. 


[Regardless of the above lemma, we assume the principle of dependent 
choices throughout this section.] 
The first theorem of this section shows that the axiom of determinacy 
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eliminates some of the “undesirable” counterexamples that can be obtained 
if one uses the axiom of choice. 


Theorem 102. Assume the axiom of determinacy. Then: 


(a) Every set of reals is Lebesgue measurable. 
(b) Every set of reals has the property of Baire. 
(c) Every uncountable set of reals contains a perfect subset. 


Let us deal first with the Lebesgue measure. We shall prove the following 
lemma: 


Lemma 43.3. Assuming AD, let S be a set of reals such that every measurable 
Z SS is null. Then S is null. 


Recalling Lemma 339.7, it is easy to see that Lemma 43.3 implies that every 
set X is Lebesgue measurable: Let A > X be a measurable set with the 
property that every measurable Z ¢ A — X is null. Then A — X is null and 
hence X is measurable. 

Thus let S be a set of reals with the property 


(43.3) if Z < S is Lebesgue measurable, then Z is null; 


we shall use AD to show that S is null. It is clear that we can restrict ourselves 
to subsets of the unit interval; thus assume that S ¢ [0, 1]. In order to show 
that S is null, it suffices to show that the outer measure *(S) is less than any 
é > 0. Thus let ¢ be a fixed positive real number. 


The Covering Game 


Given S and ¢, let us set up a game as follows: If (aga, a, ‘°*> is a sequence 
of 0’s and 1’s, let a be the real number 


foo} a, 
(43.4) a= oF gael 
n=0 
For each n € a, let GZ, k = 0, 1, 2, ..., be an enumeration of the set K, ofall 


sets G such that 
(43.5) (i) Gis a union of finitely many intervals with rational endpoints; 
(ii) p(G) < 6/227. 


The rules of the game are that player I tries to play a real number a € S, and 
player II tries to cover the real a by the union |_)2_» H,, such that H, € K, for 
all n. More precisely, a play 


{a9 bo a,b, ***> 
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is won by player I if 


(i) a, =0 or 1, for all n; 
(ii) ae S; and 
(iii) a¢ Ute G,. 

I claim that player I does not have a winning strategy in the game. To show 
this, notice that if o is a winning strategy for I, then the function f that to each 
b= (bob, b, °° €-V assigns the real number a=f(b) such that 
{dy by a; by -:*> = * b is continuous and hence the set Z = f[. V] is analytic 
and hence measurable. Moreover, Z ¢ S, and therefore Z is null. Now a null set 
can be covered by a countable union |_)?_» H,, such that H, € K,,for all n (see 
Exercise 39.8), and therefore there is be.” such that if IT plays (bp b,b,---> 
and I plays by o, then II wins. Thus o cannot be a winning strategy for I. 

Assuming AD, the covering game is determined, and therefore player II has 
a winning strategy. Let t be such strategy. For each finite sequence 
S= (do, ...,a,) Of 0's and 1’s, let G, € K,, be the set Gj_, where (bo, ..., b,> 
are the moves that II plays by t in response to do, ..., a,. Since T is a winning 
strategy, every ae S is in the set |] {G,: s < a} and hence 


foe) 


(43.6) SECU {G,:seSeq0, N}= UU G, 


n=1 sen{O, 1} 


Now for every n > 1, if s € "{0, 1}, then u(G,) < ¢/27" and hence 


€ € 
Hu G) < sm = 5 
(Ree 2? 2 


It follows that u(\ Jt 1 Useno. 1; Gs) < Ye 1 €/2" = cand thus p*(S) < ¢. Since 
é > 0 was arbitrary, S is null. This completes the proof of Lemma 43.3 and also 
of part (a) of Theorem 102. Next we consider the property of Baire: 


The Game G** 


Let X be a subset of the Baire space ./, and let us consider the following 
game G**: Player I plays a finite sequence s  € Seq; then II plays a proper 
extension to > Sp; then I plays s; > to, etc.: 


(43.7) Seip esr ea ce 


The sequence (43.7) converges to some x € .V. If x € A, then I wins, and 
otherwise II wins. 

First we verify that this game can be reformulated as a game G , of the kind 
introduced at the beginning of the section (ie., when the moves are natural 
numbers). Let u,, k € N, be an enumeration of the set Seq. If <agb9a,b, ---> is 
a sequence of numbers, then consider the sequence 


(43.8) Uao> Ubo> Yar» Uby> 
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and let A be the set of all (ap bp a, by ---> € .V such that: Either there is n such 
that 


Ugg C Upy C*** C Ug, F Up, 


or the sequence (43.8) is increasing and converges to some x € X. It is clear I 
wins the game G%* if and only if I wins the game G,. 

Thus if AD holds, the game G** is determined, for every X © .V. We will 
use the **-game to show that every X © .V has the Baire property. 


Lemma 43.4. Player II has a winning strategy in G** if and only if X is meager. 


Proof. Let Y be the complement of X in ./. For each se Seq, U, denotes 
the basic open set {x E.W: 5c x}. 

(a) If X is a meager set, then there exist open dense sets G,,n € N, such that 
Y 2()\w-o G,. It is easy to find a winning strategy t for II: If I plays so, let 
to = 1(<So>) be some fg > So such that U,, < Go; such to exists because Go is 
dense. Then if I plays s, > fo, let t; = t(<soto5,>) be some t, > s, such that 
U,, © G,, and so on. It is clear that every such play sp < to < s; < -* converges 
to x € (\o G,, and hence t is a winning strategy for II. 

(b) Conversely, assume that II has a winning strategy t. A correct position is 
a finite sequence <5, to, .--,S_,t,> such that spCtgc-:-ct, and 
to = t(<Sq>), ty = T(<S0 to 5 >), etc. We shall first prove the following claim: Let 
x €.W and assume that for every correct position p = (sg °-- t,) with t, < x 
there exists s > t, such that t(p%s) c x. Then xe Y. 

To prove the claim, let x satisfy the condition. To begin, there exists sy such 
that t(so)< x; let to =1(<so>). Then there exists s; >t) such that 
ty = T(<So to S,>) x; then there is s, > tf, such that t({sgto5,,52>) c x; and 
so on. The sequence so € to C Sy Cty <-** Converges to x and is a play in 
which II plays by t. Hence x € Y. 

For every correct position p = (sy --: t,,>, let 


Fi={xe NV :t, <x and (Vs > t,) t(ps) ¢ x} 
By the claim, for every x € X there is a correct position p such that x € F,,; in 
other words, 
X <\) {F,: p is a correct position} 


It is easy to see that for each p, U,, — F,, is an open dense set in U,,; hence F,, is 
a closed rare set. The number of correct positions is countable and hence X is 
meager. @ 


Corollary. Player I has a winning strategy in G** if and only if for some s € Seq, 
U, — X is meager. 


Proof. Note that I has a winning strategy in G** if and only if there exists 
s € Seq (the first move of I in G%*) such that player IT has a winning strategy in 
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the following game Gj** y: I plays to > s, II plays so > to, I plays t, > so, etc.; 
and I wins if tg < sy < ty © ++: converges to x € U, — X. By the lemma, II has a 
winning strategy in this game just in case U, — X is meager. 


Now part (b) of Theorem 102 follows. If X ¢./, then since G¥* is 
determined, either X is meager or for some s € Seq, U, — X is meager. Thus let 
X < WN be arbitrary. If X is meager, then X has the Baire property. If X is 
nonmeager, then let G = (_) {U,: U, — X is meager}. Clearly, G — X is meager, 
and X — G must be meager too because otherwise there would be s such that 
U, — (X — G) is meager, which contradicts the definition of G. It follows that X 
has the Baire property. Mf 


Now we turn our attention to part (c) of Theorem 102. We will use AD to 
prove that every uncountable set in the Cantor space C = °{0, 1} has a perfect 
subset. We consider the following game. 


The Game G* 


Let X be a subset of °{0, 1}. The game G¥ is defined as follows: Player I 
plays a sequence so € Seq{0, 1} of 0’s and 1’s (possibly the empty sequence), 
then player II plays ng e {0, 1}, then I plays s, € Seq{0, 1}, and so on. Let 
X = 89M 5, ° ++: . Player I wins if x € X, and II wins if x ¢ X. The game G¥ 
can be reformulated as a game G,, for some A © °w. 


Lemma 43.5. If II has a winning strategy in Gt, then X is countable. 


Proof. The proof follows closely the proof of Lemma 43.4b. Let t be a winning 
strategy for II. A correct position is a finite sequence (so, No, ..-, Sg, Ny such 
that no = t(<So>), ny = T(<So, No, 51>), etc. By exactly the same argument as in 
Lemma 43.4, we get the following claim: Let x € °{0, 1} and assume that for 
every correct position p = <sg--- n> if so°ng™--°n, < x, then there exists 
s € Seq{0, 1} such that sop ™ + +n, °s°t(ps) < x. Then x ¢ X. 

It follows that X ¢ |) {F, : p is a correct position}, where 


Fi = {x eC: s9™- On, <x and Vs(s9 ++, 5 t(p°s) F x)} 


The lemma will follow if we show that each F, has exactly one element x € C. 
This element x is uniquely determined as follows (because each x(m) is either 0 
or 1): firstly, for some! € N, ¢x(0),..., x(1 — 1)> = 59° M9 ™ +n, ; then x(1) = 1 — 
t(p°SD),x(1+ 1) = 1 — t(p%<x(I)>), x(1 + 2) = 1 — t(p°<x(I), x(1 + 1)>), and so 
on. & 


Now part (c) of Theorem 102 follows. If X < Cis uncountable, then II does 
not have a winning strategy in G¥; and since the game is determined, I has a 
winning strategy o. For each x = (no, nm, ...> € C, let F(x) e C denote the 
0, 1-sequence 

So No $1°my**- 
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where sp = 0(@), 5; = o((59 No»), 52 = G((59 Ny “5, “N, D), etc. The function f 
is continuous and one-to-one, and hence f[C] is a perfect set. But X > f[C] 
and hence X has a perfect subset. 


Exercise 43.2. | has a winning strategy in G¥ if and only if X has a perfect subset. II has 
a winning strategy if and only if X is countable. 


We proved in Section 41 that if 8, = 44 for some a < a, then there is an 
uncountable set without a perfect subset. Thus if every uncountable set of reals 
contains a perfect subset, then every X¥!4) is countable, and it follows that for 
every a © @, &, is an inaccessible cardinal in L{a]. (Because if 8, = 8%, then 
there exists x © w such that 84" is countable in L[a, x], and hence for some 
b Sa, &, = NY?!) Thus we have: 


Corollary to Theorem 102. If AD holds, then &, is inaccessible in L[a], for every 
acw. 


AD and Large Cardinals 


To illustrate the relationship between the axiom of determinacy and the 
theory of large cardinals, we shall show that AD implies that %, and N, are 
measurable cardinals. We recall that measurability of successor cardinals (in 
ZF without choice) is a plausible property (see Theorem 90). 


Theorem 103 (Solovay). The axiom of determinacy implies that 


(a) &, is a measurable cardinal, and moreover, the closed unbounded filter over 
X, is an ultrafilter. 
(b) &, is a measurable cardinal. 


We shall first show that AD implies that @, is measurable. We already know 
that «, is inaccessible in every L[a], a S w. 
Let us consider the following partial ordering of the Baire space: 


(43.9) xXy iff xeLfy] 
and the corresponding equivalence relation 
(43.10) x=y iff xy and yx 


We say that A <.W is =-closed if (x € A and y =x) implies y € A. Note that 
the collection # of all =-closed sets in .V is a complete Boolean algebra. 
If x9 € .W, then we let 


(43.11) cone(X9) = {x €. V :X9 Xx} = {x: xq € L[x}} 
and call cone(x9) a cone. Clearly, every cone is =-closed. Let 


F,={Ae€&:A contains a cone} 
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We claim that ¥ , is a c-complete filter on B. Let Ay, A;,..., A,,... be elements 
of #,. For each n, we choose x, € .V such that A, > cone(x,). Let x € V be 
defined as follows: x(I"(n, m)) = x,(m), for all n, me N (where T is the canon- 
ical: w xX wa). It is clear that for each n, x, € L[x] and hence cone(x) 
cone(x,) © A,. Thus (\x_9 A, is in F,. 


Lemma 43.6. AD implies that for every =-closed A © .V, either A or its comple- 
ment contains a cone. Hence ¥,, is a o-complete ultrafilter on &. 


Proof. We show that if I has a winning strategy in the game G,, then A 
contains a cone (and similarly, if II has a winning strategy, then. Vv — A e€ F,). 
Let o be a winning strategy for I. It suffices to show that A contains the cone 
{xe .V:a€ Lx}}. 

Let x € .V be such that o € L[x]. Then a=o * x is in A because o is a 
winning strategy. Clearly, x € La], and because o € L[x], we also have a € L{x] 
and hence x = a. Since A is =-closed, we have xe A. @ 


Now we can use AD to find a nonprincipal o-complete ultrafilter U over 
w,. For each x €.7, let f(x) = X¥*); f(x) is a countable ordinal. Note that if 
x =y, then f(x) =f(y), and hence for every X < @,, the set f_,(X)¢-V” is 
=-closed. Let 

U ={X cay: f-(X)e F 


Since ¥, is a g-complete ultrafilter on @, U is a c-complete ultrafilter over w ,. 
It remains to show that U is nonprincipal. But for every « < @,, ifxe.W is 
such that Ni*]=a, then there is y =x such that N4"1> a; and hence 


F-1({o}) ¢ Fe. 


Thus AD implies that w, is a measurable cardinal. 


Lemma 43.7. AD implies that for every S < w,, the set {x € WO: ||x|| € S} is 
II}. 


Corollary. AD implies that for every S © w, there is a& w such that S € L{a}. 
[Proof of Corollary: Lemma 41.4.] 
Proof of Lemma 43.7. If x ¢.4, then for each ne N we let x,¢.W be such 
that x,(m) = x(I"(n, m)) for all me N. 

The Solovay Game 


Let S <a. Player I plays a = <a(0), a(1), ...>, and II plays b = ¢b(0), 
b(1), ...>. If a¢ WO, then II wins; if ae WO, then II wins just in case 


{ae S:a< lal} < {]b,||:neotcSs 


We claim that I does not have a winning strategy in the Solovay game. Let 
o be a winning strategy for I; for each b € .V, let f(b) be the ae W such that 
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a(0), b(0), a(1), b(1),...) = o * b. The set f[.4”] is aL} subset of WO, and by the 
boundedness lemma, there is x < w, such that || f(b)|| < « for all b € . 1”. Hence 
let be. be such that {||b, || :n € @} =S qa. Then o * b is a play won by 
player II, and hence o cannot be a winning strategy for I. 

Now the lemma follows: Let S <w,. By AD, player II has a winning 
strategy t in the Solovay game. For each a, let g(a) be the b € .{” such that 
<a(0), b(0), ...>5 = at. It follows that for each a e WO, 


laleS iff — An(a = (9(a)),) 
and consequently the set {x e WO: ||x|| € S} is Ij. @ 


We can now complete the proof of Theorem 103a. If X < w,, then X € L{a] 
for some a © w. Since §, is a measurable cardinal, a* exists, and it follows that 
either X or w,; — X contains a closed unbounded subset (see Exercise 30.3). 
Thus the closed unbounded filter over w, is an ultrafilter. 

By the countable axiom of choice, the closed unbounded filter is o- 
complete, and we therefore conclude that AD implies that the closed un- 
bounded filter over w, is the unique g-complete normal ultrafilter over w,. 


Proof of Theorem 103b. We shall now show that, assuming AD, &, is a meas- 
urable cardinal. For each x € . 1’, let f(x) denote the successor cardinal of the 
(real) cardinal &, in L{x]: 


f(x) = ((81)7 


If x < @, then because x* exists, f(x) is an ordinal less than 8. Moreover, 
if x = y, then f(x) = f(y), and hence f_ ,(X) is =-closed for each X ¢ w,. Thus 
let us define an ultrafilter U over @, as follows: 


U={X Ca, :f_,(X)e F3 


We wish to show that U is an %,-complete nonprincipal ultrafilter over w. 
Since #,, is o-complete, U is c-complete. It is also easy to see that U is nonprin- 
cipal: If « <q, and f(x) =a, then there exists S < w, such that « is not a 
cardinal in L[S]; then by the corollary of Lemma 43.7 there is y € . 1° such that 
x € L[y] and f(y) > «. Hence f_ ,({«}) does not contain a cone. 

It remains to show that U is %,-complete. Since U is ¢-complete, it suffices 
to show that if 


is a descending sequence of subsets of w, such that each f_ ,(X,) contains a 
cone then f_,(()\,< , Xx) Contains a cone. 

Let us consider such a sequence (43.12), and let X = /),<, X1. We shall 
use the following game: Player I plays a = <a(0), a(1), ...>, and II plays 
b = <b(0), b(1), ...>. If a ¢ WO, then I loses; if ae WO and |\al| = , then II 
wins just in case cone(b) < f_ ,(X,). 
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We claim that I does not have a winning strategy in this game: Ifo is a 
winning strategy for I, then the set of all ae.‘° that I plays by o against all 
possible b € . 1°, is a L} subset of WO and hence there is « such that ||a|| < « for 
all these a’s. Now II can beat I simply by playing some b €.{° such that 
cone(b) < f_ ,(X,). 

Thus II has a winning strategy t, and we intend to show that f_,(X) 
contains the cone {x € . 1°: t € L[x]}. Let « <@, and let x €. 1” be such that 
t € L{x]; we want to show that f(x) € X,. 

Let P, be the standard notion of forcing that collapses a onto w: The 
conditions are finite sequences of ordinals less than «. Since N , is inaccessible in 
Lx], L{x] has only countably many subsets of P,, and therefore there exists an 
L{x]-generic filter G on P,. Let a € WO be such that |a|| = « and that Lfa] = 
LG] and let y € . 1” be such that L[y] = L{x][G] = L{x][a]. 

Since G is generic on P, over L[x], all cardinals in L[x] greater than « are 
preserved in L{x][G]. In particular, (Ny) is preserved and hence f(y") = f(x). 

Now if I plays a = <a(0), a(1), ...> and if II plays against a by his winning 
strategy t, II produces b = ¢b(0), b(1), ...> such that cone(b) < f_,(A,). But 
since be L{t, a] and te Lx], we have be L{x, a] = L{y] and therefore 
y €cone(b). It follows that f(y)¢ X,; and because f(x)=f(y), we have 
f(x) € X,, as we wanted to prove. 

This completes the proof of Theorem 103b. @& 


Already Theorem 103 indicates that AD is a very strong large cardinal 
axiom: The fact that the closed unbounded filter over w, is an ultrafilter has 
alone strong consequences, namely existence of models with many measurable 
cardinals. The AD also implies existence of a model of ZFC having a measur- 
able cardinal that is a limit of measurable cardinals. And \, and N, are not the 
only measurable cardinals if AD holds: There are many more measurable 
cardinals (but not N3; all N,, 3 << are singular and have cofinality \,; 
the next two measurable cardinals are \,,,, and \,, 2). 


Projective Determinacy 


Since the assumption that the game G, is determined for every A C.{ is 
inconsistent with the axiom of choice, and perhaps too strong to be plausible, it 
is natural to ask whether one can assume that G, is determined whenever A is a 
simple set; ie., if A is definable or has a simple structure. One immediate 
observation is that all open games are determined. 


Lemma 43.8. If A <. 1° is an open set, then Gy, is determined. 


Proof. Player I plays (ag a, -::>, player II plays <byb, --->, and I wins just in 
case (ayb 9a, 5, -*:> € A. Let us assume that player I does not have a winning 
strategy, and let us show that II has a winning strategy. The strategy for II is as 
follows: When I plays ao, then because I does not have a winning strategy, 
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there exists by such that the position (ay b> is not yet lost for II. That is, I does 
not have a winning strategy in the game G/””” that starts at (ay by), in which I 
plays <a,a,-->>, II plays ¢b,b,--->, and in which I wins just in case 
{ap bp a,b, DE A. 

Let II play such by. When I plays a,, then again, because II is not yet lost at 
{do bo», there exists b, such that II is not yet lost at (ag by a; by. Let II play 
such b,. And so on. We claim that this strategy for II is a winning strategy. 

Let x = (ao bg a, b, ---> be a play which II plays by the above strategy; we 
want to show that x ¢ A. If xe A, then because A is open, there is 
S = (dy bg: a,b, > < x such that U, < A. But then it is clear that II is lost at s; 
a contradiction. 


The same argument (interchanging the players) would show that every 
closed game is determined. Or, we can show that every closed game is 
determined as follows: If A is closed, then } has a winning strategy in G , if and 
only if there is aj € N such that II does not have a winning strategy in the open 
game G% in which II makes a first move bo, then I plays a,, etc., and II wins iff 
{do bp a; «**> is in the open set .V — A. Since G% is determined for all ay € N, 
G,, is determined. 

A similar argument shows 


Exercise 43.3. Let n > 0. If G, is determined for every L} set A, then G, is determined 
for every II} set A, and vice versa. 


A useful conjecture for descriptive set theorists is the axiom of projective 
determinacy (PD) which states that G, is determined for all projective sets 
Ac.¥. Unlike AD, the axiom PD does not seem to contradict the axiom of 
choice. 

The reason projective determinacy is so useful in descriptive set theory is 
that it enables one to prove various properties of projective sets and decides 
various questions on projective sets which are undecidable in ZF + DC. For 
instance, the proof of Theorem 102 shows that PD implies that all projective 
sets are Lebesgue measurable, have the Baire property, and are either count- 
able or contain a perfect subset. Another application of PD is a generalization 
of the uniformization theorem (Theorem 97): if PD holds then every IT},4, 
relation can be uniformized by a I1},,, function. A similar generalization 
applies to the reduction principle (cf. Exercise 40.3). 

Let us say that all £} (M1, A}) games are determined if G , is determined for 
every L) (I}, A}) set A <./. The following two theorems solve the problem of 
determinacy of Borel and analytic games. 


Theorem 104 (Martin). All Borel games are determined. 


Theorem 105. All analytic games are determined if and only if x* exists for all 
xoWw. 
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Corollary. If there exists a measurable cardinal, then all analytic games are 
determined. 


[The “if” part of Theorem 105 is due to Martin, the “only if” part is due to 
Harrington.] 

Theorem 105 shows that PD is essentially a large cardinal axiom. In fact, it 
is known that determinacy of A} games implies existence of a model with many 
measurable cardinals (a measurable cardinal that is a limit of measurable 
cardinals). Consistency of PD is an open problem; the best result to date is this 
theorem of Martin: A} determinacy follows from the existence of an elementary 
embedding j: V — M with the property that *M ¢ M for every 4 < sup{k, j(k), 
i(i(k)), ...}, where « is the least ordinal moved. (Compare this with Exercise 
28.9 and the concluding remark in Section 33.) 

Theorems 104 and 105 are stated here without proof. I shall prove only the 
corollary of Theorem 105; the proof can be converted without much effort into 
a proof of the “if” part of Theorem 105. The proof features an important 
technique of determinacy, the use of an auxiliary game. 

Let x be a measurable cardinal and let A < .V be an analytic set. We want 
to show that the game G, is determined. 

Let us use the tree representation of analytic sets. There is a tree T © Seq, 
such that for all xe. 7, 


x€A « T(x) is not well-founded 


(see (40.23)). Let < be the linear ordering of the set Seg that extends the partial 
ordering >: Ifs, t € Seg, then s Xt either ifs 2 ¢, or ifs and t are incompatible, 
and s(n) < t(n) where n is the least n such that s(n) # t(n). Thus (see 40.26) 


x€A ++ T(x) is not well-ordered by < 


We also recall that T(x) = {t: (s, t)€ T for some s € Seq} and that the first n 
levels of T(x) depend only on x(n). For s € Seq, we let 


T(s) = {t: (u, t) € T for some uC s} 


then T(xX(n)) is exactly the first n levels of the tree T(x). We need some further 
notation. Let to, t,, ..., f,, ... be an enumeration of the set Seq. If s € Seq isa 
sequence of length 2n, let K, be the finite set {to, ...,t,-1} © T(s) and let k, be 
the size of K,. 

We shall now define an auxiliary game G*: Player I plays natural numbers 
Qo, 4, 42, ..., and player II plays pairs (bp, ho), (by, 1), (b2, hz), ... where bo, 
b,, b>, ... are natural numbers, and for each n, h,, is an order-preserving map- 
ping from (K,, ) into x where s = (ao, bo, ..., a,, b,>, Such that hy Sh, S 
h,<-:-Ch,&---. If player II is able to follow these rules throughout the 
game, then he (or she) wins. Otherwise, I wins. 

It is clear that the game G* is determined: If I does not have a winning 
strategy, then he cannot prevent II from following the rules and thus II has a 
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winning strategy, namely his each move is to reach a position in which I does 
not have a winning strategy. (The argument is the same as in the proof of 
determinacy of open games; in fact, G* is an open game in a suitable topology.) 

If II wins a play in the game G*, then he has constructed an order- 
preserving mapping h = | _)*.9 h, of (T(x), <) into x, where x = (ag, bo, ay, 
by, ...>; hence  well-orders T(x) and so x ¢ A. Thus we can view the game G* 
as a variant of G,, but more difficult for player II: II tries to make sure that 
x ¢ A, and in addition, he tries to construct an embedding of (T(x), <) in x. 
Hence it is fairly obvious that if II has a winning strategy in the game G*, then 
II has a winning strategy in G,: If t* is a winning strategy for II in G*, let t be 
as follows. When I plays ao, let t((a9>) = bo where (bo, ho) = t*(ap>); then 
when I plays ay, let t(<ap by a, >) = b, where (by, hy) = t*(<ao, (bo, ho), 41>); 
etc. 

Since G* is determined, it suffices to prove the following lemma in order to 
show that G, is determined: 


Lemma 43.9. If I has a winning strategy in G*, then I has a winning strategy in 
Gy, . 


Proof. Let o* be a winning strategy for I in G*. After 2n + 2 moves, the players 
have produced a sequence s = dy, bo, ..., d,, b,>, and II has constructed 
order-preserving functions hy © --: Ch,; the strategy o* then tells player I 
what to play next. Let E be the range of h,; E is a finite subset of x, and in fact 
its size is k,. We observe that there is one and only one way II could have 
constructed hg, ..., h, so that ran(h,) = E; the reason is that h, is the unique 
order-preserving one-to-one function between (K,, <) and E. Thus o* depends 
(as long as II plays correctly) only on s € Seq and the finite set E ¢ x. 

For each s € Seq of even length, let F, be the following function from [x]*: 
into @: 


(43.13) F,(E) = o*(s, E) 


Each F, is a partition of [x]** into w pieces; and because x is measurable, there 
exists a set H © x of size x homogeneous for each F,. Let us denote by o(s) the 
unique value of F,(E) for E € [H]*. 

We shall complete the proof by showing that a is a winning strategy for I in 
the game G,. Let x = (ay by a, b, «--> bea play in which I plays by o. We shall 
show that x € A. 

Assume that on the contrary, x ¢ A. Then (T(x), <) is well-ordered and has 
order-type <,. Since H is uncountable, there exists an embedding h of 
(T(x), <) into H. Let us consider the following play of the game G*: I plays ao. 
Then II plays (bo, ho) where ho is the restriction of h to K ,a5,)- Then I plays a, 
and II plays (b,, h,) where h, is restriction of h to K cagb,a,b,)- And so on. 

We show that in this play, player I plays by the strategy o*. Clearly, 
Ay = 0(G) = o*(S, SD). Then a, = o(<ao, bo»), and by the definition of o it is 
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clear that o(<ao bo») = o*(<ag bo», h[K cagboy]) and therefore a, is a move 
according to o*. And so on: All the moves ao, a, ..., d,, ... are by a*. 

This is a contradiction because o* is a winning strategy for I in G*, but the 
play we described is won by player II. It follows that x € A and hence a is a 
winning strategy for I in the game G,. 


This completes the proof of £} determinacy assuming a measurable 
cardinal. This assumption can be weakened to the assumption that x* exists 
for all x < w. The above proof is then modified as follows: We play the auxil- 
iary game as before; x is an uncountable cardinal. The definition of the auxil- 
lary game is absolute for the model L[T], and it follows that either I or II has 
a winning strategy for G*, which is in L[T]. In particular, in Lemma 43.9, we 
may take o* € L{T]. Then the collection {F,: s € Seq}, where F, is defined by 
(43.13), is in L[T], and an indiscernibility argument shows that there is an 
uncountable set H ¢ x of indiscernibles for L[T] such that each F has the same 
value for all E € [H]*. The rest of the proof is the same. 


44. SOME APPLICATIONS OF FORCING IN 
DESCRIPTIVE SET THEORY 


This last section contains several consistency results in descriptive set 
theory. Since we use Martin’s axiom and generic models, we work again in set 
theory with the axiom of choice. 


Some Consequences of Martin’s Axiom 


Theorem 106 (Martin-Solovay). If Martin’s Axiom holds, then the union of less 
than 2° null sets is null, and the union of less than 2*° meager sets is meager. 


Corollary 1. If MA holds, then both the algebra of Lebesgue measurable sets and 
the algebra of sets with the Baire property are 2*°-complete, and moreover, 
Lebesgue measure is 2*°-additive, i.e., if k <2*° and A,, « <x, are pairwise 
disjoint, then 


ean Ha) = 2000 


a<K a<K 


[See (27.10) for the definition of the sum on the right-hand side of (44.1).] 


Corollary 2. If MA holds and if 2*° > &,, then every £3 set is Lebesgue measur- 
able and has the property of Baire. 


To deduce Corollary 1 from the theorem, we prove by induction on x < 2%° 
that if A,, «<x, are Lebesgue measurable, then A = \),.<, Aq is Lebesgue 
measurable. Given A,, a < x, let B, = A, — \)g<a Ag, for each « < k. The sets 
B, are Lebesgue measurable (by the induction hypothesis), and being pairwise 
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disjoint, all but countably many are null. It follows from the theorem that 
A=\J.<. B, is Lebesgue measurable. The same argument proves (44.1) (see 
also Lemma 27.4), and the property of Baire is analogous. 

As for Corollary 2, we use Lemma 42.7. If A is 24(a), then A is Solovay over 
L{a] (see Lemma 42.11). Since (2%)! = x{4l < &,, it follows that the set of all 
reals that are not random over Lfa] is the union of at most &, null sets, hence 
null (by the theorem). By the corollary of Lemma 42.7, A is Lebesgue measur- 
able. The Baire property is analogous. 


Proof of Theorem 106. First we prove that the union of less than 2*° null sets is 
null. Let « < 2*° and let A,, « <x, be null sets of reals. Let A = | ),<, Ay. In 
order to prove that A is null, it suffices to find, for each ¢ > 0, an open set 
U 2A such that p(U) <e. Let e > 0. 

We apply Martin’s axiom as follows. Let P be the set of all open sets of 
measure < , and let p € P be stronger than q € P if p > q. We claim that the 
notion of forcing (P, =) satisfies the countable chain condition. 

It suffices to show that if W is an uncountable subset of P, then there are 
p,q € W, p # q, such that p(p U q) <«. Let S be the countable set of all unions 
of finitely many open intervals with rational endpoints. If W ¢ P is uncoun- 
table, then there is n € Nand an uncountable Z < W such that p(p) < ¢ — I/n 
for all p € Z. For each p € Z, let p* € S be such that p* ¢ p and p(p — p*) < 
1/n. Since S is countable, there exist p, g € Z, p # q, such that p* = q*. Then 
u(p Uv q) <é. 

For each « < k, let D, = {p € P: A, & p}. Each D, is a dense subset of P: If 
p € P, then since A, is null, there exists an open set g > A, such that p(p) + 
u(q) <6, and hence p U qe D, and pU q 2p. 

By Martin’s axiom, there exists a filter G ¢ P such that G m D, # @ for all 
a<xk.LetU= ) {p: pe G}. It is clear that A ¢ U and it remains to show that 
L(U) < e. We use the well-known fact (easy to verify) that if U = |) {p: pe G}, 
then there is a countable H ¢ G such that U = |) {p: p € H}. Thus if u(U) > ¢, 
there exist p,,..., p, € H such that u(p, U-:: U p,) > &. But this is impossible: 
Since G is a filter on P, we have p U q € G whenever p € G and qe G; thus 
Pp, U''' U p, € G and hence p(p, U «+: U p,) <e. 

This completes the proof that the union of < 2*° null sets is null if MA 
holds. 

In order to show that the union of less than 2%° meager sets is meager, it 
suffices to show that the union of less than 2*° closed rare sets is meager. The 
following lemma will complete the proof: 


Lemma 44.1. Assume Martin’s axiom. Let x < 2®° and let A,, « < Kk, be closed 
rare sets of reals. Let A = \_),<, A,- Then there exists a countable family of dense 
open sets H;, i = 0, 1, 2, ..., such that A is disjoint from (\*.9 H;. 


Proof. We apply Martin’s axiom as follows. Let P be the set of all finite 
sequences of pairs 
Pp = (Ug, Eo), (U,, E;), eee (U,, E,)> 
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such that 
(44.2) (i) each U; is the union of finitely many open intervals with rational 
endpoints; 
(ii) each E; is a finite subset of x; and 
(iii) for each i, U; is disjoint from (),¢£, A 


A condition p’ = ((U5, Eo), ..., (Uin, Em)> is stronger than a condition 
= ((Uo, Eo), ---5 (Uns En)» if 


(44.3) (i) m2>n; and 
(ii) for each i <n, U; > U, and E; 2 E;. 


It is clear that this notion of forcing satisfies the countable chain condition: If 
two conditions have the same Uy, ..., U,,, then they are compatible, and there 
are only countably many sequences (Ug, ..., U,». 

Let I,, k = 0, 1, 2,..., be an enumeration of all open intervals with rational 
endpoints. We let, for each « < x and all i, k =0, 1, 2,... 


(44.4) D,={p:p=<(Uo, Eo), ...,(U,, E,)> and « € E; for some i < n} 


Ey = {p: p = ((Uo, Eo), .--, (Un, E,)> and U; 0 I, # @} 


Since each A,, a < x, is rare, it is clear that for all i and k, every condition can 
be extended to a condition p € E,,, and hence each E;, is dense in P. Also, each 
D,, is dense in P. 

By Martin’s axiom, there exists a filter G S P such thatG m D, # @ forall 
a<xk,andGo E, # @ for all i, k € w. For each i= 0, 1, 2, ..., we let 


H, = (J {U;: (4p €G) p =<..., (Uj, Ei), ---)} 


Since E;, is a dense set of conditions, for all k, H; is a dense open set of reals. 

Now if « < x, then because D, is dense, there exists i € w such that H; is 
disjoint from A,, and hence A, is disjoint from (\f.9 H;. Therefore A is disjoint 
from (\2o H;. @ 


We showed in Section 27 (Corollary 2 of Lemma 27.9) that if Martin’s 
axiom holds, then 2*° is not real-valued measurable. Using Theorem 106, one 
can get a better result: 


Corollary 3. If MA holds, then there is no real-valued measurable cardinal 
< 2%0, 


Proof. If there is a real-valued measurable cardinal < 2*° then there exists a 
a-additive measure v on R that extends the Lebesgue measure y (see the remark 
following Lemma 27.5). Theorem 106 implies that every set B ¢ R such that 
v(B) > 0 has size 2*°. Using this fact and o-additivity of v, the proof of Lemma 
27.9 shows that there is no 2%scale; but MA implies that a 2%°-scale 
exists. 
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A set of reals A has strong measure 0 if for every sequence ay > a, >°*: > 
a, =°** Of positive reals, there exists a sequence of open intervals I,,, n = 0, 
1,...,such that length (J,,) < a, and that A ¢ |_)o /,,.It is clear that every set of 
strong measure 0 is null, but not every null set has necessarily strong measure 0 
(compare this with Exercise 39.8, where intervals are replaced by finite unions 
of intervals). For instance the Cantor set C (cf. Fig. 4.3) is null but does not 
have strong measure 0; if ag = 4, a, = 4, a, = 4, etc., then C cannot be covered 
with open intervals of lengths ag, a;, a2,.... 


Exercise 44.1. If A © R contains a perfect subset, then it does not have strong measure 
0. 

[Either prove directly, or use the fact that A contains a subset homeomorphic to the 
Cantor set and that a uniformly continuous image of a set of strong measure 0 has 
strong measure 0.] 


Clearly, every countable set has strong measure 0. Martin’s axiom general- 
izes this. 


Exercise 44.2. Martin’s axiom implies that every set A < R of size < 2*° has strong 
measure 0. 

[May assume 2*° > X,. Consider the forcing notion (P, <) = (Seq, >) which 
adjoins a Cohen generic x € °w. Since |A| <2**, MA implies that there is x € °w 
P-generic over every L[a], a € A. Let ro, ri, ..., fn, --. be an enumeration of all rational 
numbers. Given positive reals ag > a; >+*: > a, >°*-, let for each n, I, be the interval 
with center r,,,, and diameter a,. Use the genericity of x to show that a € ‘ohn I, for 
each ae A_] 


While every countable set has strong measure 0, the problem of whether 
only countable sets have strong measure 0 (Borel’s conjecture) is independent of 
ZFC. The following two exercises show that the continuum hypothesis implies 
that there is an uncountable set of strong measure 0; and there is a generic 
model in which no uncountable set of reals has strong measure 0. 


Exercise 44.3. If 28° = &,, then there exists an uncountable set E ¢ R such that for 
every rare set F, E > F is at most countable. (E is called a Luzin set.) More generally, 
MA implies that there is a set E of size 2*° whose intersection with every rare set has size 
<2: 

[Let Fo, Fy, ..., Fx, ..., «<2, be an enumeration of all closed rare sets. Let 
E = {e,: a < 2%}, where for each a, e, ¢ | )p< Fg. Each e, exists; the MA case uses 
Theorem 106.] 


Exercise 44.4. Martin’s axiom (and in particular the continuum hypothesis) implies 
that there is an uncountable set of reals of strong measure 0. 

(Let E be the set from Exercise 44.3. Let aj > a, >-*: > a, >--- be given positive 
reals. For each n, let J, be the interval of length a3, around the nth rational. The set 
U=(\J)®.1,, is open dense and hence E — U is countable, E— U = {xo, Xy, ..., 
X,,---}. For each n, let I,,4, be the interval of length a,,,, around x,.] 
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I shall mention one more consequence of Martin’s axiom. Let @,, be the 
complete Boolean algebra of Borel subsets of the unit interval modulo null sets. 
The algebra @,, does not have a countable dense subset. (To see this, let [A,], 
n= 0, 1, 2,..., be nonzero elements of &,,. For each n, let B, © A, be such that 
0 < »(B,) < 1/2"*?, and let B = | )2» B,. The complement C of B has positive 
measure, and clearly [A,] £ [C], for all n.) 


Exercise 44.5. Martin’s axiom implies that every dense subset of @,, has size 2®°. 

(Let x = 2%. Let x,,« < x, be an enumeration ofall reals. MA implies that for every a, 
{xg : B = a} has positive measure; let K, be a compact subset of {x,: 8 > a} such that 
u(K,) > 0. If @, has a dense subset of size < x, then since x is regular, there exists 
W cx of size x and a set X of positive measure such that X — K, is null for all a e W. 
Hence every finite subset of {K,: a € W} has nonempty intersection and so (Gigs w K, is 
nonempty; a contradiction.] 


In contrast to Exercise 44.5, there is a model of set theory in which &,, has a 
dense subset of size < 2°. 

Recall that a complete Boolean algebra is weakly (w, w)-distributive if it 
satisfies 


00 oO 


ioe >, I] > Unm 


g: a7 n=0 m<gin) 


I] 

n=0 m= 
(see (25.8)). The algebra #, of Borel sets modulo meager sets is not weakly 
(w, w)-distributive (cf. Exercise 25.4). 


Exercise 44.6.* The Boolean algebra Z,, is weakly (w, w)-distributive. 
(Let u,. (n,m = 0, 1, 2, ...) be given. Clearly, the right-hand side is < the left-hand 
side. Conversely, let 0 4 u < LHS, and let r=yp(u). Let g: ww be defined as 


follows: g(n) is such that 
r 
u(u a an} S 5n42 
m<4g(n) 


Then u - ([]Z0 Yn<ain) Yam) # 0. Hence LHS < RHS.] 


(Compare with Lemma 27.9.) 


Two Examples on Measure and Category 


If Martin’s axiom holds and 2*° > &,, then every set of reals of size &, is 
null and meager; in particular, the set R ~ L of all constructible reals is null 
and meager. We shall now give an example of a model where 2*° is large and 
the set R ~ L is not Lebesgue measurable, and another example where 2*° is 
large and R ~ L does not have the Baire property. 


Lemma 44.2. If there exists a nonconstructible real, then: 


(a) RO Lis either null or not Lebesgue measurable. 
(b) RO L is either meager or does not have the Baire property. 
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Proof. We use the fact that both measure and category are preserved under 
translation. 

(a) Let S be the set of all constructible reals in the unit interval [0, 1]. Let a 
be a nonconstructible real. For each n > 0, let S,, be the translation of S by a/n, 
S, = {x + (a/n): x € S}. The sets S, are pairwise disjoint, u(S,) = u(S) for all n, 
and | }*_ S, is a bounded set. It is therefore clear that if S is measurable, then 
u(S) > 0 is impossible. 

(b) Let S be the set of all constructible reals. First we prove that R — S is 
not meager. Let a be a nonconstructible real and let S,= {x +a:x eS}; 
clearly, S 01 S,= @. Thus R=(R-—S) vu (R-S,) v (S 0 S,) = (R—-S) Vv 

(R —S,), and if R — S were meager, then R — S, would also be meager, a 
contradiction. 

It follows that for any nonempty interval J, J — S is not meager: For each 
rational r, let A, ={x+r:xe1—S}; if 1—S is meager, then each 4, is 
meager, and R — S = |) {A,:r rational}. 

If S has the Baire property, then because U — S is not meager for any 
nonempty open set U, S is meager. 


Example I. A model where 2*° > &, and the set of all constructible reals is not 
Lebesgue measurable. 


Let A be a regular uncountable cardinal and let B be the measure algebra 
defined in (34.3); i.e., let (S, ¥, m) be the product measure space, where S is the 
product of A x w copies of {0, 1}, F is the least c-complete field of subsets of S 
containing all {t € S : t(a, n) = 0}, and m is the product measure, and let B be 
the measure algebra, B = ¥/sets of measure 0. 

Let us consider the generic extension of the constructible universe by the 
measure algebra B. As we proved in Section 34, the generic extension L[G] 
satisfies 2*° = J. We shall show that in L[G] the set of all constructible reals is 
not Lebesgue measurable. 

In view of Lemma 44.2, it suffices to show that the set of all constructible 
reals is not null. Thus assume that it is null and let J,, k = 0, 1, 2,..., be an 
enumeration (in L) of all intervals with rational endpoints. Let denote 
Lebesgue measure. 

Assuming that L[G] § u(R > L)=0, there is a B-valued name X for a 
subset of w, and a rational ¢ > 0 such that the Boolean value 


(44.5) 
|| J (i, : k € X} contains all constructible reals, and has Lebesgue measure <e| 


is in G. We may assume, without loss of generality, that the Boolean value 
(44.5) is 1. 
For each k € N, let A, € F be such that 


I|k e X|| = [Ai] 
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Let us consider (in L) the product measure space (R, 1) x (S, ¥, m) with the 
product measure v = yp x m. Let ECR x S be the set 


E= U(x Ay) 
k=0 


We claim that v(E)<e. It suffices to show that for every ko, 
V(e<ko (lk * Ax)) < €. Let kp € N. By (44.5), for every condition a = [A] there 
exists a stronger condition c = [C] and a set Y < ko such that 


ctXnk=Y 


and that u(\)eey 1.) <6. Clearly, [C] <[A,] if ke Y, and [C]-[A,] =0 if 
k € ky — Y and hence 


(44.6) H( Uta x (Ae 0 )) =a( Ut) mic) <0 mic) 
k<ko keY 
Thus the set of all [C] for which (44.6) holds is dense in the algebra B and hence 
| UI, x A,) <eé 
k<ko 


Since v(E) < ¢, the complement of E has positive measure and hence there 
exists, by Fubini’s theorem, a number x € R such that 


m({t eS: (x, t) ¢ E})>0 


It follows that there exists A € ¥ of positive measure such that 


(44.7) (x,t)¢ E, forall te A 
We shall show that 
(44.8) [A] EXE U Uke X} 


thus completing the proof. 

If (44.8) were not true, there would exist some k €¢ N and some C ¢ A of 
positive measure such that x «J, and C + ke X. But then [C] <[A,] and 
hence there is t € C such that (x, t) € E, contrary to (44.7). 


Example II. A model where 2*° > & and the set of all constructible reals does 
not have the property of Baire. 


Let A be a regular uncountable ordinal and let P be the ‘notion of forcing 
that adjoins 1 Cohen reals: A condition is a finite 0,1-function whose domain 
is a subset of A. 

Let us consider the generic extension of the constructible universe by P. In 
L{G], 2®° = A. We shall show that in L[G] the set of all constructible reals does 
not have the Baire property. 

In view of Lemma 44.2, it suffices to show that the set of all constructible 
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reals is not meager. For every S < A (in L), let Ps = {p € P : dom(p) © S}, and 
let GS =GOo Ps. 


Lemma 44.3. If L[G] — R © L is meager, then there exists a countable Sc A 
in L) such that L[Gs] § R © L is meager. 


Proof. Let I,, k € N, be an enumeration of all open intervals with rational 
endpoints. If L{[G]- RL is meager, then there exists a sequence 
<U,,:n€ Ny € L[G] such that for every ne N, L[G] F U,, is dense open, and 
that RA LC |J%5 (R—U,). Let A = {(n, k): 1, S U,}, and let A be a name 
for A. Since P satisfies the countable chain condition, there is a countable S c A 
such that A is r.o.(Ps)-valued. It is easy to verify that if Ui, = U, ~ L{Gs], then 
for each ne N, L[Gs] F Uj, is dense open, and that R A LG | J*_9 (R — U%). 
Thus L[Gs] — Ro Lis meager. @ 


Since Ps is countable, it suffices to prove the following lemma: 


Lemma 44.4. If P is a countable notion of forcing in L and if G is an L-generic 
filter on P, then L[G] — R - Lis not meager. 


Proof. It suffices to show that if @ = <(U,: ne N) is (in L[G]) a sequence of 
dense open sets of reals, then there is a constructible real a such that 
ae()\r_ 9 U,. Let &@ be a name for @ and let us assume, without loss of 
generality, that every condition forces that each %, is dense open. It is enough 
to find (in L) a real number x such that for each nand each p € P, there is q < p 
such that q Xe @,. 

Let t,, k =0, 1, ..., be an enumeration of all pairs t = (n, p) where ne N 
and pe P. Let us construct a sequence I) >I, >-:- 21, 2°-- of closed 
bounded intervals as follows: Let t, = (n, p). Since p  %, is open dense, there 
is an open interval J CI,_, with rational endpoints such that some q < p 
forces J © W,. Let I, S J. The intersection ()\-o I, is nonempty; and if x is in 
it, then for each n and each p € P there is g < psuchthatq *+xeW,. 


A Nonconstructible A}-Set of Integers 


By Shoenfield’s absoluteness theorem, every II} or £3 subset of N is 
constructible. The model presented below (due to Jensen) shows that it is 
consistent with ZFC that there exists a nonconstructible subset of N that is A}. 
(Recall that another example of a nonconstructible Aj subset of N is 0*.) 


Example III. A generic extension of L which has a nonconstructible A} 
subset of N. 


Let us assume the axiom of constructibility, i.e., the ground model is the 
constructible universe L. We shall construct a notion of forcing P such that if G 
is an L-generic filter on P, then L[G] § there exists a nonconstructible A}-set 
ACN. 

The construction is a combination of perfect set forcing (Section 26) and 
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arguments using the ©-principle (Section 22). Let us consider perfect binary 
trees: Seq{0, 1} denotes the set of all finite 0,1-sequences; a nonempty set 
p & Seq{0, 1} is a perfect tree if: (a) if s is an initial segment of t and t € p, then 
s € p; and (b) for every s € p, there exists t > s such that both 1% and tl are 
in p. 

We denote by [p] the set of all branches in p: 


(44.9) aée[p] — ae {0, 1} and Vn(a(n) € p) 


The set [p] is a perfect subset of the Cantor space. 

The stem of a perfect tree is the maximal s € Seq{0, 1} such that for every 
te p, either t © s ors Ct. If pis a perfect tree and ifs € p, we denote by p™ the 
perfect tree 


(44.10) p®={tep:tcsort2s} 


Assume that P is a set of perfect trees, partially ordered by ¢, such that if 
p € Pand s€ p, then p™ € P, and let G be an L-generic filter on P. Then there is 
a unique ae {0, 1} which is a branch in every pe G; and conversely, 
G = {pe P: aisa branch in p}. Therefore L[G] = L[a], and we call a P-generic 
over L. 

A set X CP is a cover (see Exercise 16.4) if for every pe P, there is a 
stronger q € P such that q < x for some x € X. (Clearly, every dense set is a 
cover.) Note that a € °{0, 1} is P-generic over L just in case for every construc- 
tible cover X C P, a is a branch in some x € X. 

Let P x P denote the product of P with itself; i.e. (p’, q') < (p, q) means 
p’ S pand q’ € q. Similarly as for P, a generic filter Gon P x P corresponds to 
a unique pair (a, b) such that for each (p, q) € G, a is a branch in p and b isa 
branch in q. A pair (a, b) is (P x P)-generic over L just in case for every 
constructible cover X ¢ P x P, there is (x, y) € X such that a is a branch in x 
and b is a branch in y. 

When we used perfect sets as forcing conditions in Section 26, we used 
Lemma 26.1 (the fusion lemma) which enabled us to apply the operation of 
fusion to perfect sets. Let T = {T(s): s € Seq{0, 1}} be a collection of perfect 
trees such that for every s, 


(44.11) (a) T(s) is a perfect tree whose stem has length > length(s). 
(b) T(s) < T(s) and T(s°1) < T(s). 
(c) T(s°O) and T(s°1) have incompatible stems. 


If T satisfies (44.11), we say that T is fusionable and we let 


oO 


(44.12) F(T)=(\ U Ts) 
n=0 sen{d, 1} 
For each fusionable T, p = F(T) (the fusion of T) is a perfect tree; and for each 
s, if t is the stem of p, = T(s), then p™ is stronger than both p and p,. 
We shall not use the set of all perfect trees as the notion of forcing; rather 
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we shall construct a set P of perfect trees with the property that if p e P and 
s € p, then p) € P. We shall construct P such that if a is P-generic over L, then 
a is the only P-generic set in L{a], and such that {n € N: a(n) = 1} is (in L[a])a 
A} subset of N. 

We shall construct P as the union of countable sets 


PoSP,S:'SP,SE°"": (x < @;) 
of perfect trees. The construction uses the ©-principle (cf. 22.15): 


(}) There exists an w,-sequence <S,:«<«,) such that for every 
X Sa, the set {a: X m1 « =S,} is stationary. 


By Exercise 22.17, there is a sequence ¢S,: a < w,) that satisfies © such 
that the function a++S, is A, over L,,,; let us fix such a sequence. Also, let us fix 
a A, over L,,, function t that is a one-to-one mapping of L,,, onto @,. 

We shall now construct the sequence Pp © P; ©*:' SP, SG °°: 


(44.13) Po =the set of all p' where po is the full binary tree, pp = Seq{0, 1}, 


and s € po; 
P,= J Pz if@ is a limit ordinal. 
xx 
P,,,=P,UQ,+, where Q,,, is a set of perfect trees defined as 
follows: 


Let P, = {p;: ne q}; and let us consider the <,-least such enumeration. 
Let %, and ¥%, be the following countable collections of subsets of P, and 
P, x P, respectively: 


(44.14) 2X, contains: 


(a) all Q,, B <a, 
(b) all X < P, such that t[X] = S, for some B < a. 


¥, contains: 


(a) Q, x Qz for all B <a; 
(b) all Yc P, x P, such that t[Y] = S, for some B < «. 


There exists a family {T,; n € w} of fusionable collections of elements of P, such 
that: 


(44.15) (a) T,(@) = Pp for all n; 

(b) for every X € Z,, if X is a cover in P,, then for every n € Nand 
every he N, there is k >h such that for each s € *{0, 1}, there 
exists x € X such that T,(s) < x; 

(c) for every Y € Y,, if Yisacover in P, x P,, then for every n, every 
m, and every h there is k > h such that for each s € “{0, 1} and each 
te *{0, 1}; ifeither n # mors # t, then there exists (x, y) € Y such 
that (T,(s), Ta(t)) < (x, y). 
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A family {T,,: n € w} with properties (44.15a-c) is easily constructed because 
X, and Y, are countable. We denote {T;: n € w} the < ,-least such family, and 
let 


(44.16) Q,+1 = {p: p = F(T?) for some n, and s € p} 


We let P = | ),<4, P,. The following sequence of lemmas will show that if 
ae “{0, 1} is P-generic over L, then in L{a] the set {n: a(n) = 1} is A}. 


Lemma 44.5. For each a, 0,4, is dense in P,,,, and Q,,, X Q,4, is dense in 
Piak x Prey 


Proof. It suffices to show that below each pe P, there is some qg € Q,,. If 
pé P,, then p= p; for some n, and ¥(T7,)< 7,(O)=p. @ 


Lemma 44.6. For each «a, if X € %, is a cover in P,, then X is a cover in P,, 1; if 
Y € Y, isacover in P, x P,, then Y is a cover in P,,, X P,4 1. Consequently, if 
X € X, is a cover in P, (if Y € Y, is a cover in P, x P,), then X is a cover in P 
(then Y is a cover in P x P). 


Proof. Let X € X, be a cover in P,; we have to show that for each p € Q,,, 
there is a stronger g € Q,,, Such that q < x for some x € X. Let p = F(T,) and 
let u € p. Let h = length(u). There is k > h such that n and k satisfy (44.15b). 
There is se *{0, 1} such that ue 7,(s); let v be the stem of T,(s). Then 
p") < T,(s) and T,(s) < x for some x € X. 

A similar argument, using (44.15c), shows that if Ye ¥Y, is a cover in 
P, x P,, then Y is a cover in P,,, x P,44. 

Since the sequences %, ,a < w,, and Y,, a < @y, are increasing, it follows by 
induction that X is a cover in every Pz, B < @,, and hence in P. Similarly for 
Y. @ 


Lemma 44.7. P x P satisfies the countable chain condition (and hence P also 
satisfies the countable chain condition). 


Proof. Here we use ©. Let us assume that Y c P x P is a maximal incompat- 
ible set of conditions in P x P and that Y is uncountable. Since each P, is 
countable, it is easy to see that the set of all a<wy, such that 
tLY - (P, x P,)] = t[Y] 0 @,, is closed unbounded (t is the one-to-one func- 
tion of L,,, onto w,). Then it is not much more difficult to see that the set of all 
a <q, such that Y m (P, x P,) is maximal incompatible in P, x P,, is closed 
unbounded (compare this argument with the }-construction ofa Suslin tree in 
L). 

By ©, there exists « such that Y’= Y 1 (P, x P,)isacover in P, x P,and 
that t[Y’] = S,. Therefore Y’ ¢ ¥, and by Lemma 44.6, Y’ is a cover in P x P. 
It follows that Y’= Y. Thus Y is countable. 


574 7. DESCRIPTIVE SET THEORY 


Lemma 44.8. 


(a) Ifa € °{0, 1}, thena is P-generic over Lif and only if for every a < w, there is 
neé Nsuch that a is a branch in F(T;). 

(b) Ifa # b € (0, 1}, then (a, b) is (P x P)-generic over Lif and only if for every 
a < @, there exist n,m € Nsuch that ais a branch in F¥(T;) and b is a branch 
in F(T»). 


Proof. (a) Let a be P-generic and let a < @,. Since Q,,, is dense (hence a 
cover) in P,, , and because Q,,; € %,+1,Q.+1 is a cover in P. By the genericity 
of a, there exists q ¢ Q,,, such that a is a branch in q. But q = p“ where 
p = F(T) for some n and s € p, and clearly a is a branch in p. 

Conversely, let us assume that the condition is satisfied. Let X ¢ P be 
maximal incompatible; we wish to show that a is a branch in some x € X. By 
Lemma 44.7, X is countable, and (by the proof of Lemma 44.7) there is a such 
that X e %,. Let ne N be such that a is a branch in F(T>). 

By (44.15b), there is k € N such that each T,(s), s € “{0, 1}, is stronger than 
some x € X. Since a is a branch in A(T,), it is clear that there is a unique 
s € {0, 1} such that a is a branch in T,(s). But if x € X is such that T,(s) < x, 
then a is also a branch in x. 

(b) The proof that the condition is necessary is analogous to (a). Thus let us 
assume that the condition is satisfied and let Y < P x P be maximal incompat- 
ible; we want to find (x, y) € Y such that a is a branch in x and b is a branch in 
y. Again, there is a such that Y e &,. Letn and m € Nbe such that ais a branch 
in F(T;) and that b is a branch in ¥(T;,). 

Let h e Nbe such a(h) # b(h); by (44.15c), there is k € N such that for each 
s, te 0, 1}, if either n#m or s#t, then (T,(s), T,(t)) < (x, y) for some 
(x, y) € Y. There is a unique pair s, t such that a is a branch in T,(s) and b is a 
branch in T,,(t): It is clear that either n 4 m or s # t. Then a is a branch in x 
and b is a branch in y where (x,y) is some element of Y such that 
(T,{s), Ta(t)) < (x, y). 


Corollary 1. If a and b are P-generic over L and a#b, then (a,b) is 
(P x P)-generic over L. @ 


Corollary 2. If ais P-generic over L, then L{a] § ais the only P-generic x over L. 


Proof. If a # b and if both a and b are P-generic over L, then by the product 
lemma 20.1, b is a P-generic over L[{a] and hence b¢ L{a]. @ 


Lemma 44.9. The set H = {a: a is P-generic over L} is 1, over HC. 


Proof. It follows from the construction of P that the function a+ (Tj: n € w> 
is A, over L,,.. Since Lot is a X, set over HC, the function is A, over HC. By 
Lemma 44.8, 


aeH «+ (Va <a) (an € w) [a is a branch in ¥(T?)] 
and hence H is II, over HC. @ 
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Corollary. If ais P-generic over Land if A = {n € N: a(n) = 1}, then L{a] F Ais 
a A} subset of N. 


Proof. We have in L{a]: 
(44.17) né€eA @ (i4€./) [ae HAa(n) = 1] 
~ (Vae.V) [ae H a(n) = 1] 


By Lemma 41.1, since H is TI, over HC, it is a IT} subset of .”. Hence (44.17) 
shows that Ais A}. 


A Long IT} Well-Ordering 
By Theorem 100, every 2} well-ordering of a set of reals has order-type less 
than w, . The model given below (due to Harrington) shows that it is consistent 
with ZFC that there exists a 11} well-ordering of a set of reals whose order-type 
is as large as prescribed. 


Example IV. A generic extension of L having a II} well-ordering of a set of 
reals of order type >w,. 


A long II} well-ordering is obtained as follows: Let 6 be an arbitrary 
ordinal. First we extend the constructible model generically by adjoining at 
least 6 Cohen reals: in L[G], 2° > 6. In Mt= L[G] (which has the same 
cardinals as L), we consider a well-ordering A&R x R whose order-type 
is 0. The following lemma then shows that there is a generic extension I{H] of 
M, with the same cardinals, in which A is a TT} relation. Thus in I[H], there is 
a IT} well-ordering of a set of reals of order type 0. 


Lemma 44.10. Let tbe a model of ZFC such that w?' = wi. Let A be (in M) a 
subset of “w. There is a generic extension of 9 that preserves all cardinals and 
in which A is a I} set. 

The generic extension will be obtained by a two-step iteration of forcing, 
and both steps will use a variant of the almost disjoint forcing introduced in 
Sections 23 (Lemma 23.10) and 26 ((26.1)-(26.3)). 

Let {s, : n € w} be an arithmetical enumeration of the set Seq. If x €. 1’, let 


(44.18) S(x) = {neéw:s, < x} 


Each S(x) is an infinite set; and if x # y, then S(x) 7 S(y) is finite. Thus 
{S(x): x €.} is an almost disjoint family of subsets of w. 

With each X < °w we associate the following notion of forcing Py: A 
condition is a pair p = (u, E) where u is a finite subset of w, and E is a finite 
subset of X. A condition (uz, E,) is stronger than (u,, E,) if 


(44.19)  E, E,, uy; Guy, and for every x € Ey, S(x) Nu, S yy. 


Note that if (u, E) and (v, Fare compatible, then (u U v, E U F) is a condition. 
Also, if (u, E) and (v, F) are incompatible, then u # v; and since there are only 
countably many w’s, P, satisfies the c.c.c. 
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Let G be a generic filter on P,, and let 
(44.20) a={néw:neu for some (u, E) € G} 


It is easy to see that G = {(u, E)e Px: for every xe E, S(x) 1 acu} and 
hence I[G] = Mia]. 

If x € X, then the set of all (u, E) such that x € E is dense in Py and hence 
there is (u, E) € G such that x € E. Since S(x) © v & u for every stronger condi- 
tion (v, F) < (u, E), it follows that S(x) ~™ a <u and hence S(x) - a is finite. 

If x € °w — X (in the ground model), then for every condition (u, E) and 
every k € w there is n > k such that n € S(x) and that (u U {n}, E) is stronger 
than (u, E); namely, since S(x) > S(y) is finite for every y € E, we take n >k 
such that n € S(x), and n ¢ S(y) for all y € E. It follows that S(x) 7 a is infinite. 

Thus we have shown that for every x € °w in the ground model, 


(44.21) xeX iff  S(x) ais finite 


Let Ibe a model of ZFC such that w?' = wi, and let A € Mbea subset of 
°w. We consider first the notion of forcing P that is the product of &, copies of 
P,: A forcing condition is a sequence P = <p, : « < w,> such that: 


for each a, p, € P4, and {a: p, # (@, @)} is finite. 


A condition <p, :«<@,> is stronger than <q,:«<@,) if for each a, p, is 
stronger than q,. 

It is easy to see that the product of a finite number of copies of P , satisfies 
the countable chain condition; hence by Lemma 23.11, P satisfies the c.c.c. Let 
G be an M-generic filter on P and let for each a < w,, G, = {p,: p € G}, and 


(44.22) a, = {né€ w:ne u for some (u, E) € G,} 
Clearly, 
MG] = ML <a, : a < w,)] 
Lemma 44.11. 92[G] satisfies that for every x € °w, 
(44.23) xeA iff (Wa <@,) S(x) - a, is finite 


Proof. If x € A, then for every a, G, is an Nt-generic filter on P,, and hence by 
(44.21), S(x) 7 a, is finite. 

If x € °w — A, then, because P satisfies the c.c.c., there exists « < w, such 
that x € Wag: B <a>]. Then (by the product lemma 20.1) G, is an 
Mag: B < a>]-generic filter on P,, and since x ¢ A, (44.21) implies that 
S(x) - a, is infinite. 


Let <d,,:%<@, and néw) be.a constructible one-to-one sequence of 
constructible reals. Moreover, let us choose the sequence so that the function 
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(a, n)rod,, is A, over L,,,. In MG] let 
(44.24) B= {d,,:n € a,} 


and let us consider, in 9[G], the notion of forcing P,. 
Let H be an Y[G]-generic filter on Pg and let 


(44.25) a={néw:neu for some (u, E) € H} 
For every x € °w in IN[G], we have 

xeB iff  S(x) n ais finite 
and therefore, for every a < w, and every n € w, we have 
(44.26) nea, iff S(d,,) © ais finite 


It follows from (44.26) that <a,:«<w,>¢ Ma] and therefore 
M[G][H] = Mia]. 


Lemma 44.12. [a] satisfies that for every x € °w, 
(44.27) xEA iff (Va <a@,) S(x)- Q, is finite 


Proof. If x € A, then S(x) > a, is finite for every «, by (44.23). Thus it suffices to 
show that if x € W[a] is such that x € °w — A, then S(x) - a, is infinite for 
some «. 

The model [a] = IW[G][H] is obtained from Wt by a two-step forcing, first 
using P and then Pg. We note that the model [a] can be obtained as a generic 
extension via the following notion of forcing: 

For each a < @,, let a, be the canonical r.o. P-valued name for a,. Let Q be. 
the set of all pairs (p, q) such that: 


(44.28) (i) pe P; 
(ii) q = (u, E) where wis a finite subset of w and E is a finite subset of 
@, X w such that for every (a, n)€ E,p thea,. 


A condition (p’, (u’, E’)) is stronger than (p, (u, E)) if p’ < p and for every 
(a, n) € E,u' A S(dyq) & u. 

Since B = {d,,:n€a,}, it is clear that the generic extension by Q corre- 
sponds to the two-step extension by P and P,. 

The following is a trivial but important observation: If (p, q) and (p, q) are 
conditions in Q and if p= <(u,, E,):«<@,>, P= <(i,, E,):4<)), 
q=(u, E) and q=(u, E); and if (p,q) and (p,q) are compatible, then 
(<(u, U a,, E, U E,):a<@,>, (4 UG, Eu E)) is a condition in Q; let us 
denote this condition (p v p, qv q). 

Let x be an r.o. Q-valued name for an element of °w. For each n € a, let W, 
be a maximal incompatible set of conditions in Q that force ri € S(x). Since Q 
satisfies the c.c.c., each W, is countable and therefore there exists « < w, such 
that for every n € w and every (p, q) € W,, p, = (DW, @). 
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We shall show that for every (p, q) € Q that forces x ¢ A and for every 
k €q, there exists a stronger condition (p’, q') and n> k such that (p’, q’) t 
He S(x) \a,. Let (p, q) € Q be such that (p, q) t x ¢ A, and let kew. 

Let p, = (u,, E,) be the ath coordinate of p. If y € E,, then (p, q) tt x # J, 
and hence (p, q) + S(x) © S(j) is finite. Hence there is n > k such that n ¢ S(y) 
for all y € E, and such that (p, q) does not force vi ¢ S(x). Thus there exists 
(p, q) € W, that is compatible with (p, q). By the important remark that we 
made earlier in the proof, (p v p, q v q) is a condition, and forces ri € S(x). Since 
(p, 7) € W,, the ath coordinate of p is (@, @), and hence the ath coordinate of 
(PV B, qv 4) iS Py = (uy, Ex). 

Let (p’, q’) be the condition obtained from (p v p, q v q) by changing the ath 
coordinate from p, = (u,, E,) to p, = (u, v {n}, E,). Clearly, p, is a stronger 
condition than p, (in P,4) and hence (p’, q') <(pvp, qvq). Moreover, 
(p', q') + He a,, and therefore (p’, q’) t He S(x) 7 a,. 

Thus we have shown that if x € °w — A, then S(x) - a, is infinite. Wi 


Lemma 44.13. In Wa] the set A is T13(a). 


Proof. First we recall that the function («, n)++d,, is A, over HC. Then we use 
(44.26) to show that the function ara, is A, in the parameter a over HC: 


y=a, © (Wnew)[ney © S(d,,) 7 a is finite] 
Hence by (44.27), A is 1, in a over HC: 
xEA + Va(S(x) - a, is finite) 
By Lemma 41.1, A is a I1}(a) subset of °w. 
This completes the proof of Lemma 44.10. 


HISTORICAL NOTES AND 
GUIDE TO THE BIBLIOGRAPHY 


CHAPTER 1 


Set theory was invented by Georg Cantor. The first attempt to consider infinite sets is at- 
tributed to Bolzano (who also introduced the term Menge). It was however Cantor who realized 
the significance of one-to-one functions between sets and introduced the notion of cardinality of a 
set. Cantor originated the theory of cardinal and ordinal numbers as well as the investigations of 
the topology of the real line. Much of the development in the first four sections follows Cantor's 
work. The main reference to Cantor’s work is his collected works, Cantor [1932]. Another source of 
references to the early research in set theory is Hausdorff’s book [1914]. 

Cantor started his investigations in [1874], where he proved that the set of all real numbers is 
uncountable, while the set of all algebraic reals is countable. In [1878] he gave the first formulation 
of the celebrated continuum hypothesis. 


Section 1 
The axioms for set theory (except Replacement and Regularity) are due to Zermelo [1908]. 
Prior to Zermelo, Frege attempted to axiomatize set theory, using the false comprehension schema; 
Zermelo formulated his axioms following the discovery of several paradoxes by Burali-Forti, 
Cantor, Russell, and Zermelo. The Replacement schema is due to Fraenkel [1922a] and Skolem 
(see [1970, pp. 137-152]). 
Exercises 1.12 and 1.13: Tarski [1925a]. 


Section 2 


The theory of well-ordered sets was developed by Cantor, who also introduced transfinite 
induction. The idea of identifying an ordinal number with the set of smaller ordinals is due to 
Zermelo and von Neumann. 


Section 3 


Cardinal numbers and alephs were introduced by Cantor. The proof of the Cantor-Bernstein 
theorem is Bernstein's; see Borel [1898, p. 103]. The first proof of 8, - S, = S, appeared in Hessen- 
berg [1906, p. 593]. Regularity of cardinals was investigated by Hausdorff, who also raised the 
question of existence of regular limit cardinals. D-finiteness was formulated by Dedekind. 
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Section 4 


Theorems 10 and 11 are due to Cantor. The construction of real numbers by completion of the 
rationals is due to Dedekind [1872]. 

Theorem 13: Baire [1899]. 

Theorem 14: Cantor, Bendixson [1883]. 

Exercises 4.3, 4.4, 4.5a: Cantor. 

Suslin’s problem: Suslin [1920]. 


Section 5 


The axiom of choice was formulated by Zermelo, who used it to prove the well-ordering 
theorem in [1904]. The present form of the Kuratowski-Zorn lemma is as in Zorn [1935]; for a 
related principle, see Kuratowski [1922]. (Hausdorff in [1914, pp. 140-141] proved that every 
partially ordered set has a maximal linearly ordered subset.) The principle of dependent choices 
was formulated by Bernays in [1937-1954, III]. 

Exercise 5.1: Felix Bernstein. 


Section 6 


K6nig’s theorem appeared in J. Konig [1905]. Theorem 18 was found independently by 
Bukovsky [1965] and Hechler. The discovery that cardinal exponentiation is determined by the 
gimel function (Theorem 20) was made by Bukovsky; cf. [1965]. The inductive computation of S** 
is as in Jech [1973b]; that paper also investigates properties of the gimel function. 

Exercise 6.6: L. Patai. 

Hausdorff’s formula (6.18): Hausdorff [1904]. 

Exercise 6.8: Tarski [1925b]. 

Exercises 6.15 and 6.19: Jech [1973b]. 

Inaccessible cardinals were introduced in the paper by Sierpinski and Tarski [1930]; see Tarski 
[1938] for more details. 


Section 7 


The notion of filter is, according to Kuratowski’s book [1966], due to H. Cartan. The ultrafilter 
theorem was first proved by Tarski in [1930]. Fodor’s theorem appeared in Fodor [1956]. 

Reduced products were first investigated by os in [1955]; see Section 28. Lemma 7.6 is a 
special case of Theorem 85 of Solovay proved in Section 35. 

Exercise 7.12: Friedman [1974]. (For related problems, see Prikry and Solovay [1975]). 

Mahlo cardinals are named after P. Mahlo, who in 1911-1913 investigated what we call weakly 
Mahlo cardinals. 


Section 8 


Theorem 23 is due to Silver. Silver’s proof [1974] combines forcing with the ultrapower 
method; see Section 35. An elementary proof was subsequently found by Baumgartner and Prikry 
[1976, 1977] and Jensen. The combinatorial argument of Baumgartner and Prikry was extended by 
Galvin and Hajnal in [1975] to obtain Theorem 24. The proof of Lemma 8.7 is a modification of 
Galvin-Hajnal’s method. 

Lemma 8.5: Erdés, Hajnal, and Milner [1968]. 

Models where the singular cardinals hypothesis fails have been constructed by Magidor, cf. 
[1977b] and [1977c]. 


Section 9 


The axiom of regularity was introduced by von Neumann in [1925], although a similar prin- 
ciple had been considered previously by Skolem (see [1970, pp. 137-152]). The transitive collapse is 
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defined in Mostowski [1949]; see Theorem 28 in Section 11. Induction on well-founded relations 
(Theorem 25’) was formulated by Montague in [1955]. 


Appendix 


The axiomatic system BG was introduced by Bernays in [1937-1954, I] and used by Godel in 
his consistency proof [1940]. Shoenfield’s result was published in [1954]. 
For more references on the history of axioms of set theory consult Fraenkel et al. [1973]. 


CHAPTER 2 


The main results, namely consistency of the axiom of choice and of the generalized continuum 
hypothesis, are due to Kurt Gédel, as is the concept of constructible sets. The results were an- 
nounced in [1938], and an outline of proof appeared in [1939]. Gédel’s monograph [1940] contains 
a detailed construction of L and the proof that L satisfies AC and GCH. 


Section 10 


For concepts of model theory, the history of the subject and for model-theoretical terminology, 
I refer the reader to Chang and Keisler’s book [1973]. The impossibility of a consistency proof of 
existence of inaccessible cardinals follows from Gédel’s theorem [1931]. An argument that more or 
less establishes the consistency of the axiom of regularity appeared in Skolem’s work in 1923 (see 
[1970, pp. 137-152]). 

Exercise 10.6: Montague and Vaught [1959]. 


Section 11 


The investigation of transitive models of set theory was of course motivated by Gédel’s 
construction of the model L. The first systematic study of transitive models was done by Shepherd- 
son in [1951-1953]. Bernays in [1937-1954, I], employed a finite number of operations on classes to 
give a finite axiomatization of BG (see Exercise 11.9). Theorem 31 is explicitly stated by Hajnal in 
[1956]. 

The collapsing theorem 28 appeared in Mostowski [1949]. The reflection principle was in- 
troduced by Montague; see [1961] and Lévy [1960a]. 

Exercise 11.2: Galvin. 


Section 12 


In [1939] Gédel defined constructible sets using L,, , = {all subsets of L, definable over L,}; in 
[1940] he used finitely many operations (and worked in the system BG). 
Exercise 12.5: The J, hierarchy was used by Jensen in [1972]. 


Section 13 
Both Theorems 33 and 34 are due to Gédel. 


Section 14 


The =, hierarchy was introduced by Lévy in [1965b]. Lévy proved in [1965b] Theorem 36 (the 
absoluteness lemma), using the principle of dependent choices and Shoenfield’s absoluteness 
theorem (Theorem 98 in Section 41)—see Exercise 41.5; the present proof is due to Barwise and 
Fisher [1970]. 

Another result of Lévy [1965] is that the truth predicate §,,, is Z,,, (Exercise 14.20); for 
Tarski’s theorem, see, e.g, Tarski [1939]. 
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Karp’s paper [1967] investigates 2, relations and gives a detailed computation verifying that 
constructibility is Z,. Primitive recursive functions appear in Jensen and Karp [1971]. The charac- 
terization of the sets L, as transitive models of a single sentence a is a result of Boolos [1970]. 

Exercises 14.23 and 14.24: Jensen [1972]. 


Section 15 


Relative constructibility was investigated by Hajnal [1956], Shoenfield [1959] and most gen- 
erally by Lévy [1957] and [1960b]. 

Lemma 15.1: Vopénka and Balcar [1967]. 

Lemma 15.2 and Exercise 15.10: Lévy [1957] and [1960b]. 

Exercise 15.16: see Theorem 98. 

The concept of ordinal definability was suggested by Gédel in his talk [1946]; the theory was 
developed independently by Myhill and Scott in [1971] and by Vopénka, Balcar, and Hajek in 
[1968]. The former authors use the definition from Exercise 15.18, the latter use (15.16). 


CHAPTER 3 


The method of forcing was invented by Paul Cohen who used it to prove the independence of 
the continuum hypothesis and of the axiom of choice (see [1963-1964] and the book [1966]. The 
present formulation of Cohen’s method using Boolean-valued models has been developed by Scott, 
Solovay, and Vopénka. 


Section 16 


The two fundamental theorems of the method of forcing, the forcing theorem and the generic 
model theorem, are due to Cohen. (To be accurate, Cohen’s original method was formulated for 
particular examples of a notion of forcing, and under the assumption that 92 is a countable 
transitive model of ZFC. The definition (16.3) of an M-generic filter on a partially ordered set is due 
to Solovay.) The forcing conditions defined in (16.4) are the ones used by Cohen in his proof of 
independence of the continuum hypothesis; the “ typical example,” a collapsing mapping of w onto 
@, is also due to Cohen. 


Section 17 


Most of the facts about Boolean algebras can be found in Sikorski’s book [1964], which also 
contains an extensive bibliography. The representation theorem for Boolean algebras (Theorem 41) 
is due to Stone [1936]. The important lemma 17.6 on the chain condition was proved by Erdés and 
Tarski in [1943]. 

For a more detailed discussion of the role of the prime ideal theorem, see my book on the 
axiom of choice [1973c]; for the model-theoretical concepts involved, consult Chang and Keisler 
[1973]. The independence of the prime ideal theorem from AC is due to Feferman [1965] and is 
proved in Section 21 (Example V); the independence of the axiom of choice from the prime ideal 
theorem is a result of Halpern and Lévy [1971]. 

Lemma 17.5: Rasiowa and Sikorski [1950]. 

Exercise 17.14: Makinson [1969]. 

Exercise 17.21: Pierce [1958]. 


Section 18 


The Boolean-valued version of Cohen’s method has been formulated by Scott, Solovay, and 
Vopénka. Following an observation of Solovay that the forcing relation can be viewed as assigning 
Boolean values to formulas, Scott formulated his version of Boolean-valued models in [1967]. 
Vopénka developed a theory of Cohen’s method of forcing, using open sets in a topological space as 
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forcing conditions (in [1964], [1965-1966], [1967a] and Vopénka-Hajek [1967]), eventually arriving 
at the Boolean-valued version of forcing more or less identical to Scott-Solovay’s version 
(Vopénka [1967b]). Vopénka’s paper [1964] contains the observation that Cohen’s construction 
can be modified so that one can construct a (nontransitive two-valued) model directly, without 
assuming existence of a countable model or a generic filter (see Lemma 18.1). Shoenfield’s article 
[1971] uses a slightly different approach to forcing, proving the main theorems without using 
Boolean-valued models. 


Section 19 


The two independence results, independence of the continuum hypothesis (Theorem 44) and of 
the axiom of choice (Theorem 45) are due to Cohen; cf. [1963-1964] and [1966]. Our method of 
proof of Theorem 45 (using ® = HOD(A)) is basically that of Cohen (who used a model Y%(A)— 
adjoining an infinite set of mutually generic reals to a countable transitive model of ZFC). 

Shortly after Cohen’s discoveries, Solovay (in [1963]) noticed that Cohen’s construction of a 
model for 2*° = %, can be generalized so that for a regular k one obtains a model with 2" = 2 
(Lemma 19.7); see also Vopénka [1965-1966]. (For the general result, see Easton’s theorem in 
Section 20.) The notion of forcing that collapses a given cardinal (lemma 19.9) is due to Cohen (see 
[1966]). 

The relation between the chain condition and preservation of cardinals (Lemma 19.2) is 
basically due to Cohen; the observation that a A-closed notion of forcing does not produce new 
subsets of 4 (Lemmas 19.5 and 19.6) is due to Solovay. 

The combinatorial lemmas used in computing the chain condition (Lemmas 19.3 and 19.8) are 
borrowed from point set topology: Marczewski [1941] and Engelking and Karlowicz [1965]. 

Exercises 19.3-19.7 contain facts noticed by many people including this author. 


Section 20 


Easton’s theorem (Theorem 46) was published in [1970]. The generalization of Cohen’s 
method allowing a class of forcing conditions is due to Easton. The model in Lemma 20.4 (the Lévy 
collapse) was constructed by Lévy; cf [1970]. 

The product lemma (Lemma 20.1) is due to Solovay [1970]. Lemma 20.3 follows from the 
aforementioned combinatorial result of Engelking and Kartowicz. 

The chain condition of a product of two c.c.c. partial orderings: Using a construction of 
Galvin, Fleissner showed that it is consistent that 2*° is large and that there are c.c.c. P and Q such 
that sat(P x Q) = (2)*. 

Exercise 20.8: Jensen [1965]. 

The concluding remark on the axiom of choice in BG uses an observation made by various 
people, e.g., Felgner [1971]. 


Section 21 


The idea of using symmetry arguments to construct models in which the axiom of choice fails 
goes back to Fraenkel [1922b]; the two examples of models of ZFA (an infinite set of atoms without 
a countable subset, and a countable set of pairs that has no choice function) are basically due to 
him. Further examples of permutation models were given by Mostowski who (in [1939]) developed 
a theory of such models. The present definition using normal filters (21.5) was given by Specker 
[1957]. 

Cohen incorporated the symmetry arguments into his method and constructed the models that 
are presented in Examples I and II. The formulation of Cohen’s method in terms of symmetric 
submodels of Boolean-valued models is due to Scott (unpublished) and Jech [1971a]; the latter’s 
version was a reformulation of a topological version of Vopénka and Hajek [1965]. 

The embedding theorem (Theorem 47) is due to Jech and Sochor [1966a, b]. Numerous 
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applications of the theorem are given in the second paper [1966b]. The method has been gener- 
alized by Pincus in [1971] and in [1972], extending further the analogy between permutation 
models of ZFA and symmetric models of ZF. 

Lévy showed that in Cohen’s model in Example I every set can be linearly ordered; con- 
sequently, Halpern and Lévy [1971] proved that the prime ideal theorem holds in the model. 
Example III (a prescribed partially ordered set of cardinals) is due to Jech [1966]; see also Taka- 
hashi [1968]. Example IV (singularity of %,) is due to Feferman and Lévy [1963]. Example V 
(independence of the prime ideal theorem) is due to Feferman [1965]; the same model establishes 
the independence of the principle of dependent choices from the axiom of choice; see Feferman 
[1964]. Jech’s paper [1971a] uses a similar construction to obtain two models of ZF that have the 
same sets of ordinal numbers. A. Blass constructed in [1977] a model, similar to Feferman’s model, 
in which every ultrafilter is principal. 


CHAPTER 4 


Section 22 


Suslin’s problem was formulated by Suslin in [1920]. Tennenbaum [1968] and Jech [1967] 
discovered models of set theory in which a Suslin line exists; Solovay and Tennenbaum [1971] 
proved that existence of a Suslin line is not provable in ZFC. Subsequently, Jensen proved that a 
Suslin line exists in the constructible universe (cf. [1968, 1972]). 

The present proof of Theorem 48 is as in Jech [1967] (countable forcing conditions); Tennen- 
baum’s proof (finite conditions) is presented in Exercises 22.9 and 22.10. 

Suslin’s problem is independent of the continuum hypothesis: Tennenbaum’s construction 
yields a Suslin line, with or without the continuum hypothesis (see the remark following Exercise 
22.10); the continuum hypothesis is false in Solovay-Tennenbaum’s model (cf. Section 23), but an 
alternative consistency proof of Jensen gives a model where there are no Suslin lines but the 
continuum hypothesis holds. 

For more on Suslin’s problem and trees in general, consult Jech [1971b] and Devlin and 
Johnsbraten [1974]. The first systematic study of trees appears in Kurepa [1935]; Kurepa’s paper 
states that Suslin’s problem is equivalent to the problem of existence of a Suslin tree. This 
equivalence (Lemma 22.1) was later rediscovered by Miller [1943] and Sierpinski [1948]. The 
first construction of an Aronszajn tree was given by Aronszajn and appears in Kurepa [1935]; see 
also Specker [1951]. 

The Boolean algebraic reformulation of Suslin’s problem (Lemma 22.2 and Exercise 22.3) is 
due to Maharam [1948]. The construction of rigid and homogeneous Suslin trees in L (Exercises 
22.15 and 22.16) is due to Jensen [1969]. Automorphisms of Suslin trees in general are investigated in 
Jech [1972a]. 

Exercise 22.8: Fukson [1971]. 

The A-lemma was formulated and proved by Sanin in [1946]. 

Exercise 22.1: D. K6nig [1927]. 

Exercise 22.4: Kurepa [1950]. 


Section 23 


Following Solovay and Tennenbaum’s construction (by iterated forcing) of a model in which 
there are no Suslin trees (Theorem 50), Martin formulated an axiom (MA,,) which implies that 
there are no Suslin trees (Lemma 23.1) and whose consistency was obtained by an easy generaliza- 
tion of Solovay-Tennenbaum’s construction. The consistency proof of MA + 2% > &, (Theorem 
51, and also Exercise 23.9) appears in Solovay and Tennenbaum [1971]. 

Martin’s axiom is investigated in detail in the paper [1970] of Martin and Solovay. The paper 
contains various equivalent formulations of Martin’s axiom and numerous applications (including 
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Theorem 52); for applications of MA in descriptive set theory, see Section 44. In recent years, MA 
has been very popular with point set topologists; cf. Juhasz’s book [1971]. 

Iterated forcing, using direct limits of complete Boolean algebras, is developed in Solovay and 
Tennenbaum’s paper [1971]; the paper contains, e.g., Lemmas 23.6 and 23.7 on the c.c.c. 

The proof of Lemma 23.10 (using the notion of forcing (23.32)) is a variation of Solovay’s 
method of “almost disjoint forcing.” This method was introduced in Martin and Solovay [1970] 
and Jensen and Solovay [1970]; see also Sections 26 and 44. 

Marczewski proved in [1947] that the strong c.c.c. is preserved under (topological) products (of 
any number of copies). Lemma 23.13 (MA,, implies that every c.c.c. space satisfies the strong c.c.c.) 
is due to Kunen, Rowbottom, and Solovay; Theorem 53 is a consequence of this and of Marczew- 
ski’s result. 

Exercise 23.7: Krivine [1969]. 


Section 24 


Baumgartner, Malitz, and Reinhardt [1970] proved that MA,, implies that every Aronszajn 
tree can be embedded in the rationals (Theorem 54). Special Aronszajn trees have applications in 
model theory (this fact is due to Rowbottom and Silver) and are investigated in Mitchell's paper 
[1972]. The equivalence in Lemma 24.1 is due to Galvin. 

Exercises 24.2 and 24.3: Baumgartner [1970]. 

Exercise 24.4: Jech [1972b]. 

Construction of a rigid Aronszajn tree is an unpublished result of Baumgartner. 

Existence of a Kurepa tree was a problem formulated (in terms of a family of sets, see Lemma 
24.6) by Kurepa in [1935]. A model in which there is a Kurepa tree (using the notion of forcing 
(24.5)) was constructed by D. H. Stewart (unpublished). The model (24.7) in which there is no 
Kurepa tree is due to Silver [1971b] (for a modification of Silver’s model such that 2*° > &,, see 
Devlin [1975]). The construction of a Kurepa tree in L is due to Solovay; as Jensen’s construction 
of a Suslin tree in L, it is an example of application of the fine structure of L, a method extensively 
developed by Jensen in [1972]. The observation that Kurepa trees exist unless S, is inaccessible in 
L is due to Silver. For more on Kurepa trees, consult Jech [1971b] and Devlin’s book [1973]. 

Lemma 24.4: Erdés and Rado [1960] and Michael [1962]. 

The notion of almost disjoint sets is due to Sierpinski [1928a] (Lemma 24.7). 

Exercise 24.6: Tarski [1928]. 

Exercise 24.7: Erdés and Hajnal [1971]. 

The model where 2®° = 2*' = &, and no tree of size &, has &, branches of length w, is due to 
Mitchell [1972]; so is the observation that in the model obtained by adjoining &,,, Cohen reals 
there is no dense linearly ordered set of size 2*' with a dense subset of size &, (the equivalence of 
the dense linear ordering problem with the problem of existence of a tree with a large number of 
branches is due to Baumgartner). 

Jensen’s paper [1972] introduces the fine structure of L; the combinatorial principles ©, 0 and 
(24.17) are proved (in L) in that paper. Silver’s principle (W) replaces (in several proofs) another, 
quite complicated, combinatorial principle of Jensen (existence of a morass—see Devlin [1973]) 
true in L. 

Exercises 24.10 and 24.11: Baumgartner, Hajnal, and Maté [1973]. The implication 
O = (24.17) is due to Magidor. By Jensen [1972], 0 holds unless &, is a Mahlo cardinal in L; 
Baumgartner in [1976a] uses a weakly compact cardinal to construct a model in which (24.17) (and 
hence L) too) fails. 

Theorem 56 is due to Pospisil [1937]; the present proof uses independent sets (Lemma 24.8); 
cf. Fichtenholz and Kantorovich [1934] (x = @) and Hausdorff [1936]. 

W. Rudin [1956] proved that p-points exist if 28° =, (Theorem 57a); a recent result of 
Shelah shows that existence of p-points is unprovable in ZFC. Galvin showed that 2% =, 
implies existence of Ramsey ultrafilters; construction of p-points and Ramsey ultrafilters (and 
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p-points that are not Ramsey) under the assumption of Martin’s axiom is due to Booth [1970]. 
Our proof of Theorem 57 follows Ketonen [1976a]. 

Exercise 24.15: Booth [1970]. 

Scales were investigated extensively by Hechler [1974]. Hechler introduced the notion of 
forcing used in the proof of Lemma 24.17 (the lemma itself was explicitly formulated by Kunen). 
Hechler, among others, showed that if cf « > w, then there is a generic extension in which 2*° > x 
and a x-scale exists. 


Section 25 


The relationship between automorphism properties of complete Boolean algebras and 
definability in generic extensions had been studied by several authors. Lévy in [1965a] showed 
consistency of L = HOD ¥ V virtually as in Exercises 25.8 and 25.9. McAloon in [1971a] con- 
structed a model in which L # HOD = V and remarked that according to Solovay the algebra 
used in the construction must be rigid. (A direct construction of a rigid complete Boolean algebra is 
more recent and is due to Shelah; cf [1974].) Theorem 59 which gives the exact description of 
definable sets in generic extensions is due to Vopénka and appears in the book [1972] by Vopénka 
and Hajek. 

The relationship between distributivity laws in B and the size of “ new” sets in I{G] (Theorem 
58b) had been known already to Scott, Solovay, and Vopénka; for instance, cf. Vopénka 
[1965-1966]. Exercises 25.1 and 25.2 (reduced to a triviality by the forcing argument) had been 
known before forcing; see Sikorski [1964]. 

McAloon [1971a] constructed models where either L + HOD = V or L# HOD # V and 
noted that it is also consistent that HOD#°° 4 HOD. McAloon’s paper [1974] has an example ofa 
strictly descending sequence of models M, > M,>°°->M,>--:, n<@, such that 
M,.; = HOD™; Jech’s paper [1974b] has an example of a transfinite sequence Wy > ++: > WM, > 
‘++, of arbitrary length such that M,,, = HOD™, with intersections at limit steps. The sequence 
HOD® = V, HOD! = HOD, HOD? = (HOD), ..., HOD", ... is not necessarily expressible in 
ZF (by an unpublished result of Harrington); but if V = L[X], then the sequence HOD’ is expres- 
sible (Grigorieff [1975]). S. Roguski announced recently that for any transitive model I of ZFC 
there exists a generic extension % (via a proper class of conditions) such that 9% = HOD*. 

The construction of a rigid complete Boolean algebra in L is a modification of Jensen’s 
construction of a rigid Suslin tree in L [1969]. Simple complete Boolean algebras were investigated 
by McAloon [1971b] and Jech [1974a]. Lemmas 25.8 and 25.9 are due to McAloon [1971b]. 
Existence of simple complete Boolean algebras (in ZFC) is an open problem. Jensen’s Example III 
in Section 44 (a minimal A} real) (cf. [1970]) gives, by McAloon, a simple complete Boolean algebra 
in L. The construction of a simple complete Boolean algebra using © mentioned in the text appears 
in Jech [1974a]; it has subsequently been used in Harrington and Jech [1976] to construct a generic 
extension of L that admits a 2, well-ordering. 

Theorem 60 is an unpublished result of Solovay; prior to Solovay’s proof, this author had an 
alternative proof using the continuum hypothesis. Our paper [1973a] shows that it is consistent 
that a Suslin algebra exists of arbitrarily prescribed size x. Subsequently, Laver showed (using © 
and W) that in L, there is a Suslin algebra of size &, . 

Theorem 61 is due to Gaifman [1964a] and Hales [1964]; the present proof using Lemma 25.10 
is Solovay’s; see [1966]. Theorem 62 is due to Kripke [1967]. In [1970] Solovay proved the factor 
lemma for Lévy collapse (Exercise 25.11) as the main technical lemma for his consistency proof on 
Lebesgue measure (see Section 42). Jensen used the factor lemma to prove Theorem 63. Sub- 
sequently, Krivine proved the more general factor lemma (Exercise 25.10) in [1969]. Lemmas 25.13 
and 25.14: Jech [1972c] and [1971Ic]. 


Section 26 


The method of almost disjoint forcing appears in Martin and Solovay [1970] and Jensen and 
Solovay [1970]. Theorem 64 is due to Sacks [1971]. Example II (changing the cofinality of w, to w) 
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is due to Namba [1970]; see also Bukovsky [1976]. Theorem 65 is due to Vopénka and appears in 
the book [1972] of Vopénka and Hajek. 

A recent result of Z. Adamowicz provides various examples of well-founded initial segments of 
degrees of constructibility; Jech’s paper [1974b] contains an example of an initial segment of 
L-degrees of order type w*. Hajek in [1974] constructs two Cohen generic reals x, y without 
greatest lower bound: L{x] ~ L{y] is not a model of ZFC. 

Lemma 26.6: Jech [1974b]. 

Exercise 26.5: Hajek [1974]. 

Exercise 26.6: Grigorieff [1975]. 


CHAPTER 5 


The study of measurable cardinals originated around 1930 with the work of Banach, Kuratow- 
ski, Tarski, and Ulam. Ulam showed in [1930] that measurable cardinals are large, that the least 
measurable cardinal is at least as large as the least inaccessible cardinal. Around 1960 Keisler and 
Tarski introduced the method of ultraproducts in the study of measurable cardinals, and it was 
established that the least measurable cardinal is greater than the least inaccessible cardinal. Scott 
[1961] used the method of ultrapowers to prove that existence of measurable cardinals contradicts 
the axiom of constructibility. In the 1960s two methods have been successfully applied to measur- 
able cardinals: Rowbottom and Silver initiated applications of infinitary combinatorics (developed 
by Erdés and his collaborators), and Gaifman and Kunen introduced the method of iterated 
ultrapowers. 


Section 27 


The main result on measurable and real-valued measurable cardinals (Theorem 66) is due to 
Ulam [1930]. The fact that a measurable cardinal is inaccessible (Lemma 27.2) was discovered by 
Ulam and Tarski (cf. Ulam [1930]). Prior to Ulam, Banach and Kuratowski proved in [1929] that if 
2% = &,, then there is no measure on the continuum; their proof is as in Lemma 27.9. Real-valued 
measurable cardinals were introduced by Banach in [1930]. 

The notion of a x-saturated ideal was introduced and studied by Tarski in [1939-1945, II]. 

The example of a Lebesgue nonmeasurable set in Exercise 27.1 was given by Vitali in [1905]. 
For further information on measure theory, we refer the reader to Halmos’ book [1950]. 


Section 28 


The fundamental theorem on ultraproducts (Lemma 28.1) is due to Los [1955]. Keisler and 
Tarski [1964] introduced ultrapowers in the study of large cardinals. Theorem 67 is due to Scott 
[1961], and Theorem 68 is due to Kunen [1971a]. 

In [1964a] Hanf studied compactness of infinitary languages (see Sections 32 and 33); his work 
led to the systematic study of Keisler and Tarski. Hanf proved that the least inaccessible cardinal is 
not measurable (in fact not weakly compact); Erdés and Hajnal then pointed out (cf. [1962]) that 
the same result can be proved using infinitary combinatorics. Keisler and Tarski introduced the 
Mahlo operation (28.23) and showed that the least measurable cardinal is much greater than, e.g., 
the least Mahlo cardinal, etc. (Lemma 28.12). 

In [1962] Vopénka gave another proof of Scott’s theorem: Observing that |(2")?"| = | j(x)|, it 
follows that the cardinals in the model U/t are not absolute and hence V # L. 

Lemma 28.8: Erdés and Hajnal [1966]. 

Exercise 28.12: For a related result see Ketonen [1973]. 

Exercise 28.14: Solovay. 

Lemma 28.13 follows from Lemma 28.15, which appears in the abstract [1961] of Hanf and 
Scott. The result in Exercise 28.18 was announced by Vopénka in [1970]; more applications of a 
measurable cardinal to the singular cardinal problem (including Exercise 28.20) are in Jech [1973b]. 
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Section 29 


Lemma 29.1 (Ramsey’s theorem) is due to Ramsey [1930]. The theory of partition relations has 
been developed by Erdés, who has written a number of papers on the subject, some coauthored by 
Rado, Hajnal, and others. The arrow notation is introduced in Erdés and Rado [1956]. Other 
major comprehensive articles on partition relations are Erdés, Hajnal, and Rado [1965] and Erdés 
and Hajnal [1971]. 

Theorem 69 appears in Erdés and Rado [1956]. The present proof incorporates ideas from a 
model-theoretical proof of the Erdés-Rado theorem due to Simpson [1970], as published in 
Chang and Keisler’s book [1973]. 

Weakly compact cardinals are investigated in the paper [1961] of Erdés and Tarski. The 
investigations started in that paper were subsequently completed by others; see the notes for 
Section 32. For applications of partition relations in model theory, we refer the reader to Chang 
and Keisler’s book [1973]. 

Lemma 29.3: Sierpinski [1933]. 

Exercise 29.2: Kurepa [1962]. 

Exercises 29.3 and 29.4: Erdés and Rado [1952]. 

The partition relation 8, — (a)? for « < w, was proved by Baumgartner and Hajnal [1973]; 
the consistency 8, 7 (w, + w)? by forcing is due to Hajnal, and in L due to Rebholz [1974]. The 
partition relation w > (w)° is consistent with ZF (without AC), by Mathias [1968] and [1977] (using 
an inaccessible cardinal). For further results on the partition relation w— (w)° for Borel and 
analytic partitions, see Galvin and Prikry [1973], Silver [1970b], and Ellentuck [1974]. 

That every measurable cardinal is a Ramsey cardinal had been proved by Erdés and Hajnal 
(see their paper [1962]). The stronger version of that result (Theorem 70) is due to Rowbottom 
[1971], as are Theorem 71 and Lemma 29.10. 

No W, is a Jonsson cardinal: Erdds and Hajnal [1966]. The least Jonsson cardinal is weakly 
inaccessible or has cofinality w: Rowbottom. If V = L, then there is no Jonsson cardinal: Keisler 
and Rowbottom [1965]. A model where every Jonsson cardinal is a Ramsey cardinal: Kunen 
[1970]. A model in which there is a Rowbottom cardinal of cofinality w: Prikry [1970a]. Consis- 
tency of Chang’s conjecture: Silver. 

Exercise 29.14: Silver; cf. Benda and Ketonen [1974]. 

The generalization of Aronszajn’s construction for successors of regular cardinals (assuming 
the GCH) is due to Specker [1951]. A model in which there exists no special Aronszajn tree on w, 
was constructed by Mitchell [1972], who also showed that Mahlo cardinals are necessary for the 
construction. An analogous result for Aronszajn trees and weakly compact cardinals is due to Silver, 
see Mitchell [1972]. 

The generalization of forcing construction producing Suslin trees of larger heights is due to 
Hrbacek [1967]. Jensen’s construction of a Suslin tree in L generates to larger cardinals, using © 
and (1); see Jensen [1972]. The construction of a Suslin w-tree using (] and the GCH is due to 
Gregory [1976]. The model without Suslin w,-trees is due to Laver. 


Section 30 


Theorem 72 was discovered by Gaifman. Gaifman’s results were announced in [1964b] and the 
proof was published in [1974]. Gaifman’s proof used iterated ultrapowers (see also Gaifman 
[1967]). Silver in his thesis (1966, published in [1971a]) developed the present method of proof, 
using infinitary combinatorics, and proved the theorem under the weaker assumption of existence 
of x with the property x > (N,)<°. Gaifman proved that if there is a measurable cardinal, then 
there exists A < w such that the conclusion of Theorem 72 holds in L[ A]. Solovay formulated 0* 
and proved that it is a A} set of integers; Silver deduced the existence of 0* under weaker 
assumptions. 

Construction of models with indiscernibles was introduced by Ehrenfeucht and Mostowski in 
[1956]; for further details and applications in model theory; see Chang and Keisler [1973]. 
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The equivalence of existence of 0* with existence of a nontrivial elementary embedding of L 
(Theorem 73) is due to Kunen; the present proof is due to Silver. 

Theorem 74 (and its corollaries) is due to Jensen. A proof of the theorem appeared in Devlin 
and Jensen [1975]. 

Exercise 30.5: Solovay. 

Exercise 30.7: Magidor. 

For further work on Silver indiscernibles, see Paris [1974]. 


Section 31 


Most of the results in this section are due to Kunen, who in [1970] developed the method of 
iterated ultraproducts invented by Gaifman (cf. [1964b] and [1974]). Kunen found the representa- 
tion of iterated ultraproducts (Lemma 31.11) and generalized the construction for M-ultrafilters. 
Kunen applied the method to obtain the main results on the model L[D] (Theorem 76). 

Theorem 75 (the proof of the GCH in L{D]) is due to Silver [1971c]; using a similar technique, 
Silver proved in [1971d] that in L[D] there is a Aj well-ordering of the reals. 

The description of x-complete ultrafilters over k in L[D] (Lemma 31.18) is due to both Kunen 
[1970] and Paris [1969]. Lemma 31.3 was first proved by Solovay. Lemma 31.5 is due to Gaifman; 
cf. [1974]. Lemmas 31.17 and 31.20 are results of Kunen [1970]. 

Kunen generalized the basic results on L[D] to the model L(D, : « < 8) constructed from a 
sequence of measures (with 6 < the least measurable cardinal in the sequence). Mitchell in [1974] 
generalized the construction further; one of the results in Mitchell’s paper is that the model from 
Exercise 31.13 has a measurable cardinal with exactly two normal measures. 

Jensen extended some of his results (e.g., ©) from [1972] from L to L[D]. 0' was formulated by 
Solovay, in analogy with 0*. The model L{j) was considered by Jech in [1971d] and also by 
Hrbacek. 

The result that in L[D] the unique normal measure is the only measure that extends the closed 
unbounded filter (Exercise 31.12) appeared in Jech [1973a]. 

For further work on iterated ultrapowers of L[D], see Bukovsky [1973] and Dehornoy [1975]. 


Section 32 


The equivalence of various formulations of weak compactness is a result of several papers. In 
[1964a] Hanf initiated investigations of compactness of infinary languages. Erdés and Tarski listed 
in [1961] several properties that were subsequently shown mutually equivalent (for inaccessible 
cardinals) and proved several implications. These properties included the partition property 
k — (k)3, the tree property from Section 29, and the properties from Exercises 32.3, 32.4, and 32.5. 
Hanf and Scott [1961] introduced IT*, indescribability and announced Theorem 77. Further con- 
tributions were made in the papers Hanf [1964b], Hajnal [1964], Keisler [1962], Monk and Scott 
[1964], Tarski [1962], and Keisler and Tarski [1964]. A complete list of equivalent formulations 
with the proofs appeared in Silver [197 1a]. 

Without inaccessibility, some of the formulations of weak compactness are no longer equiv- 
alent; this is discussed by Boos in [1976]. Silver showed that every weakly compact cardinal is 
weakly compact in L, that every indiscernible is weakly compact in L (both in [1971a]), and that 
if %, has the tree property, then SN, is weakly compact in L (cf. Mitchell [1972]). Mitchell pointed 
out that a weakly compact cardinal is not necessarily weakly compact in a submodel. Nonexistence 
of simple complete Boolean algebras of weakly compact size is proved in Jech [1974a]. 

Lemma 32.2: Hanf and Scott [1961]. 

Exercise 32.6: Kunen. 

Ineffable cardinals were defined by Jensen (using the property from Lemma 32.7); Kunen 
proved the equivalence in Lemma 32.7. Kunen also showed that ineffable cardinals are IT} inde- 
scribable, and Jensen and Kunen proved that every ineffable cardinal is ineffable in L. 
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The main results on partition cardinals are due to Rowbottom, Reinhardt, and Silver. Rowbot- 
tom proved that if 7,,, exists, then there are only countably many constructible reals (see [1971]); 
Silver then used the same assumption to prove Theorem 72 (ie., that 0* exists; see [1971a]). 
Theorem 78e was proved by Silver in [1970a]; Theorem 78c and Exercise 32.13 were proved by 
Reinhardt and Silver (see [1965]). 

Lemma 32.8 is due to Rowbottom [1971], and Lemma 32.9 is due to Silver. Lemma 32.10 is in 
effect proved in Jech and Powell [1971]. 

Kunen showed that both the existence of Jonsson cardinals and Chang’s conjecture imply that 
0* exists. Kunen also showed that in L[D] every Jonsson cardinal is a Ramsey cardinal; see [1970]. 
Kleinberg in [1972] and [1973] showed that existence of Jonsson and of Rowbottom cardinals are 
equiconsistent. Silver used a Ramsey cardinal to construct a model in which Chang’s conjecture 
holds and showed that if &,, is a Jonsson cardinal and a strong limit, then there exists a transitive 
model with a measurable cardinal. 


CHAPTER 6 


Section 33 


Compact cardinals were introduced by Keisler and Tarski in [1964]; supercompact cardinals 
were defined by Reinhardt and Solovay. Theorem 79 is due to Vopénka and Hrbacek [1966]; 
Theorem 80 is due to Kunen [1971b]. 

Solovay discovered that the singular cardinal hypothesis holds above a compact cardinal 
(Theorem 81); see [1974]. 

Menas and Magidor obtained several results on the relative strength of compact and super- 
compact cardinals. Menas in [1975] showed that it is consistent (relative to existence of compact 
cardinals) that there is a compact cardinal that is not supercompact. Magidor in [1976] improved 
Menas’ result by showing that it is possible that the least measurable cardinal is compact (while by 
Lemma 33.10 it is not supercompact) and also showed that it is consistent (relative to supercompact 
cardinals) that there exists just one compact cardinal and is supercompact. 

Kunen’s proof of Theorem 80 uses a lemma of Ketonen (Lemma 33.3); Lemmas 33.5 and 33.6, 
which Solovay used in his proof of Theorem 81, are also due to Ketonen; see [1972]. 

Most results on supercompact cardinals (e.g., Lemmas 33.10 and 33.11) are due to Solovay; see 
Solovay, Reinhardt, and Kanamori [1978]; Magidor’s paper [1971a] gives a generalization of the 
corollary of Lemma 33.11: the number of normal measures on P,(A). The example of a compact 
nonsupercompact cardinal (Lemma 33.12) is due to Menas [1975]. 

Exercises 33.7 and 33.8: Solovay [1974]; for the existence of an E-H function, see Erdés and 
Hajnal [1966]. 

The closed unbounded filter over P,(A) (Exercise 33.4) was introduced in Jech [1973a]. So was 
the partition property for P,(A). The equivalence of (iii) and (iv) in Exercise 33.9 as well as the 
results in Exercises 33.10 and 33.11 are due to Solovay. Menas in [1976a] showed that if x is 
supercompact, then a strongly normal measure exists on every P,(A). Further results on the partition 
property and on stationary sets in P,(A) are in Magidor [1974]. 

Extendible cardinals were introduced by Reinhardt; he proved that extendible cardinals are 
supercompact; see [1974]. The present proof of Lemma 33.14, as well as Lemmas 33.13 and 33.15, 
are due to Magidor [1971b]. 

Lemma 33.16: Powell [1972]. 

Exercise 33.12: Solovay, Reinhardt, and Kanamori [1978]. 

Exercise 33.13: Morgenstern [1977]. 


Section 34 


Theorem 82 is due to Solovay [1971]. Theorem 83 is due to Prikry [1975], and so is the model 
in which x carries a o-saturated ideal; see [1970a]. 
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Exercise 34.4: Silver. 
Exercises 34.5, 34.6, and 34.7: Prikry [1970a]. 


Section 35 


Saturation of ideals and the problem of almost disjoint sets have been investigated by various 
authors, e.g., Solovay [1971], Kunen [1978], Baumgartner [1976b], and Jech and Prikry [oo]. The 
Jech-Prikry paper gives applications of generic ultrapowers, as well as of almost disjoint functions. 

Theorem 84a on almost disjoint sets is due to Baumgartner; cf. [1976b]. The present proof 
follows Jech and Prikry [oo]. For Theorem 84b, see Jech and Prikry [1976] and [co]. Theorem 835 is 
due to Solovay; cf. [1971]. The present proof of Theorem 85 uses ideas of Maté and Simpson; 
Solovay’s proof uses Lemmas 35.3 and 35.11. (The present proof of Lemma 35.11 is as in Baumgart- 
ner, Hajnal, and Maté [1973].) 

Examples I and II are due to Baumgartner (Taylor showed that the thin ideal in Example II 
is in fact N3-saturated.) The result that if « carries a x-saturated ideal, then x is a weakly Mahlo 
cardinal is due to Solovay [1971]. If 8, carries an S,-saturated ideal then there are models with 
many measurable cardinals: Kunen [1970] and [1971b]. There are several consistency results on 
saturation of ideals using measurable cardinals: A model where x = 2*° and sat(I) = « (Kunen and 
Paris [1971]), a model where x is inaccessible and sat(I) = x (Kunen [1978]), models where x is 
inaccessible and sat(/) = «* (Kunen and Paris [1971] and Boos [1974]). In [1978] Kunen con- 
structs a model (using a huge cardinal) in which &, carries an ,-saturated ideal. 

Lemma 35.5 is in Baumgartner, Taylor, and Wagon [1977]; Corollary 2 of the lemma 
appeared in Namba [1974]. 

The problem of existence of w-closed uncountable subsets of sets A © w, is discussed in Prikry 
and Solovay [1975]. 

Exercise 35.1: Smith and Tarski [1957]. 

Exercise 35.2: Solovay [1971]. 

Exercise 35.4: Kanamori [1976]. 

Exercise 35.5: Lévy, Silver. 

Exercise 35.6: Prikry [1973]. 

Exercise 35.7: Baumgartner, Hajnal, and Maté [1973]. 

Exercise 35.8: Baumgartner, Taylor, and Wagon [1977]. 

Generic ultrapowers are studied in detail in Jech and Prikry [oo]. Solovay [1971] used the 
Boolean-valued ultrapower in the case of x *-saturated ideal. Precipitous ideals were introduced in 
Jech and Prikry [1976]. Theorem 86a is due to Jech and Prikry; the proof generalizes an earlier 
proof of Kunen, who in [1970] obtained the result for « *-saturated ideals. Theorem 86b was proved 
by Mitchell. Magidor subsequently constructed a model where the thin ideal is precipitous. Cf. 
Jech et al. [oo]. 

The proof of Silver’s theorem (application 1) is a simplified version of Silver’s original proof in 
[1974]. Applications 2, 3, and 4 are from Jech and Prikry [1976] and [co]; for a related result on 
almost disjoint stationary sets, see Ketonen [1974]. 

The result (35.15) on x-saturated ideals is due to Solovay [1971]. The method of changing 
cofinalities of cardinals is due to this author, and Namba [1974]. 

Lemmas 35.8, 35.9, 35.10: Jech and Prikry [1976]. 

Exercises 35.10, 35.11: Solovay [1971]. 

Exercises 35.12, 35.13: Jech and Prikry [oo]. 

The observation that the conclusion of Exercise 35.13 contradicts Chang’s conjecture is due to 
Benda; previously, Magidor had shown by a different argument that Chang’s conjecture implies 
2k <&,, if Ry, is a strong limit, cf. [1977a]. 


Section 36 


Theorem 87 is due to Kunen [1971b]. Theorem 88 is an unpublished result of Silver. 
Lemma 36.2 (with the proof as in Exercise 36.1) is due to Lévy and Solovay [1967]. Consistency 
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of measurable cardinals with the GCH by forcing (using the construction from Exercise 20.8) is due 
to Jensen; cf. [1974]. Lemma 36.3: Kunen and Paris [1971]. 

The method of inverse limits in interated forcing was developed by Silver and worked out in 
detail and applied by Menas in [1976b]. 


Section 37 


Theorem 89 is due to Prikry [1970a]. Theorem 90 is due to Jech [1968] (see also Takeuti 
[1970]). 

Magidor in [00] generalized Prikry’s construction, to change a supercompact cardinal into a 
singular cardinal of cofinality w,. Another construction of Magidor (using a supercompact 
cardinal) gives a model (of ZF) in which cf w, = cf w, =. 

The proof of Theorem 86b is due to Mitchell. 

The construction of a model with many normal measures (the example) is due to Kunen and 
Paris; cf. [1971]. The core model K has been constructed by Jensen; see Dodd and Jensen [oo]. 
Mitchell in [00] shows that every Ramsey cardinal is Ramsey in K. In [1976b] Menas used Silver's 
technique of inverse limits to construct models with a supercompact cardinal x, in which either the 
GCH holds, or 2" > «*. Silver’s method also proves the consistency of a weakly compact (or 
Ramsey) cardinal « with 2" > «*. In [1977b] and [1977c], Magidor uses a supercompact (respec- 
tively, huge) cardinal to construct a model where 2" < N,, (respectively, 2%" = &,,, ,) for all n, and 
2®" > %,,,,- Martin and Mitchell prove in [oo] that if the closed unbounded filter is an ultrafilter, 
then there exist models with many measurable cardinals. 

The measurable case of Lemma 37.1 is due to Lévy and Solovay [1967]; Lemma 37.2a: Kakuda 
[1972], 37.2b: Kunen [1978]. 

Exercise 37.1: Jensen. 

Exercise 37.3: Prikry [1970a]. 

Exercises 37.5, 37.6: Ketonen [1973]. 


Section 38 


Ramsey ultrafilters are investigated in Booth [1970]. Theorem 91 is due to Kunen [1976]. 

Exercises 38.1 and 38.2: Frolik [1968]; M. E. Rudin [1971]. 

The notion of a regular ultrafilter was introduced by Keisler who initiated its applications in 
model theory. 

Lemma 38.6: Frayne, Morel, and Scott [1962]; Keisler [1964]. 

Exercise 38.6: Frayne, Morel, and Scott [1962]. 

Exercise 38.7: Keisler [1964]. 

Exercise 38.8: Keisler [1963]. 

Exercise 38.9: Jorgensen [1975]. 

In [1970b] Prikry showed that a nonregular ultrafilter over w, contradicts the axiom of 
constructibility. Benda and Ketonen [1974] improved on his result, proving Lemma 38.9. Sub- 
sequent work of Kanamori (Lemma 38.8), cf. [1974] and [1976], and Ketonen (Lemma 38.11) led 
to Ketonen’s Theorem 92; cf. [1976b]. 

In [coco], Magidor constructed a model that has a nonregular ultrafilter over w,. 

Corollary (a) of Lemma 38.9: Benda and Ketonen [1974]. 

Corollary (b) of Lemma 38.9 and Corollary of Lemma 38.10: Jech and Prikry [oo]. 


CHAPTER 7 


Descriptive set theory was developed by Luzin and others following the work of Borel and 
Lebesgue on real-valued functions. After Kleene’s investigations of hierarchies of number theoretic 
predicates it became clear that these hierarchies are closely related to Luzin’s hierarchy of projec- 
tive sets. The introduction of recursion theoretical methods brought about new developments in 
descriptive set theory. 
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“Classical” descriptive set theory is treated in the books of Luzin [1930] and Kuratowski 
[1966]; both books have an extensive bibliography. For “ modern” descriptive set theory, we refer 
the reader to Martin’s expository article [1977]. 


Section 39 


Borel sets were introduced by Borel in [1905]. Lebesgue in [1905] proved in effect Lemma 39.1. 
Suslin’s discovery of an error in a proof in Lebesgue article led to a construction of an analytic 
non-Borel set and introduction of the operation .. The basic results on analytic sets as well as 
Theorem 93 appeared in Suslin’s article [1917]. 

Projective sets were introduced by Luzin [1925] and [1927b], and Sierpinski [1925] and [1927]. 
The present notation (£ and IT) appeared first in the paper [1959b] of Addison who noticed the 
analogy between Luzin’s hierarchy of projective sets and K leene’s hierarchy of analytical predicates 
[1955]. 

Lemma 39.4: Luzin [1930]. 

Lemma 39.5: Luzin [1927a]. 

Exercise 39.7: Suslin, Lebesgue. 

For detailed treatment of Lebesgue measure, we refer the reader to Halmos’ book [1950]; 
Lebesgue introduced his measure and integral in his thesis [1902]. Sets of first and second category 
were introduced by Baire in [1899]. 

Lemmas 39.7 and 39.9: Marczewski [1930a]. 

Lemma 39.8: Kuratowski and Ulam [1932]. 

Exercise 39.1: Marczewski [1934]. 

Theorem 94a (measurability of analytic sets) is due to Luzin [1917]. Theorem 94b (Baire 
property) is due to Luzin and Sierpinski [1923] and Theorem 94c (perfect subset) is due to Suslin; 
cf. Luzin [1930]. The present proof of (a) and (b) follows Marczewski [1930a]. Prior to Suslin 
(and following the Cantor-Bendixson theorem for closed sets) Young proved in [1906] the perfect 
subset result for G, and F, sets; and Hausdorff [1916] and Aleksandrov [1916] proved the same 
for Borel sets. 


Section 40 


The subject of this section is basically classical descriptive set theory, as in the books of Luzin - 
[1930] and Kuratowski [1966]; the terminology is that of modern descriptive set theory based on 
the analogy with Kleene’s hierarchies (see [1955]). 

Theorem 95 appeared in Sierpinski [1925]. Theorem 96 (as well as Exercise 40.2) is due to 
Kondé [1938]. 

The basic facts on £} and I} sets (Lemmas 40.2-40.5) are all in Luzin’s book [1930] and some 
are of earlier origin: Lemma 40.3 was in effect proved by Lebesgue in [1905], and Corollary 1 of 
Lemma 40.4 and Lemma 40.5 were proved by Luzin and Sierpinski in [1923]. 

Reduction and separation principles were introduced by Kuratowski; they are discussed in 
detail in Kuratowski’s book [1966] and in Addison [1959b]. Exercise 40.3: Kuratowski [1936]. 

The tree representation of £} sets is implicit in Shoenfield’s proof in [1961]. 


Section 41 


Theorem 97 and corollaries: In his announcement [1938] Gédel stated that the axiom of 
constructibility implies that there exists a nonmeasurable A} set and an uncountable M1} set without 
a perfect subset. Gédel did not publish the proof but gave an outline in the second printing (in 
1951) of his monograph [1940]. Novikov in [1951] gave a proof of the corollaries (Kuratowski’s 
paper [1948] contains somewhat weaker results) and Addison in [1959a] worked out the details of 
Gédel’s outline of the proof of the theorem. 

Theorem 98 is due to Shoenfield [1961]. Previously, Mostowski had established absoluteness 
of Z} and I} predicates (Exercise 41.6). In [1965b] Lévy used Shoenffield’s theorem to prove 
Theorem 36. 
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Lemma 41.3: Solovay [1967]. Lemma 41.4 is due to Kechris and Moschovakis [1972] (earlier, 
Solovay proved the lemma under the assumption of the axiom of determinacy); the present proof is 
due to Blass [1975]. 

Theorem 99 and its corollary are due to Mansfield [1970] and Solovay [1969]. Lemma 41.5 was 
formulated and first proved by Mansfield; the present proof is Solovay’s. 

Part (b) of Theorem 100 is due to Martin; both (a) and (b) appear in Martin’s paper [oo], 
where (a) is attributed to the classical descriptive set theorists. , 

Theorem 100c is due to Mansfield [1975]; the present proof is as in Kechris [x]. 


Section 42 


The results in this Section are due to Solovay; cf. [1970]. 


Section 43 


Infinite games were first considered in the 1930s when Banach formulated the game G** and 
pointed out its relation to the Baire property. (Mazur then proved part (b) of Theorem 102; the first 
published proof of this result appeared in Oxtoby [1957].) 

In [1953] Gale and Stewart investigated infinite games in general and proved that the axiom of 
choice implies that there exist undetermined games (Lemma 43.1) and that open games are 
determined (Lemma 43.8). 

In [1962] Mycielski and Steinhaus proposed an axiom and called it axiom of determinateness 
(AD). In [1964-1966] Mycielski gave a comprehensive account of consequences of AD and related 
open problems. 

Following Solovay’s discovery that AD implies that 8, is a measurable cardinal, attention has 
been turned to the relation between determinacy and large cardinals. There have been numerous 
results in this direction, and | shall return to subject below. 

Concerning determinateness of Borel games: Wolfe in [1955] proved that £$ games are 
determined. Then Davis in [1964] proved determinacy for £8, and in [1972], Paris proved 
L$-determinacy. Finally, in [1975] Martin showed that all Borel games are determined (Theorem 
104). 

Theorem 102a is due to Mycielski and Swierczkowski [1964]; the present proof (and the 
covering game) is due to Harrington. Theorem 102c and its corollary (and Exercise 43.2) are due to 
Davis [1964]. 

Theorem 103 is due to Solovay; the present proof of measurability of &, (Lemma 43.6) is due 
to Martin [1968]. 

Theorem 105: In [1970] Martin proved that analytic games are determined if x* exists for all 
x © w; the converse was proved by Harrington [oo]. 

Various consequences of AD and PD are investigated in the forthcoming paper [co] of 
Martin. Martin proved, among others, that AD implies that each &,, 3 <n <q, is singular and 
that &,,,, is measurable. Other consequences of AD: There exist exactly two normal measures on 
&, (Martin and Paris); &,,,2 is measurable (Kunen); various other cardinals are measurable 
(Martin, Kunen); the partition property w,— (w,)”' (Martin; see Kleinberg [1970] for further 
details on the partition property); there exist transitive models of ZFC with many measurable 
cardinals (Solovay); there exists a transitive model in which &, is a measurable limit of measurable 
cardinals (Kunen). Further results relating determinacy with large cardinals are in Moschovakis 
[1970] and Friedman [1971]. Martin and Mitchell [oo] showed that if the filter over w, is an 
ultrafilter, then there exist models with many measurable cardinals. 

Among applications of projective determinacy in descriptive set theory are the results of 
Addison and Moschovakis [1968] and Martin [1968] (reduction principles), and Moschovakis 
[1971] (uniformization). 
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Section 44 


Theorem 106 is due to Martin and Solovay [1970]; Corollary 3 is due to Kunen. 

Example I: Solovay. 

Example II: Vopénka and Hrbacek [1967], and Solovay. 

Example III: Jensen [1970]; for another construction of a A} nonconstructible real see Jensen 
and Solovay [1970], Jensen and Johnsbraten [1974]. 

Example IV: Harrington [1977]. 

Strong measure zero and Borel conjecture: Borel [1919]. 

Exercise 44.1: Marczewski [1930b]. 

Exercise 44.2: Kunen. 

The construction of a Luzin set using the continuium hypothesis (Exercise 44.3) is due to Luzin 
[1914]; its application to get an uncountable strong measure zero set if the CH is true (Exercise 
44.4) is due to Sierpinski [1928b]. For more on the Borel conjecture, see Sierpinski [1937]. 

Laver in [1976] constructed a model in which the Borel conjecture is true. 

The argument in Exercise 44.5 is due to Erdés. The model in which .4,, has a dense subset of 
size < 2 is due to Kunen and Solovay. 

Exercise 44.6: Banach and Kuratowski [1929]. 
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p(x, pr, mee 1 Pn) o (z,H, ite 14m) 
K>= lim, of Ke ae 

For each a such that a+1< 0 

llells = llell 

Sn41 = USn 

rank(z) 

(Note that if F = G(Flext(zr)) for some G, then 
(M, E) Ep ar,..., an] 

PEE] 

X={uEeU:UE v(u,zi,...,2n)}. 

(Vz €domX)z € Z 

(vz € Z)(Ax € X)(Su € ran X)(Av € dom X) 

(x = (v,u) Az = (u,v))A (Vz € X)(Vu € ran X) 
(Wu € dom X)(Az € Z)(x = (v,u) > z = (u,v)) 
A3f (38 € a)b(a, 8, f) 

to the formula z € 6(y). 

a is an ordinal AAfy(f,a) Ay = G(f) 

if (a, y) € F™, 

Wor = {8i(X,Y): X,Y € Wr,i=1,...,10} 


f is a function on a+1 and (VE < a)[f(€+1) = def(f(€))] and 
(VE < a+1)[€ is a limit + f(€) = Uran(f|é)] and f(a) =y 


dulue cA v(u,z,...)] 
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If M is a transitive model of ZF~, then TC(S) 

If M is a transitive model of ZF~, then rank(z) 

(ii) Lu, [A] CS, AES, X ES, PES; 

L(T) is a model of ZF and T C L(T). 

is not necessarily well-ordered. Also, T need not be an element 
of L(T). 

then (15.13) defines a model L(T) of ZF such that T C L(T). 
Exercise 14.18.] 

Xp CG and hence 

then e[D] is a dense set 

By induction on unordered triples {p(zx), p(y), p(z)}, 

By the definition of ||xz = z|| we have 

over all t € dom(z), we get pe nee 

equal ||X C Y]| 

MG] — Avy(u, v), 

(Ay € x)p(y)| 


we can show that, letting G be the canonical name for a 
generic filter on P, 


(V model IN of ZFC)(WG c P™) 

Note that if P is dense in B, then 

(In fact B, @ Bz is the completion of the direct sum 

pq 

MG] — v(zi,...,2n) iff (Ape G)ply(xi,...,Xn) 

as when we forced with a set. (Separation also needs some 
extra work which we leave to the reader.) 

sat(P<*) < Dt 

that maps w one-to-one into A. 

f maps & one-to-one into A 

let & be the set of all permutations 

H=U{e:c€ H} 

rey 

(mp) (x(n, 1)) = p(n, 2) 

Hence 7} satisfies condition (v). Next we satisfy property (vi): 
For every chain C in Ti with the property that C = {z: 
z <a} = {z:z < y} and a F y, we add an extra node 
ac and stipulate that z < ac for all z € C, and ac < zx 
for every xz such that x > z for all z € C. The resulting 
tree T> satisfies (iii), (v) and (vi). For each x € T> there 


are uncountably many branching points z > 2, i.e. points 
that have at least two immediate successors (because there 
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is no uncountable chain and T> satisfies (v)). The tree T3 = 
{the branching points of T2} satisfies (iii), (v) and (vi) and 
each x € T3 is a branching point. To get property (iv), let T4 
consist of all x € T3 


The forcing (22.6)-(22.7) is equivalent to (ie. has the same 
r.o. as) the forcing in Exercise 19.7. 

(P, <) is equivalent to the forcing in Exercise 19.7. 

Assume that P and Q are separative. 

For the rest of this Section, [],_, Pi denotes the product with 
finite support (20.4). 

trees of height w; with no uncountable branches such that 
each 


[First modify f so that in addition to (24.1), f(x) # f(y) whe- 
never x and y have the same immediate predecessor. Then, if 
az € T is at level a, 


el 


such that 7 is order-preserving and so that the range of 7 is 
finite so far, we can easily 


By Lemma 24.2 

for any Aronszajn tree T' satisfying (22.3) (vi): 

[We may assume that 92 | CH. A forcing condition 
Let « and ) be infinite cardinals. 

by Corollary 2 of Lemma 25.2. 

h(x) =[[{ue B:u>-z} 

Mc Mc MG] 

is a normal Suslin tree 

a normal Suslin tree 

|Col(No, A)| = |Pal* = 2°, 

by Theorem 62 (we are still in V°), 
Cx(B:C)=B 

VT €GisEeT 

(cf. (17.25)) 

wW1— ae Aan) Ca+1 

Ifa < 2, 

(XC: fa(X) €U} 

Since P(x) C M, we have Ultu(x,<) € M. 

almost everywhere mod U. (Otherwise let f(£) be the least a 


By the induction hypothesis, there exists for each a € w and 
each infinite S C w an infinite set HS C S — {a} such that 
F, is constant on [HS]". We construct an infinite sequence 
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{aj: i = 0,1,2,...} : We let So =w and ao = 0, and Si41 = 
Hes, di+1 = the least element of S;+1 greater than a;. 

Kk (w)<” 

then 2( has an elementary submodel 


if T has properties (22.3) (ii) and (vi), and if each z € T has 
at most two immediate successors 


a limit ordinal of cofinality < X, 


The next two lemmas prove the uniqueness of Silver indiscer- 
nibles, and of the corresponding E.M. set. 


it follows that INS is infinite, and U(L,, 1) = U(Lx, INS) = 
X(Lx,SM«). Hence 


if and only if L, satisfies 

L) satisfies 

DL) — 

indiscernibles for Ly 
t(@1,---52myYty-++5 Yn) <1 

Let 21,...,2m be the first m elements of I. 
is a A, property 

delete the sentence 

such that h = [F]u, 

F (t) =f (t) 

f 

{a <y: X(a) € Un} EU 

definition (31.29) 

If“ M C M then each Ug is an iterable M-ultrafilter 


Lemma 31.13. Assume that L[D] — D is a normal measure 
on K. 


Then M contains all subsets of « in L[D}. 
every X C « in L[D] is 

for all X C « in L[D}. 

Let 4 = |y|**, 

u*N {og : a € dom(t)} 

and on the other hand that, for each a < k, if VB < a Cy > cg, 
then cx > Ca; 

the least nontrivial «-complete algebra 
(Vi, €, U' N Vn) 

(Va, €,U’ N Va) 

(Va, €,U NM Va) 

(Va, €,U 9 Va) 
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420, line 7 


420, lines 13-18 


426, line -2 

427, line 4 

436, line -10 

437, line 9 

444, lines -5 to -4 


445, line 1 


for every a < (Kt)¥, 
Let a < (Kt)”. 

an enumeration, in L, of 
Proof of Theorem 78d. 
and |n| = [nl < lal, 
Lemma 33.3. 


Let D be the ultrafilter over \ constructed in Lemma 33.5. It 
follows from the construction of D that [d]p = lim, jp(7). 
For almost all a 


and since [d] = limy-,, jp(7), it follows 

restriction of j-1(F) to P. 

Q = Fol’ P] = Fe[’P] =P 

Fp is an E-H function on P and \p is regular and P has the 
property that 

if for each nonempty P € X, 

hence M — 4P,Q € j(X) such that 

extendibility 

then « is extendible; and for k < y < a, if there is an ele- 
mentary embedding 7 : V, — Vs with critical point «, then 
Va | (there is an elementary embedding). 

cofinality 

j|V reflects to a witness to extendibility. 

ultrafilter U over {X Cr: 0.t.(X) =k}. 

The proof of Lemma 34.3 uses Skolem functions and argu- 


ments similar to those in Theorem 71 and Lemma 29.10. The 
key ingredient is the following lemma: 


goes through in the present context (use P = {Y C A: 
Y <x) X}). 

Let I be the ideal of sets of measure zero. I is a normal 
o-saturated x-complete ideal over x. Let J = IM L[I]. We 
have L[J] = L[I] and in L[J], J is a normal §i-saturated k- 
complete ideal over x. (If we could assume that ntl =, 
it would now follow that « is a measurable cardinal in L[/].) 
Since I am not able to show directly 


regular uncountable cardinal 

Let F : [G]? +2 

ideal over & 

Lemma 35.5 

we have M[G] — |P™(«)| < (2%°)™ and MN 2%° = Nyx. 
Now Ni < NMG, 

holds in IN[G); 
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481, lines -18 to -17 
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we have IN[G] 

if X C « has measure one in a normal k-saturated ideal, then 
cfa>w 

such that cfy > sat(I) 


Now if X C & and X € L[A], then because 7 is the identity 
on «, we have X = 7(Y) = Y Mk for some Y € H, and 


Y = {€: L[A] F ¢(€, E, A)}. 

A-complete 

(iii) for every i < a, if b € B; — {0} and f € F are such that 
f(z)-b 4 0, then there is a g € F such that g(j) = f(j)-b for 
all 7 > 7. 

Let B = 1.0.(F, <); 

(iii) if p € Pi, g € P; and p < hi;(q) then p-q € Pj. 

Section 23 

let Q. = {1} 

I claim that in 3t we can apply the factor lemma to 7P at 
a=k+1. First we note that (jP)o = Pa for all a < «, and 
since (jP), is the direct limit, we have (jP), = Px. Since Q,. 
is the same in IN and M, it follows that (7P).41 = P41. The 
first nontrivial step above a 


somewhat easier. We may assume that \ is regular in I (by 
Lemma 17.6). Replace B by Ba, where a = ||k carries a A- 
saturated x-complete ideal]. Let J € 9? 


(Again we may assume that A is regular in 99.) 

Let A> «Kt 

pUgd lkaeX 

j(2) = 1x4 (9x) 

is a one-to-one function of a subset of w 

€ D, ao € Xo and 

such that ao € Xo and 

Neither Xo nor X1 

f*(x) = f(y) 

For every a < «, let B, be the measure algebra of {0,1}. Ba 
is a subalgebra of B and if cf a > w, then By = Whee Ba. 


where G® is St(G.]-generic on B : Ba. We state without 
proof that B: Ba is in M[G.] a measure algebra. 


Daey (ll € Xl) <e 
Ha(X) = 0 for all ae B. 
limy m(||”% € X|]) =0 
Gn E Lys) 
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496, line -3 

498, line 13 

499, line 17 (left) 
499, line 17 (right) 
503, line 4 

503, lines 6-10 


507, line 2 
508, line -11 
508, line -10 
516, line 8 
517, line -11 
522, line 8 
522, lines 9-10 


522, line -2 
522, line -1 
524, line 19 
526, line 2 
526, line -4 
526, line -2 
527, line 15 
527, line -7 
527, line -6 
529, line 6 
529, lines -7 to -6 
530, line 8 
533, lines 4-5 
535, line 8 
536, line 15 
536, line 16 
539, line -15 
539, line -5 
545, line 14 
546, line 4 
546, line -6 
558, line 8 


dn EIT, 
and if s C t then center(C;) € Cs. 


ee 


co 
n=0 
Exercise 39.7.* 


[First show that every Borel set is a one-to-one continuous 
image of a closed set. Then, using (39.17) and Exersises 39.5 
and 39.6, show that a one-to-one continuous image of a closed 
set is Borel.] 


since G is countable 

Since Seq is 

Ur 

is a Dt set; 

A={xEN:4zEN (a,z) € TH. 

(b) (T(y))eall < I(L(z))en ll for all z € Pn 

(c) y(n) < 2(n) for all z € P, such that ||(T(y))t,l| = 
I(T(z)) eal 

(y,z,k) €E AA (z,y,k) EA 

A[(z,y,n) € BY ((z,y,n) € AA 2(n) < y(n))]] 

(x, h(u, v)) € B iff (x, v) € U, 

dom(h*) NU (za, y), 

decomposition into Ni Borel sets 

zeE Bro 

xz<Lyiffy dx x 

(A transitive set M) 

By the principle of dependent choices TC({u, x}) is 
There is a sentence © (provable in ZF) such that 
the projection dom(P) is also uncountable 

Exercise 14.17 

if and only if it holds in 5t. [delete the rest of the sentence] 
zELOA (Af :w3N) 

is not well-founded 

is not well-founded 

((a,c) € Q — (a,d) € P) 

there is a unique smallest countable set 

lla = tel] = 1. 

let X € M[G] 


that are not random over 


An(llall = [I(9(2)) nll) 


634 


559, line 17 
561, line 10 


566, lines 19-21 


566, lines -2 to -1 


569, line -14 
576, line 3 
577, line -13 
582, line -11 
592, line 3 
594, line 12 
594, line 13 
603, line -7 
606, line -16 
608, line -22 
608, line -6 
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such that cone(b) C f_1(Xa). 


embedding j : V + M with the property that P(A) C M for 
every 


adjoins a Cohen generic x € “w. Let ap > a1 >... >Qn>... 


be positive reals. Since |A| < 2%°, MA implies that there is 
xz € “w P-generic over every L[a, (an : n € w)], a € A. Let 
T0,T1,--+)Tn,--- be an enumeration of all rational numbers; 
let for each n, I, be the interval 


and hence E—U has size < 2°. By Exercise 44.2 there are in- 
tervals Ian41 of length a2n41 such that E—U C UP, Jon4i.] 


[A] IF 

(u, Z) € Px : uC a and, for every 

if p' <p, EC E’, uC wv’, and, for every 

The independence of the prime ideal theorem from ZF 
in iterated forcing 

Mazur formulated the game 

Banach then proved 

(Y. Bar-Hillel, ed.), pp. 129-145. 

Changing measurable into accessible cardinals, 

92 (1970), 1-56. 


Sur une définition des ensembles mesurables B sans nombres 
transfinis, 


